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PREFACE. 



-«; 



Ik offering to students and teaohers a new edition of 
the Elements of Euclid, it will be proper to give some ao- 
count of the plan on which it has been arranged, and of the 
advantages which it hopes to present. 

Geometry may be considered to form the real founda- 

^tion of maljiematical instruction. It is true that some 

« acquaintance with Arithmetic and Algebra usually precedes 

t^the study of Geometry; but in the former subjects a begin- 

\ ner spends much of his time in gaining a practical facility 

^ in the application of rules to examples, while in the latter 

\^ subject he is wholly occupied in exercising his reasoning 

faculties. 

In England the text-book of Geometry consists of the 
Elements of Euclid ; for nearly every official programme of 
instruction or examination explicitly includes some portion 
of this work. Numerous attempts have been made to find 
an appropriate substitute for the Elements of Euclid ; but 
such attempts, fortunately, have hitherte been made in 
vain. The advantages attending a common standard of 
reference in such an important subject, can hardly be^ over- 
estimated ; and it is extremely improbable, if Euclid were 
once abandoned, that any agreement would exist as to the 
author who should replace him. It cannot be denied that 
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defects and difficulties occur in the Elements of Eudid^and 
that these become more obyious as we examine the work 
more closely; but probably during such examination the 
conviction will grow deeper that these defects and diffi- 
culties are due in a great measure to the nature of the 
subject itself and to the place which it occupies in a course 
of education ; and it may be readily believed that an equally 
minute criticism of any other work on Geometry would 
reveal more and graver blemishes. 

Of all the editions of Euclid that of Robert Simson has 
been the most extensively used in England, and the pre- 
sent edition substantially reproduces Simson's; but his 
translation has been carefully compared with the original, 
and some alterations have been made, which it is hoped 
will be found to be improvements. These alterations, how- 
ever, are of no great importance; most of them have been 
introduced with the view of rendering the language more 
imiform, by constantly using the same words when the 
same meaning is to be expressed. 

As the Elements of Euclid are usually placed in the 
hands of young students, it is important to exhibit the work 
in such a form as will assist them in overcoming the diffi- 
culties which they experience on their first introduction to 
processes of continuous argument. No method appears to 
be so useful as that of breaking up the demonstrations into 
their constituent parts; this was strongly recommended 
by Professor De Morgan more than thirty years ago as a 
suitable exercise for students, and the plan has been adopt- 
ed more or less closely in some modem editions. An ex- 
cellent example of this method of exhibiting the Elements' 
of Euclid will be found in an edition in quarto, published 
at the Hague, in the French language, in 1762. Two per- 
sons are named in the title-page as concerned in the work, 
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Koenig and Blassiere. This edition has served as the 
model for that which is now offered to the student: some 
Blight modifications l^ave necessarily been made, owing to 
the difference in the size of the pages. 

It will be peroelYod then, that in the present edition 
each distinct assertion in the argmnent begins a new line i 
and at the ends of the lines are placed the necessary refer- 
ences to the preceding principles on which the assertions 
depend. Moreover, the longer propositions are distributed 
into subordinate parts, which are distinguished by breaks 
at the beginning of the lines. 

This edition contains all the propositions which are 
usually read in the Universities. After the text will be 
found a selection of notes ; these are intended to indicate 
and explain the principal difficulties which have been 
noticed in the Elements of Euclid, and to supply the most 
important inferences which can be drawn from the propo- 
sitions. The notes relate to Geometry exclusively; they 
do not introduce developments involving Arithmetic and 
Algebra, because these latter subjects are always studied 
in special works, and because Geometry alone presents suf- 
ficient matter to occupy the attention of early students. 
After some hesitation on the point, all remarks relating to 
Logic have also been excluded. Although the study of 
Logic appears to be reviving in this country, and may 
eventually obtain a more assured position than it now 
holds in a course of liberal education, yet at present few 
persons take up Logic before Geometry; and.it seems 
therefore prematm*e to devote space to a subject which will 
be altogether unsuitable to the nuyority of those who use a 
work like the present. 

After the notes will be found an Appendix, consisting of 
propositions supplemental to those in the Elements of 
JSuclid; it is hoped that a judicious choice has been made 
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from the abundant materials which exist for such an Ap- 
pendix. The propositions selected are worthy of notice on 
various grounds; some for their simplicity, some for their 
Talue as geometrical facts, and some as being problems 
whioh may naturally suggest themselves, but of which the 
solutions are not very obvious. 

The work finishes with a collection of exercises. Geo* 
metrical deductions afford a most valuable discipline for a 
student of mathematics, especially in the earlier period of 
his course; the numerous departments of analysis which 
subsequently demand his attention will leave him but little 
time tiien for pure Geometi7. It seems however that the 
habits of mind which the study of pure Geometry tends to 
form, furnish an advantageous corrective for some of the 
evils resulting from an exclusive devotion to Analysis, and 
it is therefore desirable to engage the attention of begin- 
ners with geometrical exercises. 

Many persons whose duties have rendered them familiar 
with the examination of large numbers of students in 
elementary mathematics have noticed with regret the 
frequent failures in geometrical deductions. Several col- 
lections of exercises already exist, but the general com- 
plaint is that they are too dificult. Those in the present 
volume may be divided into two parts ; the first part con- 
tains 440 exercises, which it is hoped will not be found 
beyond the power of early students ; the second part consists 
of the remainder, which may be reserved for practice at a 
later stage. These exercises have been principally selected 
from College and University examination papers, and have 
been tested by long experience with pupils. It will be seen 
tliat they are distributed into sections according to the 
propositions in the Elements of Euclid on which they chiefly 
depend. As far as possible they are arranged in order of 
difliculty, but it must sometimes happen, as is the case 
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in the Eleme&tg of Euclid, that one example prepares 
the way for a set of others which are much easier than 
itself. It should be observed that the exercises relate to 
pure Geometry; all examples which would find a more 
suitable place in works on Trigonometry or Algebraical 
Geometry have been carefully rejected. 

It only remains to advert to the mechanical execution 
of the volume^ to which great attention has been devoted. 
The figures will be found to be unusually large and dis- 
tinct, and they have been repeated when necessary, so that 
they always occur in immediate connexion with the corre- 
sponding text. The type and paper have been chosen so 
as to render the volume as clear and attractive as possible. 
The design of the editor and of the publishers has been to 
produce a practically useful edition of the Elements of 
Euclid, at a moderate cost ; and they trust that the design 
has been fairly realised. 

Any suggestions or corrections relating 'to the work 
will be most thankfully received. 

I. TODHUNTBR. 



N 



St John's Collboe, 
Qcbolber i86a. 
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INTRODUCTORY REMARKS. 



The subject of Plane Geometry is here presented to the 
stadent an*anged in six books^ and each book is subdivided 
into propositions. The propositions are of two kinds, pro- 
blems and theorems. In a problem something is required 
to be done; in a theorem some new principle is asserted to 
be true. 

A proposition consists of various parts. We have first 
the general enunciation of the problem or theorem; as for 
example^ To describe an equilateral triangle on a gieen 
finite straight line, or Any two angles of a triangle are 
together less than ttoo right angles. After the general 
enunciation follows the discussion of the proposition. First, 
the enunciation is repeated and applied to the particular 
figure which is to be considered ; as for example, Let AB 
he the given straight line : it is required to describe an 
equilateral triangle on AB, The construction then usually 
follows, which states the necessary straight lines and circles 
which must be drawn in order to constitute the solution of 
the problem, or to furnish assistance in the demonstration 
of the theorem. Lastly, we have the demonstration itself, 
which shews that the problem has been solved, or that the 
theorem is true. 

Sometimes, however, no construction is required ; and 
sometimes the construction and demonstration are com- 
bined. 
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The demonstration is a process of reasoning in which 
we draw inferences from results already obtained. These 
results consist partly of truths established in former propo* 
sitions^ or admitted as obrious in commencing the subject^ 
and partly of truths which follow from the construction 
that has been made, or which are giyen in the supposition 
of the proposition itself. The word hypothesis is used in 
the same sense as supposition. 

To assist the student in following the steps of the 
reasoning, references are giyen to the results already ob- 
tained which are required in the demonstration. Thus I. 5 
indicates that we appeal to the result established in the 
fifth proposition of the First Book; Constr, is sometimes 
used as an abbreviation of Construction, and Hyp, as an 
abbreviation of Hypothesis, 

It is usual to place the letters Q.E.F. at the end of the 
discussion of a problem, and the letters q.e.d. at the end of 
the discussion of a theorem, q.e.f. is an abbreviation for 
quod erat faciendum, that is, which was to he done; and 
Q.E.D. is an abbreviation for quod erat demonstrandum, 
that is, which teas to be proved. 
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BOOK L 

DBFIOTTIONS. 

/ 

1. A POINT u that which has no i^r^i or which has no 
magnitude, /w^c /< ' . tf, v .//';. ^"^^ ' r i . • 

2. A line is length without breadth. 

3. The extremities of a line are points. 

4. A straigCt line is that which lies evenly between 
its extreme points. 

5. A superficies is that which has only length and 
breadth. 

6. The extremities of a superficies are lines. 

. 7. A plane superficies is that in which any two points 
being taken, the straight line between them hes wholly in 
that superficies. 

8. A plane angle is the inclination of two lines to one 
another in a. planer which meet together, but are not in the 
same direction. 
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9. A plane rectilineal angle is the inclination of two 
straight lines to one another, which meet together, but are 
not injthe same straight line. 

Note, When several angles are at one point B, any 
one of them is expressed by three letters, of which the 
letter which is at the vertex of the angle, that is, at the 
point at which the straight lines that contain the angle 
meet one another, is put between the other two letters, 
and one of these two letters is somewhere on one of 
those straight Hues, and the other letter on the other 
straight line. Thus, the angle which is contained by the 





straight Imes AB, CB is named the angle ABC, or CBA ; 
the angle which is contained by the straight lines A By DB 
is named the angle ABD^ or DBA ; and the angle which 
is contained by the straight lines DBy CB is named the 
angle DBG, or CBD ; but if there be only one angle at a 
point, it may be expressed by a letter placed at that point; 
as the angle at E, 

10. When a straight line standing* 
on another straight line, makes the adja- 
cent angles equal to one another, each of 
the angles is called a right angle ; and 
the straight line which stands on the 
other is called a perpendicular to it. 
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11. An obtuse angle is that wliich 
is greater than a right angle. 



12. An acute angle is that which 
is less than a right angle. 
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13. A term or boundary is the extremity of any thing. 

14. A figure is that which is enclosed by one or more 
boundaries. 



15. A circle is a plane figure 
contained by one line, whi(£ is 
called the circumference, and is 
such, that all straight lines drawn 
from a certain point within the 
figure to the circumference are 
equal to one another : 



16. And this point is called the centre of the circle. 

17. A diameter of a circle is a straight line drawn 
through the centre, and terminated both ways by the cir- 
cumference. 

[A radius of a circle is a straight line drawn from the 
centre to the circumference.] 

18. A semicircle is the figure contained by a diameter 
and the part of the circumference cut off by the diameter. 

19. A segment of a circle is the figure contained by a 
straight line and the circumference which it cuts off. 

20. Rectilineal figures are those which are contained 
by straight lines : 

21. Trilateral figures, or triangles, by three straight 
lines: 

22. Quadrilateral figures by four straight lines : 

23. Multilateral figures, or polygons, by more than 
four straight lines. 

24. Of three-sided figures, 

An equilateral triangle is that which 
has three equal sides : 
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25. An isosceles triangle is that 
which has two sides equal : 



26. A scalene triangle is that 
which has three unequal sides : 



27. A right-angled triangle is that 
which has a right angle ; 

[The side opposite to the right 
angle in a right-angled triangle is fre- 
quently called the hypotenuse.] 

28. An obtuse-angled triangle is 
that wMch has an obtuse angle : 

29. An acute-angled triangle is 
that which has three acute angles. 

Of four-sided fig^esy 

30. A square is that which has 
all its sides equal, and cdl its angles 
right angles : 



31. An oblong is tlutt which has 
all its angles right angles, but not all 
its sides equal : 



32. A rhombus is that which has 
all iis sides equal, but its angles are 
not right angles : 
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33. A rhomboid is that which has 
its opposite sides equal to one another, 
but all its sides are not equal, nor its 
angles right angles : 

34. All other four-sided figures besides these are 
calted trape^ums.. . 

35. Parallel straight lines are such ^^ » 

as are in the same plane, and which 

being produced ever so far both ways — -• 

do not meet. 

J Note, The terms oblong and rhomboid are not often 
L Practically the following definitions are used. Any 
four-sided figure is called a qtrndrUateral. A line joining 
two opposite angles of a quadrilateral is called a diagonal, 
A quadrilateral which has its opposite sides parallel is 
called 9, parallelogram. The words square and rhombus 
are used in the sense defined by Euclid ; and the word 
rectangle is used instead of the word oblong* 

Some writers propose to restrict the word trapezium 
to a quadrilateral which has two of its sides parallel ; and 
it would certainly be conyenient if this restriction were 
universally adopted.] 
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Let it be granted, 

1. That a straight line may be drawn from any one 
point to any other point : 

2. That a terminated straight line may be produced to 
any length in a straight Hue : 

3. And that a circle may be described from any centre, 
at any distance from that centre. 
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AXIOMa 

1. Things which are equal to the same thing are equal 
to one another. 

2. If equals be added to equals the wholes are equal 

3. If equals be taken from equals the remainders are 
e^luaL 

4. If equals be added to unequals the wholes are 
unequal. 

5. If equals be taken from unequals the remainders 
are unequal. 

6. Things which are double of the same thing are 
equal to one another. 

7. Things which are halres of the same thing are 
equal to one another. 

8. Magnitudes which coincide with one another, that 
is, which exactly fill the same space, are equal to one 
another. 

9. The whole is greater than its part. 

10. Two straight lines cannot enclose a space. 

11. All right angles are equal to one another. 




12. If a straight line meet two straight lines, so as to 
make the two interior angles on the same side of it taken 
together less than two right angles, these straight lines, 
being continually produced, shall at length meet on that 
side on which are the angles which are less than two right 
'^•^o^les. 

32. A rhombus is thili 
all iis sides equal, but its b 
not right angles : 



PROPOSITION 1. PROBLEM. 

^;JJ^ To describe an equUaterai triangle on a given finite 
straight line, 

^ . Let AB be the giyen straight line: it is required to 
describe an equilatei^ triangle on AB. 




J> 
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^(Tyt^ From the centre Ay at the distance AB, describe the 
cirde BCD. \^ ^J^ ^ s^s^^^M \^ *^\^ f[Po8tulate 8. 
From the centre By at the distance BA, describe the 
circle ACB, ^tv^U^ *'> J-^-.'^ .- {Postulate Z. 
From the point C, at which l^e circles cut one another, draw 
the straight lines CA and CB to the points A and B, IPost, 1. 

ABC shall be an equilateral triangle. 

(^-n Because the point A is the centre of the circle BCD, 
AC is equal to AB, [Definition 16. 

And because the point B is the centre of the circle ACE, 
BCis equal to BA, [D^nition 16. 

But it has been shewn that CA is equal to AB ; 

therefore CA and CB are each of them equal to AB. 

But things which are equal to the same thing are equal to 
one another. [Axiom 1. 

Therefore CA is equal to CB. 

Therefore CA, AB, BC are equal to one another. 

Wherefore the triangle ABC is equilateral, [Def. 24. 

and it is described on the given straight line AB. q.e.f. 
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PROPOSITION 2. PROBLEM. 

From a given point to dra/u) a straight Um equal to a 
given straight line. 

Let ^ be the giren point, and BC the ^ven straight 
line : it is required to wiw m>m the point A a straight 
line equal to BC. 

From the point A to j^draw 
the straight line AB ; [Post. 1. 

and on it describe the equi- 
lateral triangle DAB^ [1. 1. 

and produce the straight lines 
DAy DB toEfOLdiF. [Poit 2. 

From the centre B, at the dis- 
tance BC, describe the circle 
CGH, meeting DF^X G. [Post. 8. 

From the centre 2>, at the dis- 
tance DO, describe the circle 
GKL, meeting 2>J^at L. [Post. 8. 

^£^ shall be equal to BC. 

ecause the point B is the centre of the circle CGJff, 
BC is equal to BG. [Dtfinition 15. 

And because the pomt D is the centre of the circle G£^Z, 
DL is equal to DG ; [DtfiaUion 15. 

and DA^ DB pfirts of them are equal ; [Btfinkvm 24. 

therefore the remainder AL is equal to the remainder 
BG, [Axiom 8. 

But it has been shewn that BCIb equal to BG ; 

therefore AL and BC are each of them equal to BG. 

But things which are equal to the same thing are equal to 
one another. [Axiom 1. 

Therefore AL is equal to JSO. 

Wherefore from the given point A a straight line AL 
has been drawn equal to the given straight line BC. q.b.f. 

PROPOSITION 8. PROBLEM. ^^'^ 

From th^ greater q/* two given straight lines toeutqff 
a part equal to the less 

Let AB and C7be the two g^ren straight lines, of which 
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AB 18 the greater: it is reqtiired to cut off fit)m AB^ the 
greater, a part equal to C the less. 

From tibe ^int A draw 
the straight line AD equal 
to G\ [L 2. 

and from the centre A, at 
the distance -42), describe 
the circle DEF meeting AB 
at E, [PoBtulatt 3. 

^^ shall be equal to (7. 

Because the point A is the centre of the circle DEF^ 
AE is equal to J[2>. [D^nteion 15. 

But C is equal to AD. [0(yMtruction. 

Therefore AE and Care each of them equal to AD, 

Therefore AE is equal to C, [A^Acm 1: 

Wherefore /rom AB the greater cftiDO given gtraight 
lines a part AE has been ctU off eqtud to C the less, q JB.F. 

PBOPOSITION 4. THEOREM, 

^ Xftwo triangle have two sides qf the one eqtud to two ^v 
sides qfthe otMr] each to each^ and have also Uie angles 
contained by those sides eqtuU to one anothenfthey shall 
also have their bases or third sides equ>al;^Std ^ two ^ 
triangles shall be eqtud ^ and their othejfhngles shall be / 
eqtud, each to each, namely those to whichrthe eqiud side^ 
are opposite,'^*' 

Let ABC,i>EFhe two triangles which have the two sides 
AByA G equal to the two sides DE, DF, each to each, namely, 
AB to DE, and AG to 
DF, and the angle BAG A D 

equal to the angle EDF: 
the base BG shell be equal 
to the base EF, and the 
triangle ABG to the tri- 
angle DEF, and the other 
angles shall be equal, each 
to each, to which the equal 

sides are opposite, nameW, the angle ABG to the angle 
DEF, and the angle ^OiS to the angle DFE. 
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For if the triangle ABC be applied to the triangle DEP^ 
so that the point A may be on the point 2>, and the 
straight line AB on the 
straight line DE^ the 
point B will coincide with 
the point E, because AB 
is equal to DE. [Hyp, 

And, AB coinciding with 

jD^, ^CwiU fall on 2>i^, 

because the angle BAG ^ C E 

is equal to the angle EDF, [ffypotheais. 

Therefore also the point G will coincide with the point E^ 
because AG is equal to DF, [Hypothesis. 

But the point B was shewn to coincide with the point E^ 
therefore the base BGvnlL coincide with the base EF; 

because, B coinciding with E and G with F, if the base BC 
does not coincide with the base EF, two straight lines will 
enclose a space ; which is impossible. [Axiom 10. 

Therefore the base BG coincides with the base EF, and is 
equal to it. [Axiom 8. 

Therefore the whole triangle ABG coincides with the whole 
triangle DEF, and is equal to it. [Axiom 8. 

And the other angles of the one coincide with the other 
angles of the other, and are equal to them, namely, the 
angle ABG to the uigle DEF, and the angle AGB to the 
angle DFE. 

^ Wherefore, ifiteo triangles &c q.e.d. 

\ PROPOSITION 5. THEOREM. 

Tlie angles at the base qf an isosceles triangle are equal 
to one another; and if the equal sides he produced the 
angles on the other side qf the base shall he equal to one 
another. 

Let ABG be an isosceles triangle, having the side AB 
equal to the side AG, and let the straight lines AB, AG 
be produced to D and Ei the angle ABu shall be equal to 
the angle AGB, and the angle CSD to the angle BGE. 

In BD take any point F, 
and from^J? the greater cutoff^ 6S^ equal to^l'the loss, [1.8. 




BOOK I 6. 11 

Budiom FG,GB. 

Becaaae AFls equal to^6^, [drnttr, 

and AB to -4C7, [ffypothesis. 

the two sides FAyAOsiTe equal to the 
two sides GA, AB^ each to each ; and 
they contain tiie angle -C^$ common 
to we two triangles AFC, AGB ; 

therefore the base ^(7 is equal to the 

base GB, and the triangle AFC to 

the triangle AGB, and the remaining 

angles of tiie one to the remaining 

angles of the other, each to each, to 

which tiie equal sides are opposite, 

namely the angle ACF to the angle ABG^ and the angle 

^^(7 to the angle A GB. [1. 4. 

And because the whole AF is equal to the whole AG^ 

of which the parts AB^ AC are equal, [Hypoiiiesis. 

the remainder BF\& equal to the remamder CG. [Axiom 3. 

And FG was shewn to be equal to GB ; 

therefore the two eides BF, FC are equal to the two sides 
CG, GB, each to each; 

and the angle j8i^(7 was shewn to be equal to the angle CGB ; 

therefore the triangles BFC, CGB are eaual, and their 
other angles are equal, each to each, to wnich the equal 
sides are opposite, namely the angle FBC to the angle 
GCB, and the angle BCF to the angle CBG. p. 4. 

And since it has been shewn that the whole angle ^j9G^ 
is equal to the whole angle ACF, 

and that the parts of these, the angles CBG, BCF are also 
equal; 

therefore the remaining angle ^^C7is equal to the remain- 
ing angle ACB, which are tiie angles at the base of the 
triangle ABC. [Axiom 3. 

And it has also been shewn that the angle FBC is 
e<mal to the angle GCB, which ai-e the angles on the other 
side of the base. 

Wherefore, ths angles &a q.s.d. 

Corollary. Hence every equilateral triangle is also 
equiangular. 
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PROPOSITION 6. THEOREM. 

Jf two angles of a triangle be equal to one another, the 
sides also which svibtend, or are oppo-^ 
site tOf the eqtuU angles, shall he eqtuU 
to one another. 

Let ABC be a triangle, haying the 
anffle ABC equal to the angle A CB : the 
^ae ^C7 shall be equal to the side AB, 

For if AC be not equal to AB, one 
of them must be greater than the other. 

Let AB be the greater^ and from it 
cut off DB equal to AC the less, [I. 3, 

and join DC 

Then, because in the triangles DEC, ACB, 

DB is equal to AC, [Qmstmetion. 

and BCi& common to both, 

the two sides DB, BC are equal to the two sides AC, CB, 
each to each; 

and the angle DBC is equal to the angle ACB ; [ffypothesis. 
therefore the base DC is equal to the base AB, and the 
triangle DBC is equal to the triangle ACB, [I. 4. 

the less to the greater ; which is absurd. [Axiom 9. 

Therefore AB is not unequal to AC, that is, it is equal to it. 
Wherefore, if two angles &c, q.e.d. 

Corollary. Hence every equiangular triangle is also 
equilateral. 

PROPOSITION 7. THEOREM. 

On the same hose, and on the same side qf it, there can- 
not he two triangles having their 
sides which are terminated at one 
extremity of the hose equal to one 
another, and liketoise tliose which 
are terminated at the other ex- 
tremity equal to one another. 

If it be possible, on the same 
base AB, and on the same side of 
it, let there be two triangles ACB, 
ADB, having their sides CA, DA, 
which are terminated at the extremity A of the base, equal 
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to one another, and likewise their ddes CB^ DB^ which are 
terminated at B equal to one another. 

Join CD, In the case in which the vertex of each tri- 
angle is without the other triangle ; 

because uiCMauequal to ADy ^ [ffypothesii, 

the angle 2^^ is^ual to the angle jitSo. g, \l. 6, 

But the angle A^ is greater than the angle 3€IDf [Ax, 9. 

therefore the angle ^jtSKJ is also greater than the angle ^ 

much more then is the angle Sf>& greater than the angle 

Again, bec^jM^^C is equal to BD, £ [Hypothem, 

the angle B^fO is equal to the angle &!D, [I. 5. 

But it has been shewn to be greater; which is impossible. 




But iraie~dfT;he vertices as 
D, be within the other triangle 
AGBy produce AG^ AD to i?, F. 

Then because AG \A equal to 
^2>, in the triangle ^(72>, \Hyp, 

the angles EGDy FDG, on the 
other side of the base CD, are 
equal to one another. [I. 5. 

But the angle BCD is greater ^ B 

than the an^e BCDy Usnom 9. 

therefore the angle FDO is also greater than the angle 

BCD'y 

much more then is the angle BDC greater than the angle 
BGD. 

Again, because BGia equal to BD^ {Hyjpothms, 

the angle BDC is equal to the angle BGD, [I. 5. 

But it has been shewn to be greater ; which is impossible. 

The case in which the vertex of one triangle is on a side 
of the other needs no demonstration. 

Wherefore, on the tame base &c. q.e.i>. 

PROPOSITION 8. THEOREM. ^ -^ 

ff tu>o tricmglet have two sides qfthe one equal to tioo / 
tide$ of the other, each to each» and have likewise their 
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boiet equal, the angle which is contained by the two sideM 
qf the one shall be equal to the angle which is contained by 
the two sides, equal to them, of the other, 

^et ABC, DEF be two triangles, having the two sides 

AB, AC equal to the two sides DE, DF, each to each, 
namely AB to DE, and AC to DF, and also the base BG 
equal to the base EF-. the angle BAG shall be equal to the 
angle EDF. 





For if the triangle ABGhe applied to the triangle DEF, 
so that the point B may be on the point E, and the straight 
line BG on the straight line EF, the point 6^ will also coin- 
cide with the point F, because BG is equal to EF, [Hyp, 

Therefore, BG coinciding with EF, BA and AG will coin- 
cide with ED and DF. 

For if the base BG coincides with the base EF, but the 
sides BAy GA do not coincide with the sides ED, FD, but 
have a different situation as EO, FO ; then on the same 
base and on the same side of it there will beigbwo triangles 
having their sides which are terminated at one extremity 
of the base equal to one another, and likewise their sides 
which are terminated at the other extremity. 

But this is impossible. [I. 7. 

Therefore since the base BG coincides with the base EF, 
the sides BA, AG must coincide with the sides ED, DF, 
Therefore also the angle BAG coincides with the angle 
EDF, and is equal to it. [Axiom 8. 

Wherefore, ifttvo triangles &c. q.e.d. 

PROPOSITION 9. PROBLEM, 

To bisect a given rectilineal angle, that is to divide it 
into two equal angles. 



y 
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Let BAChe the dven rectilineal 
angle: it is required to bisect it 

Take any point D In AB, and 
from AC cut off AB equal to 
AI> ; [I. 8. 

join J>B, and on J)B, on the side 
remote from A, describe the equi- 
lateral triangle DBF. [1. 1. 

Join AF. The straight line AF shall bisect the angle BAO, 

Because AD is equal to AB, [CoMtructian. 

and AF is common to the two triangles DAF. BAF. 
the two sides DA, AF are equal to 8ie two sides BA, A F, 
each to each ; 

and the base DFib equal to the base BF; [B^nition 24. 

therefore the angle JDAFis equal to the angle BAF. [I. 8. 

Wherefore the given rectilineal angle BAO is bisected 
by the straight line AF. q,b.p. 

PROPOSITION 10. PMOBLEM. 

To bisect a given finite straight line, that is to divide it 
into two equal parts. 

Let AB be the given straight 
line : it is required to divide it into 
two equal parts. 

Describe on it an equilateral 
triangle ABO, [1. 1. 

and bisect the angle AOB by the 
straight line OD, meeting AB at 
D. [T. 9. 

AB shall be cut into two equal parts at the point D. 

Because AO^a equal to OB, [Definition 24. 

and CD is common to the two triangles AOD, BOD, 

the two sides AO, OD are equal to the two sides BO^ OD^ 
each to each; 

and the angle AOD is equal to the angle BOD ; [Comtr, 
therefore the base AD is equal to the base DB. [I. 4. 

Wherefore the given straight line AB is divided into 
two equal parts at the point Z>. q.e.f. 
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PROPOSITION 11. PROBLEM. 

To dram a straight line at right angles to a given 
straight line^ from a given jp 

point in the same. 

Let AB be the giyen 
straight Une, and G the given 
point in it : it is required to 
draw from the pomt C a 
straight line at right angles r- ^ 
to JB. ^ ^ 

Take any point 2> in AC^ and make CE equal to CD. [I. 8. 
On DE describe the eqidlateral triangle J)FE, [L 1. 

and join CF. 

The straight line CF drawn from the given point C shall 
be at right angles to the given straight Dne A^. 

Because DC is equal to CEf [Constmetion. 

and CFia common to the two triangles DCF, ECF; 
the two sides DC, CF are equal to the two sides EC^ CF, 
each to each; 

and the base 2>i^is equal to the base EF\ [DefinMm 24. 

therefore the angle DCF is equal to the angle ECFy [I.~8. 

and they are adjacent angles. 

But when a straight line, standing on another straight 
line, makes the adjacent angles equal to one another, each 
of tne angles is called a right angle ; [B^nition 10. 

therefore each of the angles DCF, ECF is a right angle^^ 

Wherefore jf^ow the given pcdnt C in the given straight 
line ABf CFhas been aratcn at right angles to AB. q.£.f. 

Corollary. By the help of this problem it may be shewn 
that two straight lines cannojb 
have a common segment B 

If it be possible, let ,the 
two straight fines ABC, ABD 
liave the segment AB com- 
mon to both of them. 

From the point -B draw 
BE at right angled to AB. 

Then, because ABC is a straight line, [Hffpothesis. 

the angle CBE Is equal to the angle EBA» [i^nt^ 10. 
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Also, because ABD is a straight line, [HypoiheiU, 

the angle DBE is equal to the angle EBA. 

Therefore the angle DBE is equal to the angle CBE, [Ast. 1. 

the less to the greater; which is impossible. [Axiom 9: 

Wherefore tioo straig/it lines cannot have a common 
segment, 

PBOPOSITION 12. PROBLEM, 

To draw a straight line perpendicular to a given 
straight line of an unlimited lengthy from a given point 
without it. 

Let AB be the given straight line, which may be pro- 
duced to any length both ways, and let Che the given point 
without it : it is required to draw from the point G a 
straight line perpendicular to AB, 

Take any point D on 
the other side of AB, and 
from the centre C, at the 
distance CD, describe the 
cu*cle EGFf meeting ^^8 at 
F and O, [Postulate 8. 

Bisect FG at IT, [1, 10. 

andjomC^. cf c^ ^^ * 

The straight fine CH drawn from the j^ven point O 
shall be perpendicular to the given straight Ime A A 

Join CF, CO, 

Because FHia equal to HG, [Construction, 

and HC is common to the two triangles FHC, GffC; 
the two sides FII, HC are equal to the two sides GH, HC, 
each to each ; 

and the base CF is equal to the base CG ; [D^nition 15. 

therefore the angle CHF is equal to the angle CHG ; [1. 8. 

and they are adjacent angles. 

But when a straight line, standing on another straight line, 
makes the adjacent angles equal to one another, eadi of the 
angles is called a ri^ht angle, and the straight line whidi 
stsmds on the other is called a perx>endicular to it. [2)^« J.O. 

Wherefore a perpendicular CH has been drawn to 
tJie given straight line AB from the given point CwitJ^ 
out it, qj:.f. 

2 
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PKOPOSmON 18. THEOREM. 

The angles which one straight line makes with another 
straight line on one side qf it^ either are ttco right angles, 
or are together equal to two right angles, 
/^ Let the straight line AB make with the straight line 
t72>9 on one side of it, the angles CBA, ABD : these either 
are two right angles, or are together eqnsd to two right 
angles. 



O 




B 



For if the angle CBA is equlil^tO'^ iingle ABD, each 
of them is a right angle. ' [DtfiniiUm 10. 

x^ut if not, £rom the point B draw BE at right angles to 
( CD; [I. II. 

therefore the angles CBE, EBD are two right angles.[2)^.10. 

I^owthe anffle CBEia equal to the two angles CBA, ABE ; 
.^ to each of these equals add the ^ngle J5!J9i) ; 

\ therefore the angles CBE, EBD are equal to tlie three 
angles CBA, ABE, EBD, [Axiom 2. 

Again, the angle DBA is equal to the two angles DBE, 
EBA; 

to each of these equals add the angle ABO; 

therefore the angles DBA, ABC are equal to the three 
angles DBE, EBA, ABC, [Axiom 2. 

But the angles CBE, EBD have been shewn to be equal 
to the same three angles. 

Therefore the angles CBE, EBD are equal to the angles 
DBA, ABC, [Axiom 1, 

But CBE, EBD are two right angles ; 

therefore DBA, ABC are together equal to two right 
angles. 

Wherefore^ the angles &c. aE.D. 

\ 
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PBOPOSinON 14. THEOREM. 

Ify at a point in a straight line, two other straight lines, 
on the opposite sides qf it^ make the adjacent angles toge- 
ther eqtm to two right angles, these two straight lines 
shall So in one and the same straight line. 

At the point B in the straight line AB, let the two 
straight lines BC^ BD, on the opposite sides of AB^ make 
the adjacent angles ABC, ABD together e^ual to two 
right angles : BD shall be in the same sla^Eught line with CB, 

For if BD be not in 
the same straightline with 
CBy let BE be in the same 
straight line witH it. 

Then because the straight 

line AB makes with the 

straight line CBE^ on one ' - 

side of it, the angles ABC, 

ABB, these angles are to- 
gether equal to two right angles. [I. 13. 

But the angles ABC, ABB are also together equal to two 
right angles. [ffypothem. 

Therefore the angles ABC. ABB are equal to the angles 
ABC,ABD. ^ ' ^ '^ 

From each of these equals take away the common ang^le 

ABC, and the remaining angle ABE is equal to the remain- 
ing angle ABB, [Axiom 8. 

the less to the greater; which is impossible. 

Therefore BE is not in the same straight line with CB. 

And in th^ same manner it may be shewn that no other 
can be in the same straight line with it but BB ; 

therefore BB is in the same straight line with OB, 

Wherefore, if at a point &c. q.e.d. 



PROPOSITION 15. THEOREM. 

If two straight lines cut one another, the vertical, or 
opposite, angles shall he equal. 

2—2 
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Let the two straight lines AB^ CD cut one another at 
the point j^; the angle AEC shall be equal to the angle 
DEBy and the angle CEB 
to the angle AED, 

Because the straight line 
^^ makes with the straight 
line CD the angles CEA, 
AEDyihese angles are toge- 
ther equal to two right angles. [T. 13. 
Again, oecause the straight line DE makes with the straight 
line AB the angles AED, DEB, these also are togewer 
equal to two right angles. [1. 13. 
But the angles CEA, AED have been shewn to be toge- 
ther equal to two right angles. 

Therefore the angles CEA, AED are equal to the angles 
AEDy DEB. 

From each of these equals take away the conmian angle 
AEDf and the remaining angle CEA is equal to the re- 
maining angle DEB. [Axiom, 8. 

In Qie same manner it may be shewn that the angle 
CEB is equal to the angle AED. 

Wherefore, if two straigJU lines &c Q.E.D. 

Corollary 1. From this it is manifest that, if two straight 
lines cut one another, the angles which they make at the 
point where they cut, are togeuier equal to four rightangles. 

Corollanr 2. And conseauently, that all the angles made 
by any number of straight lines meeting at one point, are 
togetner equal to four right angles. 

PROPOSITION 16. THEOREM. 

If one side qf a triangle he produced, the exterior angle 
shall be greater than either qfthe interior opposite angles. 

Let ABC be a triangle, and let one side BC be pro- 
duced to D : the exterior angle ^(72> shall be greater than 
either of the interior opposite angles CBA, BAG. 

Bisect ^C7 at JS; [L 10. 

join BE and produce it to F, making EF equal to EB, [I. 8. 

and join FC. 

Because AE is equal to EC, and BE to EF ; [Conslr. 
the two sides AE, EB are equal to the two sides CE, JBJF^ 
each to each ; 




BOOK L 16, 17. 21 

and the angle AEB is equal to the angle CEF^ 

because they are opposite ver- 
tidd angles ; [I. 15. 

therefore the triangle AEB 
is equ2d to the triangle CEF, 
and the remaminff angles to 
tiie remaining angles, each to 
eadb, to which the equal sides 
are opposite ; [I. 4. 

therefore the angle BAE is 
equal to the angle ECF. 

But the angle ECD is greater 
than the angle ECF, [AxUm 9. 
Therefore the angle ACD is greater than the angle BAE. 

In the same manner if BGhQ bisected, and the side AC 
be produced to O, it may be shewn that the angle BCG^ 
that is the angle ACD^ is greater than the angle ASC* [1. 15. 

Whetefore^if one side See. q.e.i>. 

PROPOSITION 17. THEOREM, 

Any two angles qf a triangle are together less than two 
right angles. 

Let ABC be a triangle : any two of its angles are 
together less than two right angles. 

Produce 5(7 to 2)^ 

Th^n because JkQffi% the exte- 
rior angle of the triangle ABC, it 
is greater than the interior oppo- 
site angle A»€. h [1. 16. 





are greater than the angles ASQ^j^SB. r) -^S 
But the angles 4e£pi!t9B are together equal to two right 
fii^es. STW J^^C l^- ^^• 

Therefore the angles A^,ACB are together less than 
two right angles. 

In the same manner it may be shewn that the anffles 
PAO. ACB, as also the angles CAB, ABC, are together 
less toan two right angles. 

Wherefore, any two angles &c. q.e.p. 
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PROPOSITION 18. THEOREM. 

The greater nde qf eeery triangle hoe the greater 
angle opposite to it. 

Let ABC he a triangle, of which the side ^C is greater 
than the side AB : the angle ABC is also greater than tiie 
angle ACB, 

Because AC is greater than 
AB, make AD equal to AB, \I. 8. 
and join j92>. 

Then, because ADB is the ex- 
terior angle of the triangle BDCy 
it is greater than the interior op- 
posite angle DCB. [1. 16. 

But the angle ADB is equal to the angle ABD, [I. S. 

because the side AD is equal to the side AB. ICamtr. 

Therefore the ang^e ABD is also greater than the angle 
ACB. 

Much more then is the angle ABC greater than the angle 
ACB. [Axiom 9. 

Wherefore, the greater side &c. q.e.i>. 

PROPOSITION 19. THEOREM. **n^ 

Tlie greater angle qf every triangle is subtended hy t?he\ 
grecUer side, or has the greaJter side opposite to it, j 

Let ABC be a triai^le, of which the angle ABC is I 
greater than the angle AvB : the side ^C' is also greater P 
than the side AB. \ 

For if not, A C must be either a I 

equal to AB or less than AB. 

But AC is not equal to AB, 

for then the angle ABC would 
beequal to the angle ^(Ai8; [1. 5. 

but it is not ; [Hypothesis. 

therefore ACia not equal to AB. 

Neither i&AC less than AB, 

for then the angle ABC woidd be less than the angle 
ACB ; p. 18. 

but it is not ; [HypoihesU. 
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therefore AC\a not less than AB. 

And it has been shewn that AGSa not eqnal to AB^ 

Therefore AOS& greater than AB. 

Wherefore, the greater angle &c. q.e.1). 

PBOPOSITION 20. THEOREM. 

Any two sides of a triangle are together greater than 
the third side. 

Let ABC be a triangle : any two sides of it are together 
greater than the third side; 
namely, BAj AC greater than 
BG', and AB, BCgresAer than 
AC; and BO, CA greater than 
AB. 

Produce BA to Z), 
making ^D equal to ^{7, [I. S. 

and join DO. 

Then, because AD is equal ioAC, [dmstruction. 

the angle ADC is equal to the angle ACD, [I. 5. 

But the angle BCD is greater than the angle ACD. [Ax. 0. 

Therefore the angle BCD is greater than the angle BDC. 

And because^the angle BCD of the triangle BCD is 
greater than its angle BDC. and that the greater angle is 
subtended by the greater side ; [1. 19. 

therefore the side BD is'greater than the side BC. 

But BD is equal to BA and AC. 

Therefore BA, ACsre greater than BC. 

In the same manner it may be shewn that AB^ BC are 
greater than AC, and BC, CA greater than AB. 

Wherefore, any ttoo sides dw. Q.E.D. 

PBOPOSITION 21. TREOREM. 

Iffrovn the ends qfthe side of a triangle there he drawn 
two straight lines to a point within the triangle, these 
shall be less than the other two sides cf the triangle, hui 
ihaU contain a greater angle. 
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Let ABC be a triangle, and from the points B^ C, 
the ends of the side BC^ 
let the two straight lines 
BDy CD be drawn to the 
point D within the triangle : 

BD, DC shall be less 
than the other two sides 
BA, AG oi the triangle, 
but shall contain an angle 
BDG greater than the 
angle BAC 

Produce BD to meet AC fit E, 

' Because two sides of a triangle are greater than the 
third side, the two sides BA^ AE of the triangle ABE are 
greater than the side BE. [I. 20. 

To each of these add EC 

Therefore BA^ AC are greater than BE, EC. 

Again ; the two sides CE, ED of the triangle CED are 
greater than the third side CD. [I. 20. 

To each of these add DB. 

Therefore CE, EB are greater than CD, DB. 

But it has been shewn that BA, AC are greater than 

BE, EC; 

mmch more then are BA, ^(7 greater than BD, DC. 

Again, because the exterior angle of any triangle is 
greater tiian the interior opposito angle, the exterior 
angle BDC of the triangle CDE is greater than the angle 
CED. p. 16. 

For the same reason, the exterior angle CEB of the tri- 
angle ABE is greater than the angle BAE. 

But it has been shewn that the angle BDC is greater than 
the angle CEB ; 

much more then is the angle BDC greater than the angle 
BAC. 

Wherefore, if from the endt &c. Q.B.D. 
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PROPOSITION 22. PROBLEM, 

To make a triangle qf which the sides shall be eqiud to 
three given straight lines, but any two whatever q/* these 
7nust be greater than the third. 

Let AyBfChe the three giyen straight lines, of which 
any two whatever are greater than the third; namely, 
A and B greater than C; A and C greater than B ; and 
B and C greater than A: it is required to make a triangle 
of which the sides shall be equal to A, By C, each to each. 

Take a straight line 
DE terminated at the 
point 2>, bat unlimited 
towards B, and make 
DF equal to A, FG 
equal to B, and GH 
equal to C, [I. 3. 

From the centre F, 
at the distance FD, 
describe the circle 
DITL. [Post 3. 

From the centre G, at the distance Gff, describe the circle 
HLKy cutting the former circle at JT. 

Join KF, KG. The triangle KFG shall have its sides 
equal to the three straight Enes A, B, 0. 

Because the point F is the centre of the circle DZZ, 
FD is equal to FK [Definition 15. 

But FD is equal to A. [Oonstmetion. 

Therefore FKis equal to A. [Axiom 1. 

Again, because thepoint G is the centre of the circle HLK, 
GH is equal to GK [DefinitUm 15. 

But 6i^^is equal to C. [C(mstfruetion. 

Therefore (rJTis equal to C. [Axiom 1, 

And FG is equal to B. [Construction. 

Therefore the three straight lines KF, FG, GK are equal 
to the three A, B, C. 

Wherefore the triangle KFG has its three sides 
KFy FGy GK equal to ths three given straight lines 
JLy B, C. Q.S.F. 
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PROPOSITION 23. PROBLEM. 



v3 
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At a given point in a given straight line, to make a 
^ ^ redUinedl angle equal to a given rectilineal angle. 

Let AB be the giyen straight line, and A the given 

point in it, and L>CE the given rectilineal angle: it is 

required to make at the given point A, in the given straight 

- Ime A£f an angle equal to the given rectilineal angle 

^^ . In CDy CE take any 

-\S points jD, E, and join DE, 
r -o 4^ Make the triangle AFG the 

^ ^ sides of which shall be e^ual 
< J.t^ to the three straight Imes 
^ ^ CD, DE, EG; so that AF 



r*' 




"^ "^ ^ shall be equal to (7/), -46^ to 
4 . i CE; and FG to DE. [I. 22. 

^ ^ ^Ihe angle FAG shall be 
. * L equal to the angle DCE. 

- sir Because FA, AGsre equal to 2>C, CE, each to each, 

**" and the base FG equal to the base DE; [ConatrucHon. 

- ' ^ therefore the angle FAG is equal to the angle DCE. [I. 8. 

^ ^^ "Wherefore at the given point A in the given straight 
^ line AB, the angle FAG has been made eqiwil to the given 
rectilineal angle DCE, qjb.p. 



PROPOSITION 24. THEOREM. 

If two triangles have two sides qf the one eqtud to two 
sides cfthe other, each to each, but the angle contained ^ 
the two sides of one of them, greater than the angle con^ 
tained by the ttco sides equal to th^m, of the other, the base 
of that which has the greater angle shall be greater than 
tJie base of the other. 

Let ABC, DEF be two triangles, which have the two 

sides AB, AC, equal to the two sides DE, DF, each to 

each, namely, AB to DE, and AC to DF, but tiie angle 

. ^^O'^eater than the an^le EDF: the base BC shall Do 
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greater tlian the base 
EF. 

Of the two sides 
DE, DF, let DE be 
the side which is not 
greater than the other. 
At tiie point 2> in 
the straignt line DE, 
make the angle EDG 
eqnal to the angle 

BAGy [1. 23. 

and maike DO equal to AC or DF, [I. 8. 

andjoin^6i^, 6^/1 

Because AB is equal to DE^ [Hypothtm, 

and AOUi DG ; [Coratrwtion, 

the two sides J9^, ^ C7 are equal to the two sides ED, DG, 
each to each; 

and the angle BAG is equal to the angle EDG ; [Canstr. 

therefore the base BG is equal to the base EG, [I. 4. 

And because DG is equal to DF, [OcmtrucHon, 

the angle DGFia equal to the angle DFG. [I. 5. 

But the angle DGF is greater than the angle EGF. [Ax, 9. 

Therefore the angle DFG is greater than the angle EGF. 

Much more then is the angle EFG greater than the angle 
EGF. [Axiam 9, 

And because the angle EFG of the triangle EFG is 
greater than its angle EGF, and that the greater angle is 
subtended by the greater side, [1. 19. 

therefore the side EG is greater than the side EF, 

But EG was shewn to be equal to BG ; 

therefore BG is greater than EF, 

Wherefore, if two triangles &c q.e.]). 



PROPOSITION 25. THEOREM. 

Jftwo triangles have two sides qf the one equaito two 
sides qf the other^ ec^h to each, hut the hose of the onf 
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greater than the base qf the other^ the angle contained by 
the sidei of that which has the greater baee, eJiaU be 
greater than the angle contained by the sides eqtiol to 
them, of the other. 

Let ABCy DEF be two triangles, which have the two 
sides ABy AC equal to the two sides DE, DF, each to 
es^y namely, AB to DE, and AC to DF. but the base 
BC greater than the base EF: the angle BAC shall 
be greater than the angle 
EDF. 

For if not, the angle 
BACmv^ be either equal 
to the angle EDF or less 
than the angle EDF, 

But the angle J?^ (7 is not 
equal to the an^le EDF^ 
for then the base BG 
would be equal to the base EF\ [I. 4. 

but it is not ; [Hypothesis^ 

therefore the angle ^^Cis not equal to the angle EDF. 

Neither is the angle BAC less than the angle EDF, 

for then the base J?(7 would be less than the base EF\ [1. 24. 

but it is not ; [Hypothens, 

therefore the angle BACIb not less than the angle EDF, 

And it has been shewn that the angle BAC is not equal 
to the angle EDF. 

Therefore the angle BACia greater than the angle EDF. 

"Wherefore, ifttco triangles &c. q.b.d. 

PROPOSITION 26. THEOREM. 

If two triangles have two angles qf the one eqtml to two 
angles qf the other, each to each, and one side eqtuU to 
one side, namely, either the sides adjacent to the eqtud 
angles, or sides which are opposite to equal angles in each^ 
then shaU the other sides be eqtud, each to each, and tdso 
the third angle qf the one equal to the third angle qf the 
other. 

Let ABC, DEF be two triangles, which have the 
angles ABC, BCA equal to the angles DEF, EFD, ea^ 
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to each, namely, ABC to DEF^ and BGA to EFB ; and 
let them have also one side equal to one side ; and first let 
those sides be equal which are adjacent to the equal anp^les 
in the two triangles, namely, BC to EF\ the other sides 
shall be equal, each to each, namely, AB to DEy and 
^a to DFyVsA the third 
angle BAiJ equal to the -^ ^ 

third angle EDF, 

For if AB be not 
equal to DE^ one of them 
must be greater than the 
other. Let AB be the 
greater, and make BQ 
equal to BE^ [I. 3. 

and join QC. 

Then because QB is equal to DEy \G<mxbr%kctisM, 

and BC to EF ; [ffypothests, 

the two sides GB, BC are equal to the two sides DE, EF, 
each to each; 

and the angle OBC is equal to the angle DEF ; [Hypothesis. 

therefore the triangle GBCis equal to the triangle DEF, 
and the other angles to the other angles, each to each, to 
which the equal sides are opposite ; [I. 4. 

therefore the angle GCB is equal to the angle DFE, 

But the angle DFE is equal to the angle ACB, [Hypothesis, 

Therefore the angle GCB is equal to the angle ACB, [Ax. 1. 

the less to the greater ; which is impossiblo*^- j^J? ^ f « »r. .^ 4- 

Therefore AB is not unequal to DE, t^rvf/ f«. a r tT K' -^ ^ ' * ' '^. 

that is, it is equal to it ; XIZ: Vr/i&f" . '^ '^^"'' 

and BCia equal to EF; [Hypothesis. 

therefore the two sides AB, BC are equal to the two sides 
DE, EF, each to each ; 

and the angle ABC is equal to the angle DEF; [Hypothesis. 

therefore the base ^C7 is equal to the base DF, and the 
third angle B AC to the third angle EDF. [1. 4. 
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19'ezt, let sides which are opposite to eqnal angles in 
each triangjle be e^ual to one another^ namely. AB to 
DE : likewise in this case the other sides shall oe eqnal. 
each to each, namely, BG to EF, and AC to DF, and 
also the third angle BAG equal to the third angle EJDF, 

For if BG be not 
equal to EF, one of them 
must be greater than 
the other. 

Let BG be the greater, 
and make BH equal to 
EFy [1. 3. 

and join ^ZT. 

Then because BH is equal to EF, . lOonstructum. 

and AB to DE ; IffppothesU. 

the two ffldes AB, Bffate eqnal to the two sides DE, EF, 
each to each; 

and the angle ^^JJis equal to the 9,ngleDEF ilffypothesis. 

therefore the triangle ABH is equal to the triangle DEF, 
and the other angles to the other angles, each to each, to 
which the equal sides are opposite ; [I. 4. 

therefore the angle BHA is equal to the aqgle EFD» 

But the angle EFD is eqtod to the angle BGA, [ffypotkesia. 

Therefore the angle BHA is equal to the angle BGA ; [Ax.1, 

that is, the exterior angle BHA of the triangle AJfC is 

equal to its interior opposite angle BGA ; 

which is impossible. [1.16. 

Therefore BG is not unequal to EF, 

that is, it is equal to it ; 

and AB is equal to DE ; [ffypothesU. 

therefore the two sides AB, BG are equal to the two sides 
DE, EF, each to each ; 

and the angle ABG is equal to the angle DEF; [ffifpothesiB, 

therefore the base AG is equal to the base DF, and the 
third angle BAG to the third angle EDF. [I. 4. 

Wherefore, ifttco triangles &c. q.e.i>. 



J 
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PBOPOSITION 27. THEOREM. 

If a straight line falling on two other straight lines, 
maJce the alternate angles equal to one another^ the two 
straight lines shall be paralkl to one another. 

Let the straight line EF^ which falls on the two straight 
lines ABf CD, make the alternate angles ABF, EFD 
equal to one another : AB shall be parallel to CD, 

For if- not, AB and CD, being produced, will meet 
either towards B, D or towards A, V. Let them be pro- 
duced and meet towards B, D at the point G. 




Therefore GEF is a triangle, and its exterior angle AEF 
is greater than the interior opposite angle EFG ; [1. 16. 

But the angle ^j^i^is also equal to the angle EFG ; [Hyp. 
which is impossible. 

Therefore AB and CD being produced, do not meet to- 
wards B, D. 

In the same manner, it may be shewn that they do not 
meet towards A, C 

But those straight lines which being produced ever so fsur 
both ways do not meet, are parallel. [DefimtUm^. 

Therefore AB is parallel to CD, 

Wherefore, if a straight line &c. q.e.d. 

PEOPOSITION 28. THEOREM. 

If a straight line falling on two other straight lines, 
make the exterior angle equal to the interior and opposite 
angle on the same side of the line, or make the interior 
angles on the same side together equal to two right angles, 
the two str^igM lines shaft be parallel fo one another* 
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Let the strakht line EF, which falls on the two 
straight lines AS, CD^ make the exterior angle EGB 
equal to the interior and opposite angle GHD on the same 
side, or make the interior angles on the same side BGH, 
GHD together equal to two right angles : AB shaU be 
parallel to CD. 

Because the angle EGB is 
equal to the angle GHD, [Hyp. 

and the angle J^^^i? is also equal 
to the angle A GH, [1. 15. 

therefore the angle AGH is 
equal to the angle GHD\ \Ax.\, 

and they are alternate angles ; 

therefore AB is parallel to 

CD. p. 27. 

Again; because the angles BGH, GHD are together 
equal to two right angles, [//ypoeAens. 

and the angles AGH, BGH are also together equal to two 
right angles, [1. 13. 

therefore the angles AGH BGH are equal to the angles 
BGH, GHD. 

Takeaway the common angle BGH\ therefore the remamiug 
angle ^6^^is equal to the remaining angle GHD ; [Axicm 8. 

and they are alternate angles ; 

therefore AB is parallel to CD. [I. 27. 

Wherefore, if a straight line &c. q.b.d. 



PROPOSITION 29. THEOREM. 

If a straight line fall on two parallel straight lines, 
it makes the alternate angles equal to one another, and 
the exterior angle equal to the interior and opposite angle 
on the same side; and also the two interior angles on 
the same side together equal to ttco right angles. 

Let the straight line EF faH on the two parallel 
straight lines AB, CD : the alternate angles AGH, GHD 
shall be eaual to one another, and the exterior angle 
EGB shall be equal to the interior and opposite angle 
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on the same dide> QBD^ and the two interior angles on 
the same side^ BQH^ QHDy shall be together equal to two 
right angles. 

For if the angle AGH be 
not equal to the angle GHDy 
one of them must b« greater 
than the other; let tiie angle 
AGH be the greater. 

Then the angle A GH is greater 
than the angle GHD ; 

to eadi of tiiem add the angle 
BGH', 

therefore the angles AGHy BGH are greater than the 
angles BGH, GJHD. 

But the angles AGHy BGH are together equal to two 
right angles ; [1. 13. 

therefore the angles BGH. GHD are together less than 
two right angles. 

But if a straight line meet two straight lines, so as to 
make the two interior angles on the same side of it, taken 
together, less than two right angles, these straight lines 
being continually produced, shall at length meet on that 
side on which are the angles which are less than two 
right angles. [AxUm 12. 

Therefore the straight lines ABy CD, if contmually pro- 
duced, will meet. 
But they neyer meet, since they are parallel by hypothesis. 

Therefore the angle AGH is not unequal to the angle 
GHD \ tiiat is, it is equal to it. 

But the angle AGH is equal to the angle EGB. [1. 15. 

Therefore the angle EGB is equal to the angle GHD. [Ax. 1 . 

Add to each of these the angle BGH, 

Therefore the angles EGB, BGH are equal to the angles 
BGHy GHD. [Axiom 2. 

But the angles EGBy BGH are together equal to two 
right angles, [I. 13. 

Therefore the angles BGH, GHD are together equal to 
two right angles. [Axiotti 1* 

Wherefore, if a itraight line &c q.kj>. 

8 
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PROPOSITION 80. THEORSM, 

Straight lines which are parallel to the same straight 
line are parallel to each other. 

Let AB, CD be each of them parallel to EF: AB 
shall be pamUel to CD, 

Let the straight line Q-HK 
cut AB, EFy CD, 

Then, becanse GHK cuts 
the parallel straight lines ABy 
EF, the angle AGH is equal 
to the angle GHF. [I. 29. 

Again, because GK cuts 
the parallel straight lines EF, 
CD, the angle GHF is equal 
to the angle G^JTZ). [1.29. * 

And it was shewn that the 

angle AGK is equal to the angle GHF, 

Therefore the angle AGK is equal to the angle GKD ; [Ax, 1. 

and they are alternate angles ; 

therefore AB is parallel to CD, [I. 27. 

Wherefore, straight lines &c. q.e.d. 

PROPOSITION 31. PROBLBM, 

To draw a straight line through a given point parallel 
to a given straight line. 

Let A be the given point> and BC the given straight 
line : it is required to draw a straight line through the 
point A parallel to the straight line JSC, 

In BC take any point .. a *. 

D, and join AD ; at the '^ :^ ^ 

point A in the straight 
line AD, make the angle 

DAE equal to tiie angle « ^ 

ADC; [1.23. ^ ^ 

and produce the straight line EA to F. 

£F shall be parallel to BC, 




"» 
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Because the straight line ADy which meets the two 
straight lines BG^ EPy makes the alternate angles EAD^ 
ADU equal to one another, [CmttrucHon. 

EF is parallel to BC. [I. 27. 

Wherefore the straight UneEAFis draton through the 
given point A, parallel to the given straight line BO. Q.E.S, 

PEOPOSITION 32. THEOREM. 

If a side qf any triangle be prodtused, the exterior 
angle is equal to the ttoo interior and op^posite angles ; 
and the three interior angles qf every triangle aret^toge- 
ther equai to two right angles. 

Let ABC be a triangle, andrjet o ne jf its sides BC 
be produced to D : the exterior t^[S~A^^ shall be eqiial /> 

to the two interior and opposite 2ia^e& GAB^-ABC \ and^^ ' 

^ the three interior angles of the triangle, namely, ^kB€f^ 

ijCBOA, CAB shall be equal to two right angles. 

Through the point (7draw 
CE parallel to AB. [I. 31. 
Then, because AB is par- 
allel to CE, and AC falls on ^ cN^^ 

^ them, the alternate angl^ w^ (f j^ 

CL BAO, jLOE are equal, s^ [I. 29. 

Again, because AB is^ parallel to CE, and BD falls on 

them, the exterior zxiwM0^i& equal to the interior and 

. opposite emgleABCjf . [1. 29. 

But the angle^M^ was shewn to be equal to the angle 
BAe-yCL. ^-^^ 

therefore the whole exterior angle A€IB is equal to the 
two interior and opposite angles OABi AB C^ -f olAxiom 2. 

To each of these equalsadd the angle Ai9& ; ^ 
therefore the angles ■ ^lojSjifw are equal* to the three 
angles CBxi, BxiGyAGC ci ^^^C [Axiom 2. 

But the angles Awf^^GB are together equal to two right 
angles ; ^^ /^ r P- 18. 

therefore also the angles OBAr BACy ACB are together 
* equal to two right angles. [AxUm 1. 

Wherefore, if a side qfany triangle &c. q.b.i). 





36 EVCLWB JBLSMENT8. 

OoBOLLARY 1. All the interior anglee qf any recti- 
lineal fiffure, together with four right angles, are equal to 
twice as many right angles as the figure has sideK 

For any rectnineal figure ABODE con be divided into 
as many triangles as the fignre has sides, by drawing 
straight lines- from a point F within the figure to each of 
its angles. 

And by the preceding proposition, 
all the angles of these triangles are 
equal to twice as many right angles 
as there are triangles, that is, as the 
figore has sides. 

And the same angles are equal to the 
interior angles of the figure, together 
with the angles at the point F, which 
is the common vertex of the triangles, 

that is, together with four right angles [I. 15. Corollary 2. 

Therefore all the interior angles of the figure, together with 
four right andes, are equal to twice as many ng^t angles 
as the figurenas sides. 

Oorollaby2. All the exterior angles qf any recti- 
lineal figure are together equal tofiyur right angles. 

Because everv iaterior an|;le 
ABCy with its adjacent exterior 
ancle ABD, is equal to two 
right angles; [1.18. 

therefore all the interior angles 
of the figure, together with all 
its exterior angles^ are equal to 
twice as many right angles as 
the figure has sides. 

But> by the foregoing Corollarv all the interior angles of the 
figure, together with four right angles, are equiu to twice 
as many right angles as the figure has sides. 

Therefore all the interior angles of the figure, together with 
all its exterior angles, are equal to all the interior angles of 
the figure, together with four right angles. 

Therefore all the exterior angles are equal to four right 
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PBOPOSITION 88. THEOREM. 

The straight lines which ^oin the extremities of two 
eqtAcU and parallel straight lines towards the same parts, 
are also themAdtes equal and parallel. 

Let AB and CD be equal and parallel straight lines, 
and let them be joined towards the same parts by the 
straight lines AC and BD : AC and B£> shall be equal 
and parallel. 

Jom BC. 

Then because AB is par- 
allel to CD, [ffypothesis. 
and BC meets them, 

the alternate angles ABC, 
BCD are equal. [I. 29. 

And because AB is equal to CD, [Bypot?ie»is. 

and BC is common to the two triangles ABC, DCB; 
the two sides AB, BC are equal to the two sides DC, CB, 
each to each ; 

and the angle ABC was shewn to be equal to the angle 
BCD;' 

therefore the base AC U equal to the base BD, and the 
triangle ABC to the triangle BCD, and the other angles 
to the other angles, each to each, to which the equal sides 
are opposite ; [I. 4. 

therefore the angle ACB is equal to the angle CBD. 

And because the straight line BC meets the two straight 
lines AC, BD, and makes the alternate angles ACB, CBD 
equal to one another, AC\a parallel to BD. [I. 27. 

And it was shewn to be equal to it. 

Wherefore, the straight lines &o. q.e.i>. 

PROPOSITION 34. THEOREM. 

The opposite sides and angles of a parallelogram are 
equal to one another, and the diameter bisects the par- 
cUlelogram, that is, divides it into two equal parts. 

Note. A paraUelogram is a four-sided figure of which the 
m>posite sides are parallel ; and a diameter is the straight line 
joining two of its opposite angles. 
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Let AGDB be a paraHelogram, of which EG is a 
diameter ; the opposite sides and angles of the fisure shall 
be equal to one another, and the diameter j?u shall bi- 
sect it 

Because AB is parallel 
to (7Z), and EC meets them, 
the alternate angles ABG^ 
BGD are equal to one an- 
other. [I. 29. 

And because AG S& parallel 

to BDy and EG meets them, 

the alternate angles AGB^ GBD are equal to one 

another. [1. 29. 

Therefore the two triangles ABG^ EGD have two angles 
AEG, EGA in the one, equal to two angles DGE, GED in, 
the other, each to each, and one side Eu is common to the' 
two triangles, which is adjacent to their equal angles; 

therefore their other sides are equal, each to each, and 
the third angle of the one to the third angle of the other, 
namely, the side AE equal to the ^ide GD, and the side 
AG equal to the side ED, and the angle EAG equal to the 
angle GDE, [1. 26. 

And because the angle AEG is equal to the angle EGD^ 

and the angle GED to the angle AGE, 

the whole angle AED is equal to the whole angle A GD. [A x, 2. 

And the angle EAG has been shewn to be equal to the 
angle GDE. 

Therefore the opposite sides and angles of a parallelogram 
are equal to one another. 

Also the diameter bisects the parallelogram. 

For AE being equal to GD, and EG common, 

the two sides AE, EG are equal to the two sides DG, CB 
each to each ; 

and the angle AEG has been shewn to be equal to the 
angle EGD ; 

therefore the triangle^^(7is equal to the triangle i9(7Z>, [1. 4. 

and the diameter EG divides the parallelogram AGDB 
into two equal parts. 

Wherefore, the opposite ndes &c. Q.1&.D. 
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PROPOSITION 85. THEOREM. 

ParcUldograrM on tlu tame hase^ and beiioeen the iome 
parallels, are equal to one another. 

Let the parallelograms ABCD, EBCF be on the same 
base BCy and between the sameparaUels AF, BG : the paral- 
lelogram ABCD shall be equal to the parallelogram EBCF, 

If the sides AD, DF of 
the parallelograms ABCD, 
DBCP, opposite to the base 
BC, be terminated at the same 
IM>int 2>, it is plain that each of 
the parallelograms is double of 
the triangle BDC', [I. 34. 

and they are therefore equal to one another. [Axiom 6. 

But if the sides AD, EF, opposite to the base BC 
of the parallelo- 
grams ABCD, 
EBCF be not 
terminated at 
the same -point, 
then, b^tise 
^^C72> is a par- 
allelogram AD is equal to BC ; [I. 34. 
for the same reason J^i^is equal to BC; 
therefore AD is equal to EF; [Axiom 1. 
therefore the whole, or the remainder, AE is equal to the 
whole, or the remainder, DF, [Axioms 2, S. 

And AB is equal to DC ; [I. 34. 

therefore the two sides EA, AB are equal to the two sides 
FD, DC each to each ; 

and the exterior angle FDC is equal to the interior and 
opposite angle EAB ; [I. 29. 

therefore the triangle EAB is equal to the triangle 
FDC. [r. 4. 

Take the triangle FDC from the trapezium ABCF, 
and from the same trapezium take the triangle EAB, 
and the remainders are equal ; [Axiom 8. 

that is, the parallelogram ABCD is equal to the parallelo- 
gram EBCF. 

Wherefore, paraMograms on the name hose &o. qep. 
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PROPOSITION 86. THEOREM. 

ParaUdograms on equal bcue*, and hetwem the same 
parallels, are eqtud to one another. 

Let-ABCD.EFGII he parallelograms on equal bases 
BG, FG, and between the same p^tdlels AH, BG: the 
parallelogram ABCD shall be eqiud to the parallelogram 
EFGH. 

Join BE, CH, j^ D E H 

Then, because BG 
is equal to FG, [Eyp. 

mdFGioEIf,[I.Z4, 

BG is equal to 
EH; [Axiom 1. 

and they are parallels, [Hypothesis, 

and joined towards the same parts by the straight lines 
BE, GH. 

But straight lines which join the extremities of equal and 
parallel straight lines towards the same parts are them- 
selres equal and parallel [I. 83. 

Therefore BE, GHsxe both equal and parallel 

Therefore EBGH is a parallelogram. [DefinUwm, 

And it is equal to ABGD, because they are on the same 
base BG, and between the same parallels BG, AH. [I. 85. 

For the same reason the parallelogram EFGH is equal 
to the same EBGH 

Therefore the parallel(^;ram ABGD is equal to the par- 
allelogram EFGH [AiMm 1. 

Wherefore, parallelograms iic» Q j:.p. 

PROPOSITION 87. THEOREM. 

Triangles on the same bcue, and between the same par* 
aUds^ are eqttal. 

Let the triangles ABG, 
DBG be on the same baae 
BG, and between the same 
parallels AD,BG: the tri- 
angle ABG shall be equal 
to the triangle DBG. 

i Produce AD both ways 

the points J^,-F; [Postfi, 
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through B draw BE parallel to OA^ and through C draw 
CF parallel to BD. [I. 81. 

Then each of the figures EBGA, DBCF is a parallelo- 
gram ; liytfiMtim, 

and EBCA is equal to DBCF, because they are on the same 
base BCy and between the same parallels BC^ EF. [I. 85. 

And the trianp^le ABC is half of the parallelogram EBCA, 
because the diameter J ^ bisects the parallelogram ; [I. 84. 

and the triangle DBC is half of the paraUefogram DBCF^ 
because the diameter 2>(7 bisects the parallelogram. [L 84. 

But the halves of equal things are equaL ' [ATAom 7. 

Therefore the triangle ABO is equal to the triaiigle DBG. 

Wherefore, triangles^ &c. q.b.d, 

PEOPOSITION 88. THSORBM. 

Triangles on equal hcues. and between 4he iame par- 
alleled are equal to cneanotner.^ 

Let the triangles ABC, I>EP be' on equal bases BGy 
EFy and between the same parallels ^^, Au : the triangle 
ABG shall be equal to the triangle DEF. 

Produce-42)both 
ways to the points r ^ \ ^ 

through B draw BQ 
parallel to GA^ and 
through F draw FH 
paralleltoJS^i>.[I.81. 

Then each of the 
figures GBGA, DEFH is a parallelogram. [JVmtion. 

And they are equal to^one another because they are on 
equal bases BV^ EF^ and between the same parallels 
BF, QH. [I. 86. 

And the triangle ABG is half of the parallelogram QrBGAy 
because the diameter AB bisects the parallelogram ; [1. 84. 
and the triangle DEF is half of the parallelomin DEFH^ 
because the £ameter DF bisects the parallelogram. 
But the halves of equal thmgs are equal. [Amom 7. 

Therefore the triangle ABG is equal to the triangle DEF. 
"Wherefore, triangles &c. Q.b.d. 
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' PROPOSITION 89. THEOREM, 

EqtAol triangles on the same base, and on the sams 
4 side qf it^ are between the same parallels, 

I Let the equal triangles ABC, DBG be on the same 

I ha&e BCf and on the same side of it : they shall be be- 
^ tween the same parallels. 

^ Join AD. 

J ^ AD shall be parallel to BC. 

. " For if it is not, through A draw 

' - AE parallel to BC, meeting BD 

;: atJE^. [1.81. 

^ and joined 'S^ c 

^ >^' Then the triangle ABC is equal to the triangle EBC, 
because they are on the same oase BC, and between the 
same parallels BC, AE, [I. 87. 

But the triangle ABC is equal to the triangle DBC [Hyp, 
Therefore also the triangle DBC is equal to the triangle 
EBC,. a-i o. i\ .c. ^^ — *-l^c v« ' '•►V'^ ^v<ML \^ [Axiom 1. 
the giSeater to the less; which is impossible."^ 
Therefore AE is not parallel to BC, 

In the same manner it can. be shewn, that no other 
straight line through A but AD is parallel to BC\ 

^ therefore ^2> is parallel to BC, 

Wherefore, equal triangles &c. q.e.d. 
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PROPOSITION 40. THEOREM. 

Equal triangles, on equal bases, in ths same straight line, 
and on the sama side qfit, arebetween the same parallels. 

Let the equal triangles ABC, DEF be on equal bases 
BC, EF, in the same straight line BF, and on the same 
side of it : they shall be between the sakne parallels. 

Join AD, A . D 

AD shall be parallel to BF. 

For if it is not, through A 
draw AQ parallel to BF, 
meeting ^Z> at (7 [1.81. 

"Uid join GF, 
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Then the triangle ABO is equal to the triangle GEF^ 

because they are on equal bases BC^ EF^ and between 
the same paSrallels* [I. 88. 

But the triangle ABC is equal to the triangle DEF. [Hyp. 
Therefore also the triangle DEF is equal to the triangle 
GEF, iTH -Cu^^pt-tSTb T , [AxUm L 

the greater to tire less ; wnich is impossible. 
Therefore AG is not parallel to BF. 

In the same manner it can be shewn that no other 
straight line through A but AD is parallel to BF ; 

therefore AD is parallel to BF. 

Wherefore, equal Mangles &c. q.e.d. 

PROPOSITION 41. THEOREM. 

If a parallelogram and a triangle be on the same base 
a}id between the same parallels^ the parallelogram shall be 
double qf the triangle. 

Let the parallelc^m ABOD and the triangle EBC be 
on the same base BC, and between the same parallels 
BGy AE : the parallelogram ABOD shall be double of the 
triangle EBC. 

Join ^(7. 

Then the triangle ABC 
is equal to the triangle EBC^ 
because they are on the same 
base BCy and between the same 
parallels BC, AE. [I. 37. 

But the panjlelogram ABCD 
is double of the triangle ABC, 
because the diameter ^(/bisects the parallelogram. [I. 34. 

Therefore the parallelogram ABCD is also double of the 
triangle EBC. 

Wherefore, if a paraHehgratn &c q.ij>. 
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PROPOSITION 42. PROBLEM. 

To describe a parcHldogram that shall he equal to a 
given triangle, and have one of its angles equal to a given 
rectilineal angle. 

Let ABC be the given triangle, and D the given recti- 
lineal angle : it is required to describe a parallelogram that 
shall be eqiml to the given triangle ABC, and have one of 
its angles equal to 2>. 

Bisect ^(7 at ^: [1.10. 

join AE, and at the point 
Ef in the straight line EC, 
make the angle CEFequsl 
to 2>; [I. 23. 

through A draw AFG 
parsJlel to ^(7,and through 
C draw CG parallel to 
EF. [I. 81. 

Therefore FECG is a parallelogram. [B^nUion. 

And, because BE is equal to EC, [Constrtietim* 

the triangle ABE is equal to the triangle AEC, because 
they are on equal bases BE, EC, and between the same 
parallels BC, AG. [I. 38. 

Therefore the triangle ABC is double of the triangle ^J^C7. 

But the parallelogram FECG is also double of the triangle 
AEC, because they are on the same base EC, and between 
the same parallels EC, AG. [I. 41. 

Therefore the parallelogram FECG is equal to the triangle 
ABC ; [Axiom 6. 

and it has one of its angles CEF equal to the given angle 
2). [Construction, 

Wherefore a parallelogram FECG has been described 
eqtud to the given triangle ABC, and having one of its 
angles CEF equal to the given angle 2>. q.e.f. 




BOOK L 43, 44. 45 



PEOPOSITION 48. THEOREM. 

TJuccmpUments of the paraUdoffratM iohich are about 
the diameter qf any parallelogram^ are equal to one 
another. 

Let ABCD be a parallelogram, of which the diameter 
\aAC\ and EH^ GF parallelo^^ms about AG^ that is, 
through which AC passes ; and BK, KD the otiM9r paral- 
lelograms which make np the whole figure ABCD, and 
which are therefore called the complements: the comple- 
ment BK shall be equal to the complement KD, 

( Because ABCD is a 
parallelogram, and AC \\a 
oiEuneter, the triangle ABC 
is equal to the triangle 
ADC. [1. 84. 

Again, because AEKH is 
a parallelogram, and AK 
its diameter, the triangle 
AEK is equal to the triangle 
AHK. [I. 34. 

For the same reason the ^iangle KGC is equal to the 
triangle KFC. 

Therefore, because the triangle AEK is equal to the tri- 
angle AHKy and the triangle KGC to the triangle KFC ; 
the triangle AEK together with the triangle KGC is equal 
to the triangle AHK togetherwith Uie triangle KFC. [Ax, 2. 

But the whole triangle ABC was shewn to be equal to the 
whole triangle ADV. 

Therefore tlie remainder, the complement BK^ is equal to 
the remainder, the complement Kv. [Av^^om 3. 

Wherefore, the complements &g. q.e.i>. 



PROPOSITION 44. PROBLEM, 

To a giten itraight line to apply a parallelogram^ 
which shall be equal to a given triangle, and have one 
qf its angles equal to a given rectilineal angle. 
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Let AB be the ^ven straight line, and C the given 
triangle, and D the given rectilineal angle; it is required 
to apply to the straight line AB 2k parallelogi'am equal to 
the triangle (7, and haying an angle e^ual to Z>. 





Make the parallelogram BEFG equal to the triangle 
C7, and having the an^e EBG equal to the angle 2>, so 
that BE maybe in the same straignt line with AB ; [1. 42, 

produce i^(T to .9^; 

through A draw AH parallel to BQ or EFy [I. 31. 

and join ^^. 

Then, because the straight line jQTjPfiEdls on the parallels 
AH, EF, the angles AHFy HFE are together equal to 
two right angles. [I. 29. 

Therefore the angles BHFj HFE are together less than 
two right angles. 

But straight lines which with another straight line make the 
interior angles on the same side together less than two right 
angles will meet on that side, if produced for enough. \Av>, 12. 

Therefore HB and FE will meet if produced ; 

let them meet at JT. 

Through JT draw JTZ parallel to ^^ or jp^ff; [I. 8L 

and produce HA, QB to the points Z, M, 

Then HLKF is a parallelogram, of which the diameter 
Is HK\ and AG, ME are pamlelograms about HK\ and 
LB, BFhre the complements. 

Therefore LB is equal to BF, [I. 4a 

But BF is equal to the triangle (7. [OmistrueHon, 

Therefore LB is equal to the triangle C lAadatn 1. 
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And because the angleCrJ?^ iseqnalto tkeangle^^itf, [1.15. 

and likewise to the angle D ; [ConUruetion. 

the angle ABM is equal to the angle 2>. [Axiom 1. 

Wherefore to the given straight lineAB the paraUelo-' 
gram LB is applied, equdt to the triangle Cy and having 
the angle ABM equal to the angle D. q.b.f. 

PROPOSITION 45. PROBLEM. 

To describe a parallelogram eqtud to a given rectilineal 
figure, and having an angle eqtuU to a given rectilineal 
angle. 

Let ABCD be the given rectilineal figure, and E the 
given rectilineal angle: it is required to describe a par- 
allelogram equal to ABCD, and having an angle equal wE. 




L 




Join DJBf and describe the parallelogram Fff equal to 
the triangle ADB, and having the angle FITH equal to the 
angle J^; [1.42. 

and to the straight line GH apply the parallelogram GM 
equal to the triangle DBC, and naving the angle GHM 
equal to the angle E. [I. 44. 

The figure FKML shall be the parallelogram required. 

Because the angle E is equal to each of the angles FKH, 
QHM, [Construction, 

the angle FKHia equal to the angle GHM. [Axi(m 1. 

Add to each of these equals the angle KHG ; 

therefore the angles FKH, KHG are equal to the angles 
KHG, GHM. [Axiom 2. 

'BntFKH, KHG aretogetherequalto two right angles; [1.29. 
therefore i^^G^jG^JETJtfare together equal to two right angles. 
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And because at the point H in the straight line GH, the 
two straight lines KHy HM^ on the opposite sides of it, 
make the adjacent angles together equal to two; right angles, 
KH is in the same straight line with HM. [1. 14. 

And because the straight line HO meets the paraUels 
KM^ FG, the alternate angles MHG, HGFvte equal [1. 29. 

Add to each of these equals the angle HGL ; 

therefore the angles MHGy HGL, are equal to the angles 
HGF, HGL. [Axiom 2. 

B\AMHGyHGL9XQ together equal to two right angles; [1. 29. 

therefore HGF, HGL are together equal to two right angles. 

Therefore FG is in the same straight line with GL, [1. 14. 

Andbecause^i^is parallel U>HGy?iiAHGioML,[C<mstr. 

KF is parallel to ML ; [I. 80. 

and KMy FL are parallels ; [Construction, 

therefore KFLMia a parallelogram. [DefirMm, 

And because the triangle ABD is equal to the parallelo- 
gram HFy [Comtruction, 

and the triangle DBC to the parallelogram GM ; [CoMtr, 

the whole rectilineal figure ABCD is equal to the whole 
pajrallelogram KFLM, [Ainiom 2. 

Wherefore, the parallelogram KFLM has been de- 
scribed equal to the given rectilineal Jigure ABCD, and 
having the angle FKM eqtud to the given angle E. q.e.f. 

CoROLiABY. From this it is manifest, how to a given 
straight line, to apply a parallelogram, which shall have an 
angle equal to a ^ven rectilineaf anffle, and shall be equal 
to a given rectilmeal figure ; namely, by applying to the 
given straight line a parallelogram equal to de first tri- 
ande ABjj, and having an angle equal to the given angle ; 
and so on. [I. 44. 
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PROPOSITION 40. PROBLEM. 
To describe a square on a givers straight line. 

Let AB be the given straight line : it is required to 
describe a square on AB. 

Prom the point A draw AG 
at right angles to AB\ [L 11. 
and make AD equal to AB ; [L 3. 

through D draw DE parallel to 
AB ; and through B draw BE 
parallel to AD. [I. 31. 

A DEB shall bo a square. 

For A DEB is by construction 
a parallelogram ; 

therefore AB i& equal to DE, 
and ^Z> to BE. [I. 34. 

But AB is equal to AD. IConstruction. 

Therefore the four straight lines BA, ADy DE, EB aro 
equal to one another, and the parallelogram A DEB is 
equilateral. lAxUm 1. 

Likewise all its angles are right angles. 

For since the straight line AD meets the parallels AB^ 
DE, the angles BAD, ADE are together equal to two 
right angles ; [I. 29. 

but Sad is a right angle ; [Comtructitm. 

therefore also ADE is a right angle. [Axiom 3. 

But the opposite angles of parallelograms are equal [I. 34 

Therefore each of the opposite angles ABE, BED is a 
right angle. [Axiom L 

Therefore the figure ADEB is rectangular ; 

and it has been shewn to be equilateral. 

Therefore it is a square. [D^nition 30. 

And it is described on the given straight line AB. q.e.f. 

CoBOLLAKY. From the demonstration it is manifest that 
every parallelogram which has one right angle has all its 
angles right angles. 

4 
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PBOPOSITION 47. THEOREM. 

In any right-angled triangle, the square iehich is d^ 
served on the side gubtending the right angle is equal to 
the squares described on the sides which contain t?ie right 
angle. 

Let ABC be a right-angled triangle, having the right 
angle BAG: the square described on the side SG shall be 
equal to the squares described on the sides BA^ AG, 

On BG describe 
the square BDEG, 
and on BA, AG do- 
scribe the squares 
GByffG; [1.46. 

through A draw AL 
parallel to BD or 
GE ; [I. 31. 

and join AD, FG, 

Theviy because the 
angle BAG is a right 
an^e, [Hypothesis, 

and that the angle 
BAG is also a right 
angle^ [D(finition 80. 

the two straight lines AG, AG, on the opposite sides of 
AB, make with it at the point A the adjacent angles equal 
to two right angles ; 

therefore GAiain the same straight line with AG. [1. 14. 

For the same reason, AB and AH are in the same straurht 
line. 

Now the angle DBG is equal to the angle FBA, for each 
of them is a right angle. [Axiom 11. 

Add to each the angle ABG, 

Therefore the whole angle DBA is equal to the whole angle 
^^^- [Axiom 2. 

And because the two sides AB, BD are equal to the two 
sides FB, BG, each to each ; [D^nitum 80. 

and the angle DBA is equal to the angle FBG ; 
FBO^^^ *^® triangle ^^^ is equal to the triangle 
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Now the paraUelogram BL u double of the triangle 
ABD^ because they are on the^uuue base BD, and between 
the same parallels BD, AL, [I. 41. 

And the square OB is double of the triangle FB€. because 
they are on the same base FBy and between tne same 
parallels FB, QC, [I. 41. 

But the doubles of equals are equal to one another. [Ax, 6» 

Therefore the parallelogram BL is equal to the square GB, 

In the same manner, by joining AB, BJST, it can be 
shewn, that the parallelognun UL is equal to theusquare CH, 

Therefore the whole square BDEC is equal to the two 
squares QB^ HC. [AxUm 2. 

And the square BDECia described on BC, and the squares 
GB, HC on BA, AC, 

Hierefore the square described on the side BC is equal to 
the squares described on the sides BA, AG, 

Wherefore, in any right-angled triangle &a Q.19.D. 

PROPOSITION 48. THEOREM. 

If tJ^e sqtiore described on one of the sides of a tri- 
angle be equal to th^ squares described on the other two 
sides (if it, the angle contained by these two sides is a 
right angle. 

Let thd^ square described on BC, one of the sides of 
the triangle ABC, be equal to the squares described on 
the other sides )^^, ^(7: the angle BAC shall be a right 
angle. 1 

From the point A draw AD at 
right angles to j4(7 ; / [1. 11. 

and make AD bqual.io BA; '[I. 8. 

and join DC. 

Then because pA is equal to 
BA, the square on DA M equal to 
the square on Bjti 

To each of these add the square 
on AC. / / 

Therefore the^iqCiares on DA, AC are equal to the squares 
on BA, AC./ [Aid(m2. 

4-2 
/ 
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But because tho angle 2)^0^ is a right angle, [C<yMtmcHon. 

the sqTl&re on 2>(7is equal to the squared on DAy AC. [I. 47. 

And, by hypothesis, the square on BC is equal to the squares 
on BAy AC. 

Therefore the square on 2) Cis equal to thesqupe on BC\Ax,l. 

Therefore also the side DC is equal to the side BC 

And because the side DA is equal 
to the side AB ; [Constr, 

and the sidp AC \& common to the 
two triangles DAC, BAC; 

the two sides DA, AC are equal to 
the two sides BA, AC, each to each ; 

and the base DC has been shewn to 
be equal to the base BC; 

therefore the angle D AC ia equal to the angle BAC. [I. 8. 

But DAC is a right angle ; [Construction. 

therefore also BAC is a right angle. [Axiom 1« 

Wherefore, if the square &c. q.b.d. 
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DEFINITIONS. 

^ 1. Evert right-angled parallelogram, or rectangle, is 
said to be contained by any two of the straight lines which 
contain one of the right angles. 

2. In every parallelogram, any of the parallelograms 
about a diameter, together with the two complements, is 
called a Gnomon. 
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Thus the parallelogram HG^ 
together with the complements 
J^^ FC, is the gnomon, which is 
more briefly expressed by the let- 
ters AGKy or EHC, which are at 
the opposite angles of the parallelo- 
grams whidi make the gnomon. 




PBOPOSmON 1. THEOREM. 

If there be two ttraight lines, one cf tohich u divided 
into any number qf parts, the rectangle contained by the 
two straight lines is equal to the rectangles contained by 
the undivided line, and the several parts qfihe divided line. 

Let A and BC be two straight lines ; and let BC be 
divided into any number of parts at the points D, E : the 
rectangle contained by the straight lines A, BC, shall be 
eqiud to the rectangle contained by Ay BD, together with 
that contained by A, BE, and that contained by A, EC, 

Prom the point B draw BF 
at right angles to BC ; [1. 11. 

and make BG equal to ^ ; [I. 3. 

through G draw G^^ parallel 
to BC\ and through D, E, C 
draw DK, EL, CH, parallel 
to BG, [I. 31. 

Then the reptangle BH 
is equal to the rectangles 
BK, DL, EH, 

But BH is contained by A, BC, for it is contained by 
GB, BC, and GB is equd to A, [Cotatructitm, 

And BK is contained by A, BD, for it is contained by 
GB, BD, and GB is equal to ^ ; " 

and DL is contained by A, DE, because DK is equal to 
BG, which is equal io A; [I. 34. 

and in like manner J^ZT is contained by A, EC 

Therefore the rectande contained by A, BC is equal to the 
rectangles contained by ^^j&2>, andby ^^2>j&,anaby ^,i?C 

Wherefore, if there be tteo straight lines &c q.e.d. 
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PROPOSITION 2. THEOREM. 

If a itraight line he divided into any two parts, the 
rectangles contained by the whole and each of the parts, 
are together equal to the squa/re on the whole line. 

Let the straight line AB be divided into any two parts 
at the point (7: the rectangle contained by AB^ BC, toge- 
ther with the rectangle AB, AC, shall oe equal to the 
square on AB. 

[Note, To avoid repeating the word 
contained too frequentlj, the rectangle 
contaijied by two straight lines AE, AC 
is sometimes simply caUed the rectangle 
AE, AC] 

On AB describe the square 
ADEB ; [1. 46. 

and through C draw CF parallel 
to AD or BE, [1.31. 

Then AE is equal to the rectangles AF, CE, 

But AE is the square on AB, 

And AF is the rectangle contained by BA, AC, for it is 
contained by DA, AC, of which DA is equal to BA ; 

and Oi^ is contamed by AB, BC, for j&^ is equal to .^^. 

Therefore the rectangle AB, AC, together with the rect- 
angle AB, BC, is equal to the square on AB, 

Wherefore, if a straight line &c. q.b.d. 



PROPOSITION 8. THEOREM, 

If a straight line he divided into any two parts, the 
rectangle contained hy ths whole and one of the parts, is 
equal to the rectangle contained by the two parts, together 
with the square on the qforesaid part. 

Let the straight line AB be divided into any two parts 
at the point O: the rectangle AB, BC shall be eoual to 
the rectangle AC, CB, together willi the square on BQ 
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On BO describe the square CDEB ; [I. 46. 

produce ED to F, and through A /^ C B 

draw-4ii^paralleltoC7i>orjB^,[I.81. 

Then the rectangle AE\a equal 
to the rectangles AD, CE. 

But^^ is the rectangle contained 

by AB, BC, for it is contained 

by AB, BE, of which BE is equal 

to BC; 

and AD is contained by AC, CB, for CD is equal to CB ; 

and CE is the square on BC, 

Therefore the rectangle AB, BC is equal to the rectangle 
AC, CB, together with the square on BC, 

Wherefore, (/"a straight line &c. q.e.d. 

PROPOSITION 4. THEOREM. 

If a straight line be divided into any two parts, the 
sqttare o%i the whole line is equal to the squares on the two 
parts, together with twice the rectangle contained by the 
ttDO parts. 

Let the straight line AB be divided into any two parts 
at the point C: the square on AB shall be equal to the 
squares on AC, CB, together with twice the rectangle con- 
tained by AC, CB. 

On AB describe the square 
ADEB ; [I. 46. 

join BD; through C draw CGF 
parallel to AD or BE, and through G 
draw-ffX'parallelto-4^or2>J^. [1.31. 

Then, because CF is parallel 
to AD, and BD falls on them/ 
the exterior angle CGB is equal 
to the interior and opposite an- 
gle ADB ; [I. 29. 
but the angle ADB is equal to the angle ABD, [I. 5. 
because BA is equal to AD, being sides of a square ; 
therefore the angle CGB is equal to the angle CBG; [Ax, 1. 
and therefore the side CG is equal to the side CB, [I. 6. 
But (7^ is also equal to G^JT, and a(? to ^^; [I. Zi. 
liherefore the figure CGKB is equilateral. 
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It is likewise rectangular. For since CQ is parallel to 
BK, and CB meets them, the angles KBCy GCB are toge- 
ther equal to two right angles. [I. 29. 

But j^^(7 is a right angle. [I. D^m<io» 80 

Therefore GOB is a right angle. [Axiom 3. 

And therefore also the angles CGK^ GKB opposite to 
these are right angles. [I, 34. and Axiom, 1. 

Therefore CGKB is rectangular; . c p 

and it has been shewn to be equi- ^'"" ' ^ 

lateral; therefore it is a square^ and 
it is on the side CB. 

For the same reason HF is also a 
sauare, and it is on the side HG^ . 
which is equal to AC. [I. 84. 

Therefore HF, (JJTare the squares 
on AC, CB. 

And because the complement AG is equal to the com- 
plement GE; [1. 43. 

and that AG ia the rectangle contained hj AC, CB, for 
CG is equal to CB ; 

therefore GE is also equal to the rectangle AC, CB. [Ax. 1. 
Therefore -46?, GEoxe equal to twice the rectangle AC, CB. 
AndffF, (7^ are the squares on AC, CB. 
Therefore the four figures HF, CK, AG, GEbtq equal to 
the squares on AC, CB, together with twice the rectangle 
AC, CB, 

But HF, CK, AG, GE make up the whole figure ADEB, 
which is the square on AB, 

Therefore the square on AB is equal to the squares on 
AC, CB, together with twice the rectangle -4 C, CB. 

Wherefore, if a straight line &c. Q.ini). 

Corollary. From the demonstration it is manifest, 
that parallelograms about the diameter of a square are 
likewise squares. 

PEOPOSITION 5. THEOREM. 

If a straight line be divided into ttoo equal parts and 
tIso into ttoo uneqtiol parts, the rectangle contained by the 
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unequal parts^ together with the equare on the line between 
the points of section, is equal to the square on half the line. 

Let the straight line AB be divided into two equal 
parts at the point C. and into two unequal parts at the 
point 2> : the rectangle AD^ DB, together with the square 
on CD, shall be equal to the square on CB. 

On CB describe the 
square GEFB\ [1.46. 

join BE\ through 2> draw 
2)-ff» parallel to CE or BF\ 
through ^draw jO^ Jf paral- 
lel to C/^ or ^Z'; and through 
A draw AK parallel to VL 
or BM. [I. 81. 

Then the complement CH is equal to the complement 
HF', p. 48. 

to each of these add DM] therefore the whole CM is equal 
to the whole DF, [Axiom 2. 

But CM is equal to AL, [I. 86. 

because ACia equal to CB. \JSypothm6, 

Therefore also AL is equal to DF. [Axiom, 1. 

To each of these add CH\ therefore the whole ^^ is equal 
to DF and CH. [Axiom 2. 

But Aff is the rectangle contained by AD, DB, for DH is 
equal to DB; [II. 4, Corollary, 

and 2>wP together with CHis the gnomon CMG ; 

therefore the gnomon CMG isequal to the rectangle^2)^j9. 

To each of these add LG, which is equal to the square on 
CD. [II. 4, Corollary, and I. 84. 

Therefore the gnomon CMG, together with LG, is equal to 
therectangle AD,DB, together with the square on CD. [Ax,2. 

But the gnomon CMG and LG make up the whole figure 
CEFB, which is the square on CB. 

Therefore the rectangle AD, DB, together with the square 
on CD, is equal to the square on CB, 

Wherefore, if a straight line &c. Q.E.D.' 

I'rom this proposition it is manifest that the difference of 
the squares on two unequal straight lines AC, CD, is equal 
to the rectangle contained by their sum and difference. 
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PROPOSITION 0. THEOREM. 

Tf a straight line he bisected, and produced to an'g 
pointy the rectangle contained by the whole line thtis pro- 
dv4iedy and the part of it prodticed, together with t/ie 
square on half the line bisected^ is equal to the square on 
the straight line which is made up of the half and the 
part produced. 

Let the straight line AB be bisected at the point Cy 
and produced to the point 2> : the rectangle AD, DB, 
togetner with the square on CB, shall be equal to the 
square on CD. 

On CD describe the 
square CEFD ; [I. 46. 

join DE] through B draw 
BHG parallel to CE or 
DF; through H draw 
KLM parallel to AD or 
EF\ and through A draw 
AK parallel to CL or DM. [I. 81- 

Then, because AC\& equal to CB^ [Bypothesis. 

the rectangle AL is equal to the rectangle Cff; [I. 86. 
but CH is equal to HF; [I. 43. 

therefore also AL is equal to HF. [Axiom 1. 

To each of these add CM; 
therefore the whole AM is equal to the gnomon CMG. [Ax. 2. 

But AM is the rectangle contained by AD, DB, 
for DMia equal to DB. [II, 4, Corollmy, 

Therefore the rectangle AD, DB is equal to the gnomon 
CMG. [Axwm 1. 

To each of these add LG, which is equal to the square on 
CB. [II. 4, Corollary, and L 84. 

Therefore the rectangle AD, DB, together with the square 
on CB, is equal to the gnomon CMG and the figure £g. 
But the gnomon CMG and LG make up the whole figure 
CEFD, which is the square on CD, 

Therefore the rectangle AD, DB, together with the square 
on CB, is equal to the square on CD. 

Wherefore, (/*a straight line &a q.e.d. 
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PROPOSITION 7. THEOREM, 

If a itraight line he divided into any two parts, the 
equares on the whde line, and on one of the parts, are 
equal to twice the rectangle contained by the whole. and 
that part, together with the square on the other part. 

Let the straight line AB be divided into any two 
parts at the point C: tke squares on AB, BC shall be 
equal to twice the rectangle AB, BCk together with the 
square on AC, 

On AB describe the square 
ADEB, and construct the figure 
as in the preceding propositions. 

Then ^^is equal to (7i?; [L 43. 

to each of these add CK] 

therefore the whole ^^is equal to 
the whole CE*, 

therefore AK, CE are double of 
AK, 

But AK, CE are the gnomon AKF, together with the 
square CK; 

therefore the gnomon AKF, together with the square CK, 
is double of AK. 

But twice the rectangle AB, BC is double of AK, 
for BK is equal to BC. [II. i, Corollary, 

Therefore the gnomon AKF, together with the square CK, 
is equal to twice the rectangle AB, BC. 

To each of these equals add HF, which is equal to the 
square on AC. [II. i, Corolla/ry, and I. 34. 

Therefore the gnomon AKF, together with the squares 
CK, HF, is equal to twice the rectangle AB, BC, together 
with the square on AC. 

But the gnomon AKF together with the squares CK, HF, 
make up the whole figure ADEB and CK, which are the 
squares on AB and BC» 

Therefore the squares on AB, BC, are equal to twice the 
rectangle AB, jBC, together with the square on AC. 

Wherefore, if a straight line &c. q.e.i>. 
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PROPOSITION 8. THEOREM. 

If a straight line he divided into any two parts^four 
times the rectangle contained by the whole line and one qf 
the partSy together with the square on the other part, is 
eqtial to the sqimre on the straight line which is made up 
df the whde and that part 

Let the straight line AB be divided into any two parts 
at the point C\ four times the rectangle AB^ BG, t()gether 
with the square on AC, shsdl be equal to the square on the 
straight line made up oiAB and ^(7 together. 

Produce AB to D, eo 
that BD may be equal 
to CB ; [Post 2. and I. 3. 

on AD describe the square 
AEFD; 

and construct two figures 
such as in the preceding 
propositions. 

Then, because CB is equal 
to BJ)y [Construction. 

and that OB is equal to GK, and BD to KN, [I. 84. 

therefore GKis equal to KN. [Axiom 1. 

For the same reason PB is equal to BO. 

And because CB is equal to BD, and GKU> ITN, the rect- 
angle (7ir is equal to the rectangle BN, and the rectuigle 
GM to the rectangle BN. [I. 36. 

But CICis equal to BN, because they are the complements 
of the parallelogram CO ; [I. 43. 

therefore also BN is equal to GR. [Axiom 1. 

Therefore the four rectandes BN, CK, GR, RN are equal 
to one another, and so the four are quadruple of one of 
them CK. 




Again, because CB is equal to BD, 
and that BD is equal to BK, 
that is to CG, 
and that CB is equal to GK, 



[Construction, 

[II. 4, Corollary. 

[I. 34. 

[I. 34. 
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thatistoG^P; [IL 4, C7oroZ2ary. 

therefore CG is equal to GP, \Axum 1. 

And because GG is equal to GP^ and PR to RO^ the 
rectar^e AGS& equal to the rectangle MP^ and the rect- 
angle PZ to the rectangle RF, [I. 86. 

But JtfP is equal to PZ, because they are the complements 
of Uie parallelogram ML ; [I, 48. 

therefore also AG is equal to RF. t^xUm 1. 

Therefore the four rectangles AG, MP, PL, RF are equal 
to one another, and so the four are quadruple of one of 
them AG, 

And it was shewn that the four GIT, BN. GR and RN 
are quadruple of CK; therefore the eignt rectangles 
which make up the gnomon A OH site quadruple ofAK. 

And because AE" is the rectangle contained by AB, BC, 
for -BJTis equal to BC \ 

therefore four times the rectangle AB, BG is quadruple 
of^JT. 

But the guomon AOH was shewn to be quadruple 
iAAK. 

Therefore four times the rectangle AB, BO is equal to the 
gnomon AOH. [ATsixm 1. 

To each of these add XH, which is equal to the square on 
AG, [II. 4, CoroUa/ry, and I. 84. 

Therefore four times the rectangle AB, BG, together with 
the square on AC, is equal to the gnomon AOH and the 
square XH 

But the gnomon AOH and the square XH make up the 
figure AEFD, which is the square on AD. 

Therefore four times the rectangle AB, BG, together with 
the square on AG, is equal to the square on AD, that is to 
the square on the line made of AB and BC together. 

Wherefore, if a straight line &c. q.b.d. 
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PROPOSITION 9. THEOREM. 

If a straight line he divided into tteo equals and also 

f into two uneqttal parts, the squares on the two uneqttdl 

parts are together dotMe qf the square on haJ^f the line 

and of the square on the line between th^ points 0/ section. 

Let the straight line ^^ be divided into two equal 
parts at the point C7, and into two nnequal parts at the 
point D : the squares on AD, DB shall be together double 
of the squares on ACy CD. 

Prom the point G draw 
CE at right angles to AB, [1. 11. 

and make it equal to AC or 
CB, [1. 8. 

and join EA, EB \ through 
Z> draw DF narallel to CE, and 
through F oraw FQ parallel 
to BA ; [I. 81. 

and join AF. 

Then, because AC is equal to CE, [C&astfuction. 

the angle EAC is equal to the angle AEC. [1. 5. 

And because the angle ACE is a right angle, [Oomtructwn, 

the two other angles AEC^ EAC aro together equal to one 
right angle ; [t. 32. 

and they are equal to one another ; 

1 therefore each of them is half a right angle. 

For the same reason each of the angles CEB, EBC is half 
a right angle. 

Therefore the whole angle AEB is a right angla 

And because the angle GEF is half a right an^le, and 
the angle EGF a right angle, for it is equal to the mterior 
and opposite angle ECB; [I. 29. 

therefore the remaining angle EFG is half a right aagla 

Therefore the angle GEF is equal to the vsigW^FG, and. 
the side EG is equal to the side GF. [I. e. 

Again, because the angle at ^ is half a right angle, and the 
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angle FDB a right angle, for it is equal to the interior and 
opposite angle ECB ; . [1. 29. 

therefore the remaining angle JQFD is half a right angle. 
Therefore the angle at B is e^nal to the angle BFD^ 
and the side DFS& equal to the side DB, [I. 6. 

And because ACSa equal to CE^ [Oonstructicn. 

the square on ^Cis equal to the square on CB ; 

therefore the squares on AC, CE are double of the square 
on AC, 

But the square on AE is equal to the squares on AG^ CE, 
because the angle ACE is a right angle ; , [L 47. 

therefore the square on AE is double of the square on AC. 

Again, because EG is equal to GF^ [C<natruetion, 

the square on EG is equal to the square on GF; 

therefore the squares on EG, GFare double of the square 
on GF. 

But the square on ^i^is equal to the squares on EG, GF, 
because the angle EGF is a right angle ; [I. 47. 

therefore the square on EF is double of the square on GF, 

And GF is equal to CD ; [I. 84. 

therefore the square on J^^is double of the square on CD. 

But it has been shewn that the square on AE is also 
double of the square on AC. 

Therefore the squares on AE, EF are double of the 
squares on AC, VD. 

But the square on AF is equal to the squares on AE, 
EF, because the angle AEF is a right angle. [I. 47. 

Therefore the square on AF is double of the squares on 
AC, CD. 

But the squares on AD, DF are equal to the square on 
AF, because the angle ADFis a right angle. [L 47. 

Therefore the squares on AD, DF are double of the 
squares on AC, CD. 

And 2>^is equal to DB ; 

therefore the squares on AD, DB are double of the 
squares on AC, CD. 

Wherefore, \fa straighi line &c. q.e.i>. 
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PROPOSITION 10. THEOREM. 

If a straigfU line he bisected, and produced to (mt^ 
pointy the square on the whole line thus produced^ and 
the square on the part of it produced, are together dovide 
cf the square on half the line bisected and of the square 
on the line made up cfthe half and the part produced. 

Let the straight line AB bo^, bisected at G, and pro- 
duced to D : the squares on AD, DB shall be together 
double of the squares on AC, CD, 

From the point (7draw C7^at right angles to AB, [1. 11. 
and make it equal to AG 
or CB) [I. 3. 

andjoin^j^, BB ; through 
E draw EF parallel to 
AB, and through D draw 
/)i^ parallel to CE, [1. 31. 

Then because the straight 

line j^i^meets the parallels 

EC, FD, the angles GEF, EFD arc together equal to two 

right angles; [J. 29. 

and therefore the angles BEF, EFD are together less 
than two right angles. 

Therefore the straight lines EB, FD will meet, if prodaccd, 
towards B, D. [Axiom 12. 

Let them meet at G, and join AG, 

Then because AG\& equal to GE, 
the angle GEA is equal to the angle EAG; 
and the angle A CE is a right angle ; 
therefore each of the angles GEA, EAG is half a right 
angla [I. 82 

For the same reason each of the angles GEB, EBG is half 
a right angle. 

Therefore the angle AEB is a right angle. 

And because the angle EBG is half a right angle, 
the angle DBG is also half a right angle, for they are verti- 
cally opposite ; [I. 1& 
but the angle BDO is a right angle, because it is equal to 
the alternate angle DCE ; [I. 29. 

therefore the remaining angle Z>(7J?ishalf aright angle, [1.82. 



[ConstructioA. 

[1.5. 

[GanstrucHon. 
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ftnd is therefore equal to the angle DBG; 

therefore also the side BD is equal to the side DG, [I. 6. 

Again, because the angle EGF is half a right angle, 
and the angle at ^ a right angle, for it is equal to the 
opposite angle BCD ; [I. Zi. 

thereforetheremainingangleJ'^G^ishalf aright angle, [1. 82. 

and is therefore equal to the angle BGF; 

therefore also the side G^i^is equal to the ^ide FB, [I. 6. 

And because BC is equal to CA, the square on BC is 
equal to the square on CA ; 

therefore the squares on BC, CA are double of the square 
on CA» 

But thesquareon^^is equal to the squares on i^(7,C7^.[1. 47. 
Therefore the square on ^^is double of the square on AC 

Again, because GF is equal to FB, the square on GF is 
equal to the square on FB ; 

therefore the squares on GF, FB are double of the square 
on-P^. 

But the square on j^(7 is equal to the squares on GjP, i^^.[1.47. 
Therefore the square on BG is double of the square on FB, 
And jF!i& is equal to (72> ; [1.34. 

therefore the square on BG is double of the square on CD, 

But it has been shewn that the square on AB is double 
of the square on AC 

Therefore the squares on AE, BG are double of the 
squares on AC, CD. 

But the square on AG is equal to the squares on AB, 
EG. [1. 47. 

Therefore the square on ^G^ is double of the squares on 
AC, CD. 

But the squares on AD, DG are equal to the square on 
AG. [1. 47. 

Therefore the squares on AD, DG are double of the 
squares on A G, CD. 

And DG is equal to DB ; 

therefore the squares on AD, DB are double of the squares 
on AC, CD. 

Wherefore, if a straight line &c, Q.B.D. 
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.r s. 

PKOPOSITION 11. PROBLEM. 

To divide a given straight line into itpo parts, so that 
the rectangle contained ly the whole and one qf the parts 
may he equal to the square on the other part. 

Let AB be the given straight line : it is required to 
divide it into two parts, so that the rectangle contained by 
the whole and one of the parts may be equal to the square 
on the other part. 

On AB describe the square 
ABBC; [1. 46. 

bisect -4 C^ at i?; [I.io. 

join BE; produce OA to F, and 
make EF equal to EB j ^ [I. 3. 

and on AF describe the square 
AFGff, [I. 46. 

AB shall be divided at ff so 
that the rectangle AB, BH is 
equal to the square on AH. 

Produce 6?iJ to JT. 

Then, because the straight line 
AC S& bisected at E^ and pro- 
duced to F, the rectangle CF, FA, together with the 
square on AE, is equal to the square on EF. [II. 6. 

But EF is equal to EB. [Oomtructpm. 

Therefore the rectangle CF, FA, together with the square 
on AE, 18 equal to the square on EB. 

But the square on EB is equal to the squares on AE, AB, 
because the angle EAB is a right angle. [I. 47. 

Therefore the rectangle CF, FA, together with the square 
on AE, IS equal to the squares on AE^ AB. 
Take away the square on AE, which is common to both • 
therefore the remainder, the rectangle OF, FA, is equal to 
the square on AB. [Axwm, 3. 

But the figure FK is the rectangle contained by CF, FA, 
for i?'(y IS equal to iPL4 ; ^ ' .' 

and AD is the square on AB ; 
therefore FK\& equal to AD, 

Take away the common part AK, and the remainder FH 
^ equal to the remainder HD. [Avifm 8. 
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But HD 18 the rectangle contained by AB^ BH^ for AB is 
equal to BD ; 

and FH is the square on AH\ 

ther^ore the rectangle ^^,^^is equal to the sqnareon ASt, 

Wherefore the straight line AB ii divided ca H, so that 
the rectangle AB, BHis equal to the square on AH, q.b.f. 

PROPOSITION 12. THEOREM. 

In obtuse-angled triangles, if a perpendieuiar he drawn 
from either cf the acute angles to the opposite side pro- 
duced, the square on the side subtending the obtuse angle is 
greater than the squares on the sides containing the Muse 
angle, by twice the rectangle contained by the side on 
which, when produced, the perpendicular faUs, and the 
straight line intercepted without the triangle, between the 
perpendicular and the obtuse angle. 

Let ABO be an obtuse-angled triangle, having the 
obtuse uigle AOB, and from the point A let AD be <&awn 
perpendicular to ^(/produced : the square on AB shall be 
greater than the squares on AC, CB, by twice the rectangle 
BO, CD. 

Because the straight line 
BD is divided into two parts 
at the point O, the square on 
BD is equal to the squares on 
BG, CD, and twice the rectangle 
BC, CD. [II. 4. 

To each of these equals add the 
square on DA. 

Therefore the squares on^D, DA are equal to the squares on 
BO, CD, DA, and twice the rectangle BO, CD. [Axiom 2. 

But the square on BA is equal to the squares on BD, DA, 
because the angle at 2> is a right angle ; [I. 47< 

andthesquareon CA isequal to the squares on OD,DA, [1. 47. 

Therefore the square on BA is equal to the squares on 
BO, CA, and twice the rectangle BC, CD ; 

that is, the square on BA is greater than the squares on 
BO, CA by twice the rectangle BO, CD. 

Wherefore, in olbtuse-angled triangles &a Q-b-d* 

6— -2 
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Proposition is. theorem. 

tn every triangle^ the square on the side subtending 
an actUe angle, is less than the squares on the sides con- 
taining that angle, by twice the rectangle contained by 
either qf these sides, and the straight line intercepted 
hetween tlie perpendicular let fall on it from the opposite 
angle, and the acute angle. . 

Let ABO beiany triangle, and the angle at j? an acute 
angle; and on BC one of the sides conSdning it, let fall 
the perpendicular AD from the opposite angle : the square 
on AC, opposite to the angle JB, shdl be less than the 
squares on CB, BA, by twice the rectangle CB, B£>, 

First, let AD fall within the 
triangle ABC. 

Then^ because the straight line 
CB IS divided into two parts 
at the point D, the squares on 
CB, BD are e<jual to twice the 
rectangle contamed by CB, BD 
and the square on CD, [II. 7. 

To each of these equals add the 
square on DA, 

Therefore the souares on CB, BD, DA are equal to twice 
the rectangle Cn, BD and the squares on CD, DA, \Ax, 2. 

But the square on AB is equal to the squares on BD, DA, 
because the angle BDA is a right angle ; [I. 47. 

and the square on ^(7is equal to the squares on CD,DA, p!.47. 

Therefore the squares on CB, BA are equal to the square 
on AC and twice the rectangle CB, BD ; 
that is, the square on AC alone is less than the squares on 
CB, BA by twice the rectangle CB, BD. 



Secondly, let AD M without 
the triangle ABC* 

Then because the angle at 2> is 
a right angle, {jOonstructUm, 

the angle ACB is greater than 
a right angle ; [1. 16. 
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and therefore the square on AB is equal to the squares 
on AC, CBy and twice the rectangle BC, CD. [IL la. 

To each of these equals add the square on BC, 
Therefore the squares on AB, BC are equal to the square 
on AC.vsA twice the square on BC, and twice the rect- 
angle BC, CD, [Axiom 2. 
But because BD is divided into two parts at C, the rect- 
angle DB, BC is equal to the rectangle BC, CD and the 
square on BC; [II. 3. 

and the doubles of these are equal, 

that is, twice the rectangle DB^ BC is equal to twice the 
rectangle BC, CD and twice the square on BC 

Therefore the squares on AB, BCate equal to the square 
on AC, and twice the rectangle DB, BC; 

that is, the square on ^C7 alone is less than the squares on 
AB, BC by twice the rectangle DB, BC, 

Lastly, let the side AC he perpendicular 
toBC 

Then BC is the straight line between the 
perpendicular and the acute angle at B; 

and it is manifest, that the squares on 
AB, BC are equal to the square on AC, 
and twice the square on BC [I. 47 and Ax, 2. 

Wherefore, in every triangle &c. q.e.d. 

PROPOSITION 14. PROBLEM. 

To describe a square that shall be eqtial to a given recti- 
lineal figure. 

Let A be the given rectilineal figure : it is required to 
describe a square that shall be equal to A, 

Describe the rect- 
angular parallelogram y^ ^^ — — >^H 
J?fiZ>^equal tothe rec- 
tilineal figure A, [1.45, 

Then if the sides of it, 
BIJ, JED are equal to 
one another, it is a 
square, and what was 
required is now done. 
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But if they are not equal, produce one of them BE to F^ 
make EF equal 
to ED, [I. 3. 

and bisect BF 
at (? ; [L 10. 

from the centre 
G, at the distance 
QB. or GF, de- 
scribe the semi- 
circle BBF, and 
produceDJ^toiT. 

The square described on EH shall be equal to the giyen 
rectilineal figure A, 

Join GH, Then, because the straight line BF is divided 
into two equal parts at the point G, and into two unequal 
parts at the point E, the rectangle BE, EF, together with 
the square on GE^ is equal to the square on GF» [II. 5. 
But G^jPis equal to GK 

Therefore the rectangle BE, EF, together with the sqwu^ 
on GE, is equal to the square on GB, 

But the square on ^^is equal to the squares on (3^^, JS&;[I.47. 
therefore the rectangle BE, EFy together with the square 
on GE, is equal to the squares on GE^ EH, 

Take away the square on GE, which is common to both ; 

therefore the rectangle BE, EF is equal to the square on 
EH. lAxim, 8. 

But the rectangle contained by BE^ EF is the parallelo- 
gram BD, 

because EF\^ equal to EJ). [C/om^ruc^um. 

Therefore BB is equal to the square on EH, 

But BD is equal to the rectilineal figure A. \QvMi^rucivm. 

Therefore the square on EH is equal to the rectilineal 
figured. 

Wherefore a iqttar$ has been made equal to the given 
rectilineal figure A, namely, the square described on 

EH Q.E.F. 
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DEFINITION'S. 

1. Equal circles are those of which the diameters are 
equal, or from the centres of which the straight lines to 
the circnmfei'ences are equal. 

This is not a definition, but a theorem, the truth of 
which is evident; for, if the circles be applied to ono 
another, so that their centres coincide, the circles must 
likewise coincide, since the straight lines from the centres 
are equal. 

2. A straight line is 
said to touch a cirde, 
when it meets the circle, 
and being produced does 
not cut it 

3. Circles are said 
to touch one another, 
whic^ ineet but do not 
cut one' another. 

4. Straight lines are said to 
be equally distant from the centre 
of a circle, when the perpendicu- 
lars drawn to them from the centre 
are equal. 

5. And the straight line on 
which the greater perpendicular 
falls, is said tobe famer from the 
centre. 
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6. A segment of a circle is the 
figure contained by a straight line 
and the circumference it cuts c/SL 

7. The angle of a segment is that 
which is contained by the straight 
line and the circumferenca 

8. An angle in a segment is 
the anele contained by two straight 
lines drawn from any point in the 
circumference of the segment to 
the extremities of the straight line 
which is the base of the segment. 

9. And an angle is said to in- 
sist or stand on the circumference 
intercepted between the straight 
lines which contain the angle. 

10. A sector of a circle is the 
figure contained by two straight 
lines drawn from the centre, and 
the circumference between them. 



11. Similar segments of 
circles are those in which 
the anglesare equal, or which 
contain equal migles. 







^ 



t( 



[Note, In the following propositions, whenever the ezpreflsion 
straight lines from the centre/* or ''drawn from the oentrei,'* 
occurs, it is to be understood that the lines are drawn to the cir- 
cumference. 

Any portion of the circumference is called an aro,'\ 



PROPOSITION 1. PROBLEM, 

To find tJie centre qf a given circle. 

Let ABO be the given circle : it is reqmred to find its 
centre. 
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Draw within it any stnught 
line ABy and bisect aB 
at D ; [1. 10. 

from the point D draw DG 
at right angles to AB ; [1. 11. 

produce CD to meet the cir- 
cumference at E, and bisect 
CE at F. [I. 10. 

The point F shall be the centre 
of the circle ^^C7. 

For if J?' be not the centre^ 
if possible, let G be the centre ; and join OA^ GD^ G^. 

Then, because DA is equal to DBy [C<m8tructi(m, 

and DG is common to the two triangles ADG, BDG ; 

the two sides AD, DG are equal to the two sides BD, DG, 
each to each ; 

and the base GA is equal to the base GB, because they are 
drawn from the centre G ; [I. D^ition 15. 

therefore the angle ADG is equal to the angle BDG, [I. 8. 

But when a straight line, standing on another straight line, 
makes the adjacent angles equ^ to one another, each of 
the angles is called a right angle ; [I. B^nitwn 10. 

therefore the angle BDG is a right angle. 

But the angle BDF is also a right angle. [Conttruetim, 

Therefore the angle BDGib equal to the angle BDF, [Ax, 11, 

the less to the greater ; which is impossible. 

Therefore G is not the centre of the circle ABC, 

In the same manner it may be shewn that no other point 
out of the line CE is the centre ; 

and since CE is bisected at F, any other point in CE 
divides it into unequal parts, and cannot be the centre. 

Therefore no point but ^is the centre ; 

that is, F is the centre of the circle ABC; 

which was to be found. 

CoBOLLABY. From this it is manifest, that if in a circle 
a straight line bisect another at ri^ht angles, the centre of 
the circle is in the straight line which bisects the other. 
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PBOPOSITION 2. THEOREM. 

Jf any two points be taken in the circun^ference of a 
circle, the ftraight line which joins them ihaUfall within 
th>e circle. 

Let ABG be a circle, and A and B any two points in 
the circumference : the straight line drawn from ^ to ^ 
shall fall within the circle. 

For if it do not, let it faU, if 
possible, without, asAEB. 
Find D the centre of the circle 
ABG; [III. 1. 

and join DA, DB ; in the arc 
AB take any point -F, join DF, 
and produce it to meet the 
Btraignt line AB at E. 

Then, because DA is equal 
to DB, [I. Defiaitvm 15. 

the angle DAB is equal to the angle DBA. [i. 5. 

And because AE, a side of the triangle DAE, is pro- 
duced to B, the exterior angle DEB is greater than the 
interior opposite angle DAE. [L 1& 

But the angle2>^J5^was shewn to be equal to the angle DBE\ 

therefore the angle DEB is greater than the angle I>BE. 

But the greater angle is subtended by the greater side ; [1. 19. 

therefore DB is greater than DE. 

But DB is equal to DF; [I. D^niHon 15. 

therefore DFis greater than DE, the less than the greater; 
which is impossible. 

Therefore the straight line drawn from A to B does not 
£Eill without the circle. 

In the same manner it may be shewn that it does not 
fall on the circumference. 

Therefore it falls within the circle. 

Wherefore, if any two points &c q.e.d. 

PROPOSITION 8. THEOREM. 

If a straight line drawn through the centre qf a cirde 
Insect a straight line in it which does not pass thr<yugh tJu 
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centre^ it ihall cut it at right angUi; and \f it ctU it at 
right anglei it shall bisect it 

Let ABC be a circle ; and let CD, a straight line drawn 
tlirough the centre, bisect any straight line Jf^, which does 
not pass through tiie centre, at the point F: CD shall cut 
AB at right angles. 

Take E the centre of the 
circle ; andjoin J^^^, EB. [IILl. 

Then, because AFis equal 
to FB, [ffypoihesit. 

and FJE is common to the two 
triangles AFF, BFE ; 

the two sides AF^ FE are 
equal to the two sides BF^FE, 
each to each ; 

and the base EA is equal to the base EB] [I. Brf. 15. 

therefore the angle AFE is equal to the angle BFE. [I. 8. 

But when a straight line, standing on another straight line, 
mi^es the adjacent anp^les equal to one another, each of 
the angles is called a right angle ; [I. Definition 10. 

therefore each of the angles AFE, BFE is a right angle. 

Therefore the straight line CD, drawn through the centre, 
bisecting another AB which does not pass through the 
centre, aJso cuts it at right angles. 

But let CD cut AB at right angles: CD shall also 
bisect ^jS; that is, ^i^ shall be equal to i^^. 

Tlie same construction being made, because EA^ EB, 
drawn from the centre, are equal to one another, [I. i>^. 15. 

the angle EAF is equal to the augle EBF, [I. 5. 

And the right angle AFE is equal to the right angle BFE, 

Therefore in the two triangles EAF, EBF, there are two 
angles in the one equal to two angles in the other, each to 
each; 

and the side EF, which is opposite to one of the equal 
angles in each, is common to both; 

therefore their other sides are equal; [I. 26. 

therefore AF is equal to FB, 

"Vf h^refore^ ^a straight line &c. q.e.p. 
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PROPOSITION 4. THEOREM, 

If in a circle two straight lines cut one another ^ which 
do not both pan through the centre, they do not Insect one 
another. 

Let ABCD be a circle, and AC, BD two straight lines 
in it, which cut one another at the point E, and do not both 
pass through the centre : AC, nD shall not bisect one 
another. 

If one of the straight lines 
pass through the centre it is plain 
that it cannot be bisected by 
the other which does not pass 
through the centre. 

But if neither of them pass 
through the centre^ if possible, 
let AE be equal to EC, and BE 
equal to ED. 

Take F the centre of the circle [III. 1. 

and join EF, 

Then, because FE, a straight line drawn through the 
centre, bisects another straight line AG which does not pass 
through the centre ; \EypoikeM. 

FE cats J[(7 at right angles ; [III. 3. 

therefore the angle FEA is a right angle. 

Again, because the straight line FE bisects the straight 
line BD, which does not pass through the centre, [-S^JP* 

^^ cuts J92> at right angles ; [III. 3. 

therefore the angle FEB is a right angle. 

But the angle FEA was shewn to be a right angle ; 

therefore the angle FEA is equal to the angle FEB, \A%, 11. 

the less to the greater ; which is impossible. 

Therefore AC, BD do not bisect each other. 

Wherefore, if in a circle &c. Q.E.D. 

PROPOSITION 5. THEOREM. 

If two circles cut one anotlier, they shall not have the 
same centre. 

Let the two circles ABC, CDG cut one another at the 
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points J9, G\ they shall not have the same centie* 

For, if it be possible, let E 
be their centre ; join ECy and 
draw any straight line EFG 
meeting the cir^unferences at 
FvsA G. 

Then, because^ is the cen- 
tre of the circle ABC, EC is 
eqnal to EF, [I. B^mtum 15. 

Again, becanse E is the centre 
of the circle CDG, EC is equal 
to EG. [L D^nition 15. 

But EG was shewn to be equal to EF ; 
therefore EF is equal to EG^ [Axiom 1. 

the less to the greater; which is impossible. 
Therefore E is not the centre of the circles ABC, CDG, 
Whereforey if two circle9 &C. q.b.p. 

PROPOSITION 6. THEOREM. 

Jf ttoo circles touch one another internally^ they shall 
not have the same centre. 

Let the two circles ABC, CDE touch one another inter- 
nally at the point C\ they shall not have the same centre. 

For, if it be possible, let 
F be their centre ; ^oin FC, 
and draw any straight line 
FEBy meeting the circum- 
ferences at E and B. 

Then, because F is the 
centre of the circle ABC, 
FCiB equal to FB. [I. Def. 15. 

Again, because F is the 
centre of the circle CDE, 
FCiseqmltoFE. 

But FC was shewn to be equal to FB ; 

therefore JP^ is equal to jPd, 

the less to the greater ; which is impossible. 

Therefore JPis not the centre of the circles ABC, CDE. 

Wherefore, if two circles &c. q.bid. 




[I. D^nition IS. 
[Axioffi 1* 
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PROPOSITION 7. THEOREM. 

^f any point he taken in the diameter of a eircle fohich 
is not the centre, qf all the straight lines which can be 
dravmfrom this point to the circuntference, the greatest 
is that in which the centre is, and the other part of the 
diameter is the least; and, qf any others, that which is 
nearer to the straight line which passes through the centre, 
is always greater than one more remote; and from the 
same point there can be drawn to the circumference two 
straight lines, and only two, which are equal to one ano- 
ther, one on each side qfthe shortest line, 

Iki ABCD be a circle and AD its diameter, in which 
let any point F be taken which is not the centre ; let^ be 
the centre : of all the straight lines FB, FC, FG, &c. that 
can be drawn from J^ to the circumference, FA, which 
passes throofi^h E, shall be the greatest, and FD, the other 
part of the diameter AD, shall be the least ; and of tiie 
others FB shall be greater than FC, and FC than FG. 

Join BE, CE, GE. 

Then, becaose any two sides 
of a triangle are greater than the 
third side, [I. 20. 

therefore BE, EF are greater 
than BF, 

But BE is equal to AE) [l,Drf. 15. 

therefore AE, EF are greater 
thanJ?i^, 

that is, AF is greater than BF. 

Again, because BE is equal to CE^ [I. D^nition 15. 

and EFis common to the two triangles BEF, CEF; 

the two sides BE, EF are equal to the two sides CB, BF, 
each to each ; 

but the angle BEF is greater than the angle CEF ; 

therefore the base FB is greater than the base FC [I. 24. 

In the same manner it may be shewn that FC is greater 
than FG. 

Again, because GF^ FE are greater than EG^ [I. SOi 
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and that EG is equal to ED ; \l, Dtfiniiion 15. 

therefore GF, FE are greater than ED. 

Take away the common part FE^ and the remainder GF\& 
greater than the remainder FD, 

Therefore FA is the greatest^ and FD the least of all 
the straight lines from JP to the circumference ; and FB is 
greater than FC, and FC than FG. 

Also, there can he drawn two equal straight lines from 
the point F to the drcumference, one on each side of the 
shortest line FD. 

For, at the point E, in the straight line EF, make the 
angle FEH equal to the angle FEG, [I. 23. 

and join FH, 

Then, because EG is equal to EH^ [L D^nition 15. 

and J^^is common to the two triangles GEF, HEF; 

the two sides EG, EF are equal to the two sides Effy EF^ 
each to each; 

and the angle GEF is equal to the angle HEF \ [Constr, 

therefore the base FG is equal to the base FH. [I. 4 

But, besides FH^ no other straight line can be dra^vn 
from iPto the circumference, equal to FG. 

For, if it be possible, let FKhQ equal to FG. 

Then, because FK is equal to FG^ [ffypothesU. 

and FHia also equal to FGy 

therefore FH is equal to FK ; [Axiom 1 . 

that is, a line nearer to that which passes through the 
centre is equal to a line which is more remote ; 

which is impossible by what has been already shewn. 

Wherefore, \f any point be taken &c. Q.]fi.D. 

PKOPOSmON 8. THEOREM. 

If any point he taken without a circle, and straight 
Una be drawn from it to the circumference^ one qf which 
pa98e$ through the centre; qf those which fall on the con- 
cave circumference^ the greatest is that which passes 
through the centre, and (f the rest, that which is nearer 
tothe ofie passing through the centre is always greater 
than me more remote; hut qf those which fall on the 
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convM circuniferene^ the kast t» that between the point 
mthout the circle and the diameter; and qf the rest, thai 
which'is nearer to the least is altcaf/s less than one more 
remote; and from the same point there can be draum to 
the circumference two straight lines, and only two, which 
are equal to one another, one on each side of the shortest line. 

Let ABC be a circle, and D any point without it, and 
from D let the straight lines DA, DB, DF, DC be drawn 
to the circumference, of which DA passes through the centre : 
of those which fall on the concaye circumference AEFC, the 
greatest shall be DA which passes through the centre, and 
the nearer to it shall be greater than the more remote, 
namely, DE greater than DF, and DF greater than DC\ 
but of those which fsdl on the conyex circumference OKLH^ 
the least shall be DG between the point D and the dia- 
meter AG, and the nearer to it shall be less than tfa'e more 
remote, namely, i>iriess than DL, and DL less than DH, 

Take M, the centre of the 
circle ABC, [III. 1. ' 

and join ME, MF, MC, MH, ^ 

ML, MK. 

Then, because any two sides 
of a triangle are greater than 
the third ude, [I. 20. 

therefore EM, MD are greater 
thauj^/). 




But^^f is equal to -4ilf; [1.2)^.15. 

therefore AM, MD are greater 
than ED, 

that is, AD is greater than ED. 

Again, because EM is equal 
ioFM, 

and ilfDis common to the two 
triangles EMD, FMD ; 

the two sides EM, MD are equal to the two sides FM, MD, 
each to each ; 

but the angle EMD is greater than the angle FMD ; 

therefore the base ED is greater than the base FD. [1. 24. 

In the same manner it may be shewn that FD is 
ifreater than CD, 
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Therefore DA is the greatest^ and DE greater than DF^ 
and DF greater than DG, 

Again^ because MK^ KD are greater than MD, [I. 20. 
and MK is eqnal to MO^ [I. D^nitwn 15, 

the remamder KD is greater than the remainder GD^ 

that is, QD is less than KD. 

And beeanse MLD is a triangle, and from the points 
M, D^ the extremities of its side MD, the straight lines 
MK^DKvx^ drawn to the point -ST within the triangle, 
therefore MK^ KD are less than ML^ LD \ [I. 21. 

and MKSa eqnal to ML ; [I. IkfiiMon 15. 

therefore the remainder KD is less than the remainder LD, 

In the same manner it may be shewn that LD is less 
than i7i>. 

Therefore DG is the least, and DJTless than DL^ and DL 
less than DH. 

Also, there can be drawn two equal straight lines from 
the point Z> to the circumference, one on each side of the 
least Una 

For, at the point Mj in the straight line MDy make the 
angle DMB equal to the angle DmK, [I. 23. 

and Join 2>^. 

Then, because MK\a equal to MB, 

and MD is common to the t^wo triangles KMD, BMD \ 

the two sides JOf, MD are equal to the two sides BMy MDy 
each to each ; 

and the angle DMK is equal to the angle DMB \ \CvMir, 

therefore the base DK is equal to the base DB. [I. 4. 

But, besides DB, no other straight line can be drawn 
from D to the circumference, equal to DK 

For, if it be possible, let DN be equal to DK 
Then, because DN is equal to DK^ 
and DB is also equal to DK, 
therefore DB is equal to DN\ [Avwm 1. 

that is, a line nearer to the least is equal to one which is 
more remote ; 

which is impossible by what has been already shewn. 
Wherefore, if any point le taken &o, q.i;.x>. 
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PROPOSITION 9. THEOREM, 

If a point be taken within a circle, from tphic/i there 
fall more than two equal straight lines to the circum- 
ference, that point is the centre of the circle. 

Let the point D be taken within the circle ABC, from 
which to the circumference there fall more than two equal 
straight lines, namely DA, DB, DG\ the point D shall be 
the centre of the circle. 

For, if not, let E be the centre ; 
join DEdixA produce it both ways to 
meet the circumference at F and G ; 
then FG is a diameter of the circle. 

Then, because in FG, a diameter 
of the circle ABC, the point D is 
taken, which is not the centre, DG 
is the greatest straight Hne from D 
to the circumference, and DG is greater than DB, and 
DB greater than DA ; [III. 7, 

but they are likewise equal, by hypothesis; 

which is impossible. 

Therefore E is not the centre of the circle ABC, 

In the same manner it may be shewn that any other 
point than D is not the centre ; 

therefore D is the centre of the circle ABC 

'WhereiorOf if a point he taken &Q, q.e.p. 

PROPOSITION 10. THEOREM. 

One cireun^ference qf a circle cannot out another at 
more than two points. 

If it be possible, let the drcuuference ABG cut the 
circumference DEF at more 
than two points, namely, at the 
points B, G, F. 

Take JT. the centre of the 
circle ABC, [HI. 1. 

and join KB, KG, KF 

Then, because K is the 
centre of the circle ABC, 
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therefore KB^ KG^ KFaire all equal to each other. [l,J)rf,l5. 
And because within the circle 2>j?^the point iT ig tfdLen, 
from which to the circumference B^F fm more than two 
equal straight lines JSTB, KG, KF^ therefore JT is tiie 
centre of the circle DBF. [III. g. 

But K is also the centre of the circle ABC. [Construction, 

Therefore the same point is the centre of two circles 
which cut one another; 

which is impossible. [III. 5. 

Wherefore, one circumference &c. q.b.d. 

PROPOSITION 11. THEOREM. 

IftvDO circles touah one another intemaUy^ the straight 
line tehich joins their centres, being produced, shall pass 
through the point qf contact. 

Let the two circles ABC, ABB touch one another inter- 
nally at the point ^; and let F be tiie centre of the circle 
ABC, and (x the centre of the circle ABB: the straight 
linewhich joins the centres F, G, being produced, shall 
pass through the point A, 

For, if not, let it pass otherwise, 
if possible, as FGDH, and join 
AF,AG. 

Then, because AG, GF are 
greater than AF^ [I. 20. 

and AF is equal to HF, [1. Btf, 15. 

therefore AG, GF, are greater 
than^i^. 

Take away the common part GF\ 

tiierefore the remainder AG is greater than the remainder 
EG. 

But AG is equal to BG. [I. Bt^iUon 15. 

Therefore BG is greater than HG, the less than the greater ; 
which is impossible. 

Therefore the straight line which joins the points F, G, 
being produced, cannot pass otherwise than through the 
point ^, 

that is, it must pass through A, 

Wherefore, iftteo circles &c. q.b.d. 

6—2 
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PROPOSITION 12. THEOREM. 

Jftwo circles tottch one another externally^ the straight 
line which joins their centres shall pass through the point 
qf contact 

Let the two circles ABC, ADE touch one another ex- 
ternally at the point A ; and let F be the centre of the 
circle ABC, and G the centre of the circle ADE\ th^ 
straight line which joins the points jP, Q^ shall pass through 
the point A. 

For, if not, let it 
pass otherwise, if pos- 
sible, as FCDQ^ and 
join FA^ AO, 

Then, because ^is 
the centre of the cir- 
cle ABCy FA is equal 
io F0\ [l.Def,U. 

and because O is the 

centre of the circle ADE, QA is equal to QD \ 

tlierefore FA, -46? are equal to FC, DO. {AiKum 2. 

Therefore the whole FG is greater than FA^ AG, 

But FG is also less than FA, AG; [I. 20. 

which is impossible. 

Therefore the straight line which joins the points F, G, 
cannot pass otherwise than through the point A, 

that is, it must pass through A. 

Wherefore, if two circles &c. q.e.d. 

PROPOSITION 18. THEOREM. 

One circle cannot touch another at more f>ointi than 
one, whether it touches it on the inside or outside. 

For, if it be possible, let the circle EBF touch the 
circle ABC at more points than one; and first on the 
inside, at the points B, D. Join BD, and draw G^^bisect- 
ing BD at right angles. [1. 10, 11. 

Then, because the two points ^, Z> are in the circmn- 
ference of each of the circles, the straight line BD £elUs 
within each of them ; [III. 2. 
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and therefore the centre of each circle is in the straight 
line GH which bisects BD at right angles ; [III. l, Corol 
therefore G^^ passes through the point of contact. [III. 11. 
But GH does not pass through the point of contact, be- 
cause the points -S, D are out of the fine GH^ 
which is absurd. 

Therefore one circle cannot touch another on the inside at 
more points than one. 

Nor can one circle touch an- 
other on the outside at more 
points than one. 

For, if it be possible, let the 
drcle^CJT touch the circle -^^C' 
at the points A, </. Join AG. 

Then, because the two points 
A^ G are in thfe circumference of 
the circle ACKy the straight line 
A G which joins them, falls within 
the circle AGK\ [III. 2. 

but the circle AGK is without the circle ABG\ [Hypothesis^ 
therefore the straight line -4 (7 is without the circle ABG, 
But because the two points A^ G are in the circumference 
of the cxrdQABG^ the straight fine ^C7 falls within the 
di-cle ABG ; [III. 2. 

which is absurd. 

Therefore one circle cannot touch another on the outside 
at more points than one. 

And it has been shown that one circle cannot touch 
another on the inside at more points than one. 

Wherefore, one circle &c. q.b.d. 
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PBOPOSITION 14. THEOREM. 

Equal straight lines in a circle are equally distant from 
the centre: and those tchich are equally distant from the 
centre are equal to one another, 

« 

Let the straight lines AB, CD in the circle ABDC, bo 
equal to one another : they shall be equally distant from 
the centre. 

Take E, the centre of the - 
circle ABDC; [III. 1. 

and from E draw EF, EG per- 
pendiculars to AB, CD ; [I. 12. 

and join j^^, EC, 

Then, because the straight 
line EF, passing through the 
centre, cuts the straight line AB, 
which does not pa^ through the 
centre, at right angles, it also bisects it ; [III. 3. 

therefore AFk equal to FB, and AB is double of AF. 

For the like reason CD is double of CG, 

But AB is equal to CD ; [Hypothesis, 

therefore AF is equal to CG, [Axiom 7. 

And because AE is equal to CE, [I. Definition 15. 

the square on ^^ is equal to the square on CE. 

But the squares on AF, FE are equal to the square on AE, 
because the angle AFE is a right angle ; . [I. 47. 

and for the like reason the squares on CG, GE are equal to 
the square on CE\ 

therefore the squares on AF, FE are equal to the squares 
on CG, GE. [Axiom 1. 

But the square on AF is equal to the square on CG, 
because AF is equal to CG ; 

therefore the remaining square on FE is equal to the re- 
maining square on GE; [Axiom 3. 

and therefore the straight line EF is equal to the straight 
line^a 

But straight lines in a circle are said to be equally distant 
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from the centre, when the perpendiculars drawn to them 
from the centre are equal ; * [III. Definition 4. 

therefore AB, CP are equally distant from the centre. 

Next, let the straight Imes AB^ CD be equally distant 
from the centre, that is, let EF be equal to EO ; AB shall 
be equal to CD, 

For, the same construction being made, it may be 
shewn, as before, that AB is double of AF, and CD double 
of CQ^ and that the squares on EF^ FA are equal to the 
squares on \^6r, GG\ 

but the square on EF is equal to the square on EQ^ 
because EF is equal to EG ; [HypotkesU* 

therefore the remaining square on FA is equal to the re- 
maining square on GC, [Axiom 8. 

and therefore the straight line AF is equal to the straight 
lineCG^. 

But AB was shewn to be double of AF, and CD double 
of CG. 



Therefore AB is equal to CD. 

Wherefore, eqtAOl straight lines &c. q.e.d. 



iA.xu>ffi ut 



PROPOSITION 15. TEEOREM. 

The diameter is the greatest straight line in a circle; 
and, qf all others, that which is nearer to the centre is 
always greater than one more remote;^ and the greater 
is nearer to the centre than the less.. 

Let ABCD be a circle, of which ^D is a dlameter,^ and 
E the centre ; and let BC be nearer to the centre than FGjl 
AD shall be greater than 
any straight line BC which 
isnot a diameter, and BC shall : 
be greater than FG, 

From the centre E draw 
EH, EK perpendiculars to 
BC, FG, [1. 12. 

and join EB, EC, EF, 

Then, because AE is equal 
to-BjE; and jEZ) to ^(7, [L-Dc/. 15. 

therefore AD is equal to BE, EC', [Axiom f 
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but BE^ EC are greater than B0\ [I. 20. 

therefore also AD is greater than BC. \ n 

And^ because BG is nearer to 
the cen^e than ^(?, [Hypothem. 

EH is less than EK. p:iI.D«/. 5. 

Now it may be shewn, as in the 
preceding proposition, that BG 
is double ot BH, and FG double 
of FK, and that the squares on 
EH, HB are equal to the squares 
on EK, KF. 

But the square on EH is less than the square on ES^, 

because j^^is less than EK; 

therefore the square on HB is greater than the square 
on KF; 

and therefore the straight line BH is greater than the 
straight line FK; 

and therefore BC is greater than FG, 

Next, let BC be greater than FO: BC shall be nearer 
to the centre than FG, tb&t is, ^e same construction 
being made, EH shall be less than EK, 

For, because BC is greater than FG, BH is greater 
thanjWr. 

But the squares on BH, HE are equal to the squares on 
FK, KE; 

and the square on BH is greater than the square on FK, 
because BH is greater thim FK; 

therefore the square on HE is less than the square on KE ; 
and therefore the straight line j^^is less than the straight 
line EK 

Wherefore, the diameter &c. q.b.1). 



l^ROPOSinON 16. THEOREM. 

The itraight line drawn at right angles to the diameter 
qf a circle from the extremity qf it, falls toithout the 
circle; and no straight line can be drawn from the 
extremity, between that straight line anfi the circumfer^ 
ence, so as not to cut the circle. 
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[Hypoikesii* 



Let ABC be a circle, of which D is the centre and 
AB a dimeter: the straight line drawn at right angles to 
ABy from its extremity A, shall fall without the circle. 

For, if not, let it fall, if pos- 
sible, within the prcle, as AC, 
and draw DC to the point* (7, 
where it meets the circmnforence. 

Then, because DA is equal to 
DCy [I. Definition 15. 

the angle DAG is equal to the 
angle DOA, [I. 5. 

But the angle DAG is a right angle ; 

therefore the angle DCA is a right angle ; 

and therefore the angles DAG, DGA are equal to two 
right angles; which is impossible. [1. 17. 

Therefore the straight line drawn from A at right angles to 
AB does not fall within the circle. 

And in the same manner it may be shewn that it does 
not fall on the circumference. 

Therefore it must fall without the circle, as AE. 

Also between the straight line AE and the circumfer* 
ence, no straight line can be drawn from the point A, which 
does not cut the circle. 

For, if possible, let -4^ be between 
them; and from the centre D draw 
DG perpen<}icular to AF; [I. 12i 

let DG meet the circumference at JET, 

Then, because the angle DGA is a 
right angle, [Construction. 

the angle DAG is less than a right 
angle; [I. 17. 

therefore DA is greater than i>^. [1.19. 

But DA is equal to Dff; [I. D^nition 15. 

therefore DH is greater than DG, the less than the greater ; 
which is impossible. 

Therefore no straight line can be drawn from the point 
A between AE and the circumference, so as not to cut the 
circle. 
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Wherefore, the straight line &c. q.ii.d. 

CoROLLABT. From this it is manifest, that the straight 
line ivhich is drawn at right angles to the diameter of a 
circle from the extremity of it, touches the circle ; [III.D^.2. 

and that it touches the circle at one point only, 

because if it did meet the circle at two points it would flail 
within it [III. 2. 

/^ Also it is evident, that there can be but one straight line 
/ which touches the circle at the same point 

PROPOSITION 17. PROBLEM. 

To draw a straight line from a given point, either 
tmthotU or in the circumference, tohich shall touch a given 
circle. 

First, let the given point A be without the given cin;)e 
BCD', it is required to draw from A a straight line^ which 
shall touch the given circle. 

Take E, the centre of the 
circle, [III. 1. 

and join AE cutting the circum- 
ference of the given circle at D ; 
and from the centre E. at the 
distance EA, describe the circle 
AFQ; from the point D draw 
DF at right angles to EA , [1. 11. 

and join EF cutting the circum- 
ference of the given circle at B ; 
join AB, AB shall touch the circle BCD. 

For, because E is the centre of the circle AFG, EA is 
equal to EF. [I. D^nUion 16. 

And because E is the centre of the circle BCD, EB is 
equal to ED. [I. D^viHon 15. 

Therefore the two sides AE, EB are equal to the two aides 
FE, ED, each to each; 

and the angle at j^ is common to the two triangles AEB, 
FED; 

therefore the triangle AEB is equal to the triangle FED, 
and the other angles to the other angles, each to each, to 
which the equal sides are opposite; [I. i. 
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therefore the angle ABE is equal to the angle FDE, 

Bat the angle FDE is a right angle ; [Comtruetion, 

therefore the angle ABE is a right angle. [Amom, 1. 

And EB is drawn from the centre; but the straight line 
drawn at right angles to a diameter of a circle, from the 
extremity of it, touches the circle ; [III. 16, Corollary. 

therefore AB touches the circle. 

And AB is drawn from the given point A. Q.B.F. 

But if the giyen point be in tbe circumference of the 
circle, as the point 2), draw DE to the centre E, and DF at 
right angles to i>J?; then i>^touche8 the circle. [IIL 16,Cor. 

PROPOSITION 18. THEOREM. 

If a straight line touch a circle the straight line drawn 
from the centre to the point qf contact shall he perpenr 
dictdar to the line touching the circle. 

Let the straight line DE touch the circle ABC at the 
point C\ take F, the centre of the circle ABCy and draw 
the straight Ime jP(7: JPC shall be perpendicular to 2) JB'. 

For if not, let FG be drawn from the point F perpen- 
dicular to JPE^ meeting the cir- 
cumference at B. 

Then, because FGCis a right 
angle, [ffypothms. 

FCG is an acute angle; [I. 17. 

and the greater angle of every 
triangle is subtended by the 
greater side ; [I. 19. 

therefore FOis greater than FG. 

But FC is equal to FB ; [I. Definition 15. 

therefore FB is greater than FG, the less than the greater; 
which is impossible. 

Therefore FG is not perpendicular to DE. 

In the same manner it may be shewn that no other 
straight ifaie from F is perpendicular to DE, but FC\ 
therefore FCi% perpendicular to DE. 

Wherefore, if a straight line &a q.ej>. 
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PROPOSITION 19. THEOREM, 

If a straight line touch a circle, and from the point qf 
contact a straight line be drawn at right angles to the 
touching line, the centre of the circle shall he in thai line. 

Let the straight line DE touch the circle ABC at (7, 
and from C let vA be drawn at right angles to DEi the 
centre of the circle shall be in CA, 

For, if not, if possible, let F be 
the centre, and join CF, 

Then, because DE touches the circle 
ABC, and FG is drawn from the 
centre to the point of contact, FG 
is perpendicular to DE\ [III. 18. 

thereforetheangle^(7^isarightangle. 

But the angle AGE is also a right 
angle ; \G<mstraction, 

therefore the angle FCE is equal to the angle ACE, [Ax, 11. 
the less to the greater; which is impossible. 

Therefore FS& not the centre of the circle ABC. 

In the same manner it may be shewn that no other point 
out of CA is the centre ; therefore the centre is in CA, 

Wherefore, if a straight line &c. q.b.d. 

PROPOSITION 20. THEOREM, 

The angle at the centre of a circle is double cf the angle 
at the circun^ference on the same base, that is, on the same 
arc. 

Let ABC he a circle, and BEG an angle at the centre, 
and BAG an angle at the circumference, which have the 
same arc, BG, for their base : the angle BEC shall be 
double of the angle BAG, 

Join AEy and produce it to F. 

First let the centre of the circle 
be within the angle BAG, 

Then, because EA is equal to 
EB, the angle EAB is equal to the 
angle EBA ; [L 5. 

therefore the angles EABy EBA 
are double of the angle EAB. 
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But the angle BEF\& equal to the angles EAB, EBA ; [1. 32. 

therefore the angle BEF is double of the angle EAB, 

For the same reason the angle FEC is double of the 
angle EAG. 

Therefore the whole angle BEC is double of the whole 
angle BAG, 

Next, let the centre of the circle 
be without the angle BAG. 

Then it may be shewn, as inthe first 
case, that the angle FEG is double of 
the angle FAG, and that Uie angle 
FEB, a part of the first, is double of 
the angle FAB, a part of the other; 

therefore the remaining angle BEG is 
double of the remaining angle BAG. 

Wherefore, the angle at the centre &c. q.s.d. 




PROPOSITION 21. THEOREM. 

The anglei in the same segment of a circle are equal to 
one another. 

Let ABGD be a circle, and BAD, BED angles in the 
same segment BAEDi the angles BAD, BEZ> shall be 
equal to one another. 

Take F the centre of the circle 
ABGD. [HI. 1. 

First let the segnicnt BAED be 
greater tlum a semicircle. 

Join BF, DF. 

Then, because the angle ^jPZ> is 
at the centre, and the ande BAD is 
at the circumference, and that they 
have the same arc for their base, 
namely, ^(72>; 
therefore the angle BFD is double of theangle BAD,[lll,2(i. 

For the same reason the angle BFD is double of the angle 

BED. 

Therefore the angle i?^2> isequalto the ai^le5^J9. [Ax, 7. ^ 
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Next, let the segment BAED be not greater tlian a 
semicirde. 

Draw AF to the centre, and pro- 
duce it to meet the circumference at 
C'^ and join CE, 

Then the segment BAEC is 
greater than a semicircle, and there- 
fore the angles BAG, BEG in it, are 
equal, by the first case. 

For the same reason, because the 
segment GAED is greater than a 
semicircle, the angles GAD, GED are equal. 

Therefore the whole angle BAD is equal to the whole 
angle BED, [Aodom 2. 

Wherefore, ths angles in the same segment &c. q.£.i>. 




PROPOSITION 22. THEOREM. 

The opposite angles qf any quadrilateral figure in- 
scribed tn a circle are together equal to two right angles. 

Let ABGD be a quadrilateral figure inscribed in the 
drcle ABGD : any two of its opposite angles shall be toge- 
ther equal to two right angles. 

Join AG, BD. 

Then, because the three angles 
of every triangle are together 
equal to two right angles, [L 82. 

the three angles of the triangle 
GAB, namely, GAB, AGB, ABG 
are together equal to two right 
angles. 

But the angle GAB is equal to the angle GDB, because 
they are in tne same segment GDAB; [III. 21. 

and the angle AGB is equal to the angle ADB, because 
they are in the same segment ADGB ; 

therefore the two angles GAB, AGB are together equal 
to the whole angle ADG. [AxUm 2. 

To each of these equals add the angle ABG; 
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therefore the three angles CAB^ ACB^ ABO, are equal to 
ihe two angles ABO, ADO. 

But the angles OAB, AOB, ABO are together equal to 
two right angles ; [I. 82. 

therefore also the angles J j&(7> ADOsre together equal to 
two right angles. 

In the same manner it may be shewn that the angles 
BADy BOD are together equal to two right angles. 

Whereforei the oppoHU angUi dpc. qj:.d. 



PEOPOSITION 23. THEOREM. 

On the same straight line, and on the same side of it, 
there cannot be two similar segments of circles, not coin' 
ciding with one another. 

If it be possible, on the same straight line AB, and on 
the same siae of it, let there be two similar segments of 
circles AOB, ADB, not coinciding with one another. 

Then, because the circle AOB 
cuts the circle ADB at the two 
points A, B, they cannot cut one 
another at any other point ; [III. 10. 

therefore one of the segments 
must fall within the other; let 
AOB fall within ADB; draw the 
straight line BOD, and join AO, AD. 

Then, because AOB, ADB are, by hypothesis, similar 
B^ments of circles, and that similar segments of circles 
contain equal angle^ [III. B^niHon 11. 

therefore the angle AOB is equal to the angle ADB ; 

that is, the exterior angle of the triangle AOD is equal to 
the interior and opposite angle; 

which is impossible. [1. 16. 

"Wherefore, on the same straight line &c. q.b.i>. 
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PROPOSITION 24. THEOREM. 

Similar segments of circles on equal straight lines ar§ 
equal to one another. 

Let AEB, CFD be similar segments of circles on the 
equal straight lines AB, CD : the segment AEB shall be 
equal to the segment CFD, 

For if the segment ^ 

AEB be applied to 
the segment CFD, 
so that the point A 'A. 
may be on the point 

Cy and the straight line AB on the straight line (7i>, the 
point B will coincide with the point 3^ because AB is 
equal to CD, 

Therefore, the straight b*ne^^ coinciding with the straight 
line CD, the segment AEB must coincide with Uie seg- 
ment CFD\ [III. 23. 

and is therefore equal to it. 

Wherefore, similar segments &c. q.e.d. 

PROPOSITION 25. PROBLEM, 

A segment of a circle being given, to describe the circle 
qf which it is a segment. 

Let ABChe the given segment of a circle : it is required 
to describe the circle of which it is a segment. 






Bisect -4 (7 at i>; [1. 10. 

from the point D draw DB at right angles to AC; [1. 11. 
and join AB. 

First, let the angles ABDy BAD, be equal toone another. 
Then DB is equal to DA ; [I. 6. 

but DA is equal to DC; [Comtruction. 

therefore DB is eqnal to DC. [Axiom 1. 
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Therefore the three straight lines DA,DB,DCBxe allequal ; 
and therefore D is the centre of the circle. [III. 9. 

From the centre i>, at the distance of any of the three 
2>A, £>B, DC, describe a circle; thi» will pass through 
the other points^ and the drcle of which AB(j\& a segment 
is described 

And because the centre 2> is in AC^ the segment ABG 
is a semicircle. 

Kext, let the angles ABD, BAD be not equal to one 
another. 

At the point A^ in the straight line AB^ make the angle 
BAE equal to the angle ABD \ [1. 23. 

produce BD^ if necessary, to meet AB at E, and jdn EG. 
Then, because the angle BAE is equal to the anglo 
ABE^ [ConHructum. 

EA \a equslto EB.' [I. «, 

And because AD is equal to CD, [Oanstruetion, 

and DE is common to the two triangles ADE, CDE ; 

the two sKles AD, DE are equal to the two sides CD, DE, 
each to each; 

and the angle ADE is equal to the angle CDE, for each of 
them is a right angle ; [Cmutructum. 

therefore the base EA is equal to the base EC. [L 4. 

£ttt EA was shewn to be eT^ual to EB ; 
therefore EB is equal to EC. [Axiom 1. 

Therefore the three straight lines EA, EB,EC9xe all equal ; 
and therefore Elsihe centre of the circle. [III. 9. 

From the centrio E, at the distance of any of the three 
EAf EBj EC, describe a circle ; this will pass through the 
other pomts, and the circle of which ABG is a segment is 
descrioed 

And it is evident, that if the angle ABD be greater 
than the angle BAD, the centre E falls without the seg- 
ment ABC, which is therefore less than a semicircle ; but 
if the angle ABD be less than the angle BAD, the centre 
E falls within the segment ABC, which is therefore greater 
than a semicircle. 

Wherefore, a segment of a circle being given, the circle 
ha$ "been described qf which it is a segment qJ!.f. 

7 
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PROPOSITION 26. THEOREM. 

In ^ual circles, equal angles stand on equal ares, 
whether they be at the centres or circumferences. 

Let ABG. DEF be equal circles ; and let BQG, EHF 
be equal angles in them at their centres, and BAG, EDF 
equiu angles at their circumferences : the arc BKG shall 
be equal to the arc ELF. 





Join BGy EF. 

Then, because the circles ABG, DEF ere equal, [/r$p. 

the straight lines from their centres are equal; [IIL Def. 1. 

therefore the two sides BGy (7(7 are equal to the two sides 
Elf, HF, each to each ; 

and the angle at ^ is equal to the angle at H \ [Hypothesis. 

therefore the base BG is equal to the base EF [I. 4. 

And because the angle at ^ is equal to the angle at2>,[^^. 

thesegment^JCissimilarto the segment EDF] [IILD^.H, 

and they are on equal straight lines BG, EF. 

But similar segments of circles en equal straight lines are 
equal to one another; [IIL 24. 

therefore the segment BAG is equal to the segment EDF. 

But the whole circle ABG is equal to the whole circle 
DEF; [Hypothesis. 

therefore the remaining segment BKG is equal to the re- 
maining segment ELF; [Axiom 3. 

therefore the arc BJSTG is equal to the arc ELF, 

Wherefore; in equal circles &c. q.e.p. 
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PEOPOSmON 27. THEOREM. 

In eqtud circles^ the angle* which stand on equal are$ 
are equal to one another, whether they be at the centrei or 
'drcv/mferen cee. 

Let ABC, DBF be equal circles, and let the angles 
BGCy EHF at their centres, and the angles BAC, EDF 
at their circumferences, stand on equal arcs BC, EF\ the 
angle BGC shall be equal to the angle ERF, and the angle 
BAG equal to the angle EDF, 





If the angle BGG be equal to the angle EBF, it is 
manifest that the angle BAG is also equ2 to the angle 
EDF. [III. 20, ^jciom 7. 

But, if not, one of them must be the greater. Let BGG be 
the greater, and at the point G^ in the straight line BG^ 
make the angle BGK equal to the angle EHF. [I. 23. 

Then, because the angle BGK\a equal to the angle EHF, 
and that in equal circles equal angles stand on equal arcs, 
when they are at the centres, [IIL 26. 

therefore the arc BK is equal to the arc EF. 

But the arc EF is equal to the arc BG ; [JTypo^Aeni. 

therefore the arc^JTis equal to the arc BG, [Aocivm, 1. 

the less to the greater; which is impossible. 

Therefore the angle BGG is not unequal to the angle EHF, 
that is, it is equal to it. 

And the angle at ^ Is half of the angle BGG, and the 
angle at 2> is half of the angle EHF\ [III. 2a. 

therefore the angle at A is equal to the angle at D. \Ax. 7. 

Wherefore, in equal cirdee &c. qjb:.d. 

7—2 
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PBOPOSITION 28. THEOREM. 

In equal circles^ equal straight lines cut ojf equal ares^ 
the greater equal to the greater, and the less equal to the 



Let ABC, DEF be equal circles, and BC, EF equal 
straight lines in them, which cut off the two greater arcs 
BAG, EDF, and the two less arcs BGC, EHFi the 
greater arc J?^ (7 shall be equal to the greater arc EDF^ 
and the less arc BQO equal to the less arc EHF. 





Take K, L, the centres of the circles, [ill. t 

and join BK, KG, EL, LF. 

Then, because the circles are equal, [^^ppotAltii. 

the straight lines from their centres are equal ; [III. D^, \. 

therefore the two sides BK, KGzxe equal to the two sidog 
EL, LF, each to each ; 

and the base J9(7is equal to the base EF\ iHypotihetU. 

therefore the angle BKG is equal to the angle ELF. [L 8. 

But in equal circles equal angles stand on equal arcs, when 
they are at the centres, [III. 26, 

therefore the arc BGGia equal to the arc EHF. 

But the drcumference ABGG is equal to the drcum* 
ferenoe DEHF\ IHypUktsU, 

therefore the remaining arcj^^Cis equal to the remaining 
arc EDF. [AxUm 3. 

Wherefore^ in equal circles &c. q.ij>. 
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PEOPOSITION 29, THEOREM. 

In equal cirdes, equal arcs are iubtended by equal 
itraight lines. 

Let ABCy DBF be equal circles, and let BGC, EHF 
be equal arcs in them, and join BC, EF\ tiie straight line 
^(7 shall be equal to tiie straight line EF. 





Take iT, Z, the centres of the circles, [III. 1. 

and join BK, KG, EL, LF. 

Then, because the arc BGC is equal to the arc 
EHFy [ffypothesis, 

the angle BKC is equal to the angle ELF. [III. 27. 

And because the circles ABO, DEFbto equal, [Hypothesis. 

the straight lines from their centres are equal; [III. I>rf, 1. 

therefore the two sides BK, KG ore equal to the two sides 
EL, LF, each to each ; 

and they contain equal angles ; 

therefore the base BG is equal to the base EF. [I. 4 

Wherefore, in equal circles &a q.e.d. 

PROPOSITIOK 80. PROBLEM. 

To bisect a given arc^ that is, to divide it into two equal 
parts. 
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Let ADB be the fi^yen arc : it is required to bisect it 

Join AB\ 

bisect it at (7; [1. 10. 

from the point C draw CD at 
right angles to AB meeting 
the arc at D, [L 11. 

The arc ADB shall be bisected 
at the point D, 

Join ADy DB, 

Then, because AC is equal to CB^ [OoMtruction. 

and CD is common to the two triangles ACD, BCD ; 

tho two sides AC^ CD are equal to the two sides BC, CD, 
each to each ; 

and the angle ACD is equal to the angle BCD, because 
each of them is a right angle ; [ComtrucHon. 

therefore the base AD is equal to the base BD, [I. 4. 

But equal straight lines cut off equal arcs^ the greater 
equal to the greater, and the less equal to the less ; [III. 28. 

and each of the arcs AD, DB is less than a semi-circum- 
ference, because DC, if produced, is a diameter ; [III. 1. Cor, 

therefore the arc AD is equal to the arc DB. 

Wherefore the given arc is bisected at D. q.e.f. 



PROPOSITION 81. THEOREM. 

In a circle the angle in a semicircle is a right angle; 
hut the angle in a segment greater than a semicircle is less 
than a right angle ; and the angle in a segment less than 
a semicircle is greater than a right angle. 

Let ABCD be a circle, of which BC is a diameter 
and E the centre ; and draw CA, dividing the circle into 
tlie segments ABC, ADC, and join BA, AD, DG\ the 
angle m the semicircle BAC shall be a right angle; but 
the angle in the segment ABC, which is greater tluui a 
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semicirdey Bhall be less thaa a 
right angle; and the angle in 
the s^^ent ADCy which is less 
than a semicircle, wall be greater 
than a right angle. 

Jom^^,andprpdace j9^ to JP. 

Then, because EA is equal to 
EB, [I. DefinUion 15. 

the angle EAB is equal to the 
angle EBA ; [I. 5. 

and, because EA is equal to EC, 

the angle EAC is equal to Uie angle EGA ; 

therefore the whole angle BAG is equal to the two angles, 
ABGy AGB. Uawm 2. 

But FAG, the exterior angle of the triangle ABG, is equal 
to the two angles ABG, A GB ; [I. 32. 

therefore the angle jS^(7 is equal to the angle FAG, {Ax. 1. 

and therefore each of them is a right angle. [I. Def, 10. 

Therefore the angle in a semicircle BAG\a a right angle. 

And because the two angles ABG, BAG, of the triangle 
ABGj are together less than two right angles, [1. 17. 

and that BAGhsA been shewn to be a right angle, 

therefore the angle ABGia less than a right angle. 

Therefore the angle in a segment ABG, greater than a 
semicircle, is less than a right angle. 

And because ABGD is a quadrilateral figure in a circle, 
any two of its opposite angles are together equal to two 
right angles ; [III. 22. 

therefore the BsigleaABG, ADG are together equal to two 
right angles. 

But the angle ABG has been shewn to be less than a right 
angle; 

therefore the angle ADG is greater than a right angle. 

Therefore the angle in a segment ADG, less than a semi'> 
circle, is greater than a right angle. 

Wherefore, tJie angle &a q.s.p. 
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OoROLLABT. iFrom the demonstration it is manifest 
that if one angle of a triangle bo equal to the other two, it 
is a right angle. 

For the angle adjacent to it is equal to the same two 
angles; [1.32. 

and when the adjacent angles are equal, they are right 
angles. [I. D^niUon 10. 

Y 

PEOPOSITION 32. THEOREM, 

Jf a straight line totich a circle, and from the point of 
contact a straight line he drawn cutting the circle, the 
angles which this line makes with the line touching the 
circle shall be equal to the angles which are in the alternate 
segments of the circle, 

Lefc the straight line ^^ touch the circle ABCD at 
the point B, and from the point B let the straight line BD 
be drawn, cutting the circle : the angles which BD makes 
with the touching line EF, shall be equal to the angles in 
the alternate segments of the circle; that is, the angle 
DBF^haiXi be equal to the angle in the segment BAD^ 
and the angle DBE shall be equal to the angle in the seg- 
ment BCD, 

From the point^draw BA 
at right angles to EF, .[1. 11. 

and take any point C in the 
arc BD, and join AD, DC, 
CB, 

Then, because the straight 
lino EF touches the circle 
^^(7i> at the point -B, [Hyp, 

and BA is drawn at ri^ht 
angles to the touching hne 
from the point of contact B, [C<msirueti(m, 

therefore the centre of the circle is in BA, [111. id. 

Therefore the angle ADB, being in a semicircle, is a right 
angle. [III. 81. 

Therefore the othei two angles BAD, ABD are equal to a 
right angle. [I. 82, 

lut^jSi^is also a right angla [Construction. 
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Therefore the angle ABF is eqnal to the angles BAD^ 
ABD. 

From each of these equals take away the common angle 
ABD', 

therefore the remaining angle DBF is equal to the remain- 
ing angle BAD^ [Axiom 3. 

which is in the alternate segment of the circle. 

And because ^^(72) is a quadrilateral figure in a circle, 
the opposite angles BAD^ BCD are together equal to two 
right angles. [III. 22. 

But the angles DBF^ DBE are together equal to two 
right angles. [1. 13. 

Therefore the angles DBF^ DBE are together equal to the 
angles BAD, BCD. 

And the angle DBF has been shewn equal to the angle 
BAD\ 

therefore the remaining angle DBE is equal to the re- 
maining angle BCD^ [Aidom 3. 

which is in the alternate segment of the circle. 

Wherefore, if a straight line &c. q.e.d. 



PROPOSITION 83. PROBLEM. 

On a.gwen straight line to describe a segnnent qf a 
circle, containing an angle equal to a given rectilineal 
angle. 

Let AB be the ^yen straight line, and C the giyen 
rectilineal angle: it is required to describe, on the given 
straight 'line AB,q, segment of a circle containing an angle 
equal to the angle C. 

First, let the angle C 
be a right angle. 

Bisect AB at F, [1. 10. 

and from the centre F, at 
the distance FB, describe 
the semicircle AHB. 

Then the angle AHB 
in a semicircle is equal to the right angle C, L^^I* 31. 
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But if the angle C be 
not a right angle, at the 
point Ay in the straight line 
AB, make the angle BAD 
equal to the angle C\ [1. 23. 
from the point -4, draw AE 
at right angles to ^Z>;[I.ll. 

bisect ^5 at JP; [1. 10. 

from the point JP, draw FG 
at right angles to AB-, [1. 11. 

and join GB, 

Then, because ^^ is 
equal to BF, {Coral, 

and FG is common to the 
two triangles AFG, BFG\ 

the two sides AF^ FG are 
equal to the two sides 
BFy FGy each to each ; 

and the angle AFG is 

equal to the angle BFG ; [I. I>tfiniAm 10. 

therefore the base ^G^ is equal to the base BG \ [I. 4. 

and therefore the circle described from the centre (7, at the 
distance GAy will pass through the point B, 

Let this circle be described; and let it be AHB. 

The segment AHB shall contain an angle equal to the 
giyen rectilineal angle G, 

Because from the point Ay the extremity of the diameter 
AEy AD\^ drawn at right angles to AEy [Construction, 

therefore AD touches the circle. [III. 19. CoroHary, 

And because AB is drawn from the point of contact Ay 
the angle DAB is equal to the angle in the alternate 
segment AHB, [III. 32. 

But the angle DAB is equal to the angle C [Constr, 

Therefore the angle in the segment AHB is equal to the 
angle C, ' [Axiom 1. 

Wherefore, on the given straight line ABy^ the segment 
AHB qf a circle has been describedy containing an angle 
equal to the given angle (7. Q.E.F. 
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PROPOSITION 3i. PROBLEM, 

From a given circle to cut ojf a segment containing an 
angle equal to a given rectilineal angle, 

Jjet ABC be the given circle, and D the giyen recti- 
lin^ angle : it is required to cut off from the circle ABO 
a segment containing an angle equal to the angle />. 

Draw the straight 
line BF touching the 
circle ABC at the 
pomt5; [III. 17. 

and at the point ^,in the 
straight line BF, make 
the angle FBC equal 
to the angle 2>. [1.23. 

The segment BA CshsJl 
contain an angle equal 
to the angle D. 

Because the straight line FF touches the cu*cle ABC, 
and BC is drawn from the point of contact B, [Conttr. 

therefore the angle FBC is equal to the angle in the 
alternate segment BAC of the circle. [III. 82. 

But the angle FBCia equal to the angle 2>. [Construction, 

Therefore the angle in the segment BAC u equal to the 
angle D, [Axiom 1, 

Wherefore, from the given circle ABCy the segment 
BAG hae "been cut off^ containing an angle equal to the 
given angle D, q.e.f. 



PROPOSITIOlT 35. THEOREM. 

If two straight lines cut one another within a circle^ 
the rectangle contdined hy the segments qf one of them 
shaUbe equal to the rectangle contained hy the segments 
t^ths other. 
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Let the two straight lines AC,BD cnt one another at 
the point E, within the circle AbCD : the rectangle con- 
tained by AEy ii^(7 shall be equal to 
the rectangle contained hy BE, ED, 

If A C7and BD both pass through 
the centre, so tiiat E is the centre, 
it is evident, since EA, EB, EG, 
ED are all equal, that the rect- 
angle AE, EG IS equal to the rect- 
angle BE, ED. 

But let one of them. BD, pass through the centre, and 
cut the other AG, which does not pass through the centre, 
at right angles, at the point E. 
Then, if JB1> be bisected at F, F 
is the centre of the circle ABGD; 
join AF 

Then, because the straight 
line BD which passes through 
the centre, cuts the straight line 
AG, which does not pass through 
the centre, at right angles at the 
point E, [Hypothesis, 

AE is equal to EG. [III. 8. 

And because the straight line BD is divided into two 
equal parts at the point F, and into two unequal j^arts at 
the point E, the rectangle BE, ED, together with the 
square on EF, is equal to the square on FB, [II. 5. 

that is, to the square on AF, 

But the square on^^is equal to thesquares onAE,EF,[l,i7. 

Therefore the rectangle BE, ED, together with the square 
on EF, is equal to the squares on AE, EF [Axiom I, 

Take away the common square on EF; 

then the remaining rectangle BE, ED, is equal to the 

remaining square on AE, 

that is, to the rectangle AE, EG, 

Next) let BD, which passes through the centre, eut 
the other AG, which does not pass through the centre^ 
at the point E, but not at right angles. Then, if BD 
be bisected At F, F Ui the centre of the circle ABGD; 
iomAF, and from JPdraw FG perpendicular to AG. [1. 12. 
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Tben AG is eqnal to GC\ [III. 3. 

therefore the rectangle A^, EG^ 
together with the square on EG, is 
equal to the square on AG. [II. 5. 

To each of these equals add the 
square on GF\ 

then the rectangle AE, EG, to- 
gether with the squares on EG, 
GFf is equal to the squares on 
AG, GF. {Aidcm 2. 

But the squares on EG, GF are equal to ^e square on 
EF, 

and the squares on AG, GF are equal to the square on 
AF. [1. 47. 

Therefore the rectangle AE, EC, together with the square 
on EF, is equal to the square on AF, 

that IS, to the square on FB. 

But the square on FB is equal to the rectangle BE, ED, 
together with the square on EF. [II. 5. 

Therefore the rectangle AE, EC, together with the square 
on EF, is equal to the rectangle BE, ED, together with 
the square on EF. 

Take away the conunon square on EF\ 

then the remaming reotande AE, EC is equal to the 
remaining rectangle BE, ED. [AntMrn 8. 

Lastly, let neither of the straight lines AC, BD pass 
through the centre. 
Take the centre F, [III. 1. 
and through E, the intersection 
of the straight lines AC, BD, 
draw the diameter GEFH. 

Then, as has been shewn, 
the rectangle GE, EH is equal 
to the rectangle AE, EC, and 
ako to the rectangle BE, ED; 

therefore the rectangle AE, EC 

is equal to the rectangle BE, ED. [Axiom 1. 

Wherefore, if two itraight line* &o, o.B.i>r 
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PSOPOSinON 8«. THEOREM. 

If from any point tcithotU a circle two straight lines 
he draionr, one qf which cuts the circle^ and the other 
touches it; the rectangle contained by the whole line which 
cuts the circle, and the part qf it without the circle, shall 
be equal to the square on the line which touches it. 

Let D be any point without the circle ABO, and let 
DCA, DB bo two straight lines drawn from it, of which 
DC A cuts the circle and DB touches it: the rectangle 
ADy i>(7 shall be equal to tho square on DB. 

First, let DCA pass through 
the centre E, and join MB, 
Then EBD is a right angle. [IIL 18. 

And because the straight line AC 
is bisected at E, and produced to 
D^ the rectangle AD, DC together 
with the square on EC is equal to 
the square on ED, [II. 6. 

But J^(7 is equal to ^5; 
therefore the rectangle AD, DC 
together with the square on EB is 
equal to the square on ED. 

But the square on ED is equal to the 

squares on EB, BD, because EJSD is a right angle. [I. 47. 

Therefore the rectangle AD, DC, together with the square 
on EB is equal to the squares on EB, BD, 

Take away the common square on EB ; 

then the remaining rectangle AD, DC is equal to the 
square on DB, [Aoeum 8, 

Next let DCA not pass through the centre of the circle 
ABC ; take the centre E ; [III. 1. 

from E draw J^i^ perpendicular to AC; [1. 12. 

and join EB, EC, ED. 

Then, because the straight line ^i^which passes through 
the centre, cuts the straifi^ht line AC, which does not pass 
through the centre, at right angles, it also bisects it ; [III. 3. 
therefore AF\a equal to FC, 
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And because the stndght line AC is bisected at F, and 
produced to Z>, the rectansle AD^ DG^ together with the 
square on FC^ is equal to the square on F3. [II. 6. 

To each of these equals add the square on FE, 
Therefore the rectangle AD, DC 
together irith the squares on 
CF, FB, is equal to the squares 
on DF, FE. lAxiom 2. 

But the squares on CF, FE are 
equal to the square on CE, h^- 
cause CFE is a right angle ; [L 47. 

and the squares on DF, FE are 
equal to the square on DE. 

Therefore the rectangle AD, DC, 
together with the square on CE, 
is equal to tiie square on DE, 

But CJ^ is equal to J?j^; 

therefore the rectande AD, DC, together with the square 
on EE, is equal to the square on DE 

But the square on DE is equal to the squares on DB, 
BE, because EBD is a right angle. ' [I. 47. 

Therefore the rectangle AD, DC, together with the square 
on BE, is equal to the squares on DB, BE. 

Take away the common square on BE ; 

then the remaining rectangle AD, DC is equal to the 
square on 2>j9. [Axiom d* 

Wherefore, if from any point &c. Q.B.D. 

CoBOLLART. If from any point 
without a circle, there be drawn 
two straight lines cutting it, as 
AB, AC, the rectangles contained 
by the whole lines and the parts 
of them without the circles are 
equal to one another; namely, the 
rectangle BA, AE is equal to the 
rectangle CA, AF\ for each of 
them is equal to the S(]|uare on the 
straight Une AD, which touches 
the circle. 
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PEOPOSITION 87. THEOREM, 

Jffrom any point without a circle there he drawn two 
straight lines, one qf which cuts the cirde, and the other 
meets it, and if the rectangle contained by the whole tins 
which cuts the circle^ and the part qfit without the circle^ 
be equal to the square on the line which meets the circle^ 
the tine which meets the circle shall touch it. 

Let an^ point D be taken without the cii*cle ABC, 
and from it let two straight lines DCA, DB be drawn, 
of which DC A cuts the circle, and DB meets it; and let 
the rectangle AD, DC be equal to the square on DB: 
DB shall touch the circle. 

Draw the straight line DE, 
touching the circle ABC\ [III. 17. 

find i^the centre, [III. 1. 

and join FBj FD, FE, 

Then the angle FED is a 
right angle. [III. 18. 

And because DE touches the 
circle ABC, and DCA cuts it, 
the rectangle AD, DC is equal 
to the square on DE, [III. 30. 

But the rectangle AD, DC is 
equal to the square on DB, [Hyp. 

Therefore the square on DEi% equal to the square oxiDBjiAx,!, 

therefore the straight line DE is equal to the straight line 
DB, 

And EF is equal to BF\ [I. D^ni^tm 15. 

therefore the two sides DE, EFvlto equal to the two sides 
Z> J7, ^J^ each to each ; 

and the base DJPis common to the two triangles Dj^/', DBF; 

therefore the angle DEF is equal to the angle DBF, [L 8. 

But DEF is a right angle ; [ConttrueUan, 

therefore also DBF ia a right angle. 

And BF, if produced^ is a diameter; and the straight lino 
which is drawn at right angles to a diameter from the 
extremity of it touches the circle ; [III. 10. CotqIIw^. 

therefore DB touches the circle ABC. 

Wherefore, if from a point &c. as j>. 
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1. A RSCfFllilKEAL figure is said 
to be inscribed in another rectilineal 
figure, when all the angles of the in- 
scribed figure are on the sides of the 
figure in whidi it is inscribed, each on 
each. 

2. In like manner, a figure is said 
to be described about another figure, 
when all the sides of the circumscribed 
figure pass through the an^ar points 
of the figure about which it is de- 
scribed, each through each. 

3. A rectilineal figure is said to 
be inscribed in a circle, when aU the 
angles of the inscribed figure are on 
tiie circumference of the circle. 

4. A rectilineal fi^re is said to be 
described about a cu'cle, when each 
side of the circumscribed figure touches 
the circumference of the circle. 

5. In like manner, a curcle is said 
to be inscribed in a rectilineal figure, 
when the circumference of the circle 
toudies each side of the figure. 
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6. ' A circle is said to be described 
about a rectilineal figure, when the cir- 
cumference of the circle passes through 
all the angular points of the figure about 
which it is described. 

7. A straight line is said to be 
placed in a cirde, when the extremities 
of it are in the circumference of tiie 
circle. 




PBOPOSmON 1. PROBLEM, 

Tn a given circle, to place a straight line, equal to a 
given straight line, which is not greater than the diameter 
qfthe circle. 

Let ABO be the giyen circle, and D the given straight 
line, not greater than the diameter of the circle: it is 
required to place in the circle ABC, a straight line equal 
toi>. 

Draw BO,tL diameter of 
the circle A^C. 

Then, if BG is c<jual to 2>, 
the thin^ required is done ; for 
in the circle ABC, a straight 
line is placed equal to 2>. 

But, if it is not, BC is greater 
than 2>. [Hypothesis, 

Make CE equal to D, [I. 3. 

and from the centre C, at the distance CE, describe the 
circle AEF, and join Ca, 

Then, because C is the centre of the circle AEF, 

CA is equal to CE; [I. D^nition 15, 

but CE is equal to 2> ; [Oonsiruetum. 

therefore CA is equal to 2>. [Axiom 1. 

Wherefore, in the circle ABC, a straight line CA is 
placed equal to the given straight line D, which is not 
greater man the diameter qfthe cirde, Q.i.r. 
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PBOPOSmON 2. PROBLEM. 

In a gitm eirde, to inseribe a triangle equiangular to 
a given triangle. 

Let ABC be the dren circle, and DBF the dyen 
triangle : it is reqnirea to ioscribe in the drde ABC a 
triangle equiangolar to the triangle DBF, 

Draw the straight 
line OAH touching 
the circle at the point 
A ; [III. 17. 

at the point A, in the 
Btraight line AH, make 
the angle HA C equal to 
the angle i>j&^; [1.23. 

and, at the point A, in 
the straight line AG, 
make the angle GAB 
equal to the angle DFB ; 

and join BC, ABC shall be the triangle required. 

Because GAH touches the circle ABC, and AC Ib 
drawn from ilie point of contact A, [Construetion, 

therefore the angle HAC is equal to the angle ABC in the 
alternate segment of the circle. [III. 82. 

But the angle HAC is equal to the angle DBF, [Conttr, 

Therefore the angle ABC is equal to the angle DBF, [Ax, 1. 

For the same reason the angle ACB is equal to the 
angle DFB. 

Therefore the remaining angle BAC is equal to the re- 
maining angle BDF, [I* 82, Atiam 11 and 3. 

Wherefore the triangle ABC is equiangular to the tri- 
angle DBF, and it ie imcribed in the drde ABC. <i.i:.F. 



PROPOSITION 8. PROBLEM. 

About a given drde, to deecribe a triangle equiangular 
to a given triangle, ^ ^ 
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Let ABO be the given drcle, and DBF the given tri- 
an^e : it is required to describe a triangle about the circle 
AiC, equiangular to the triangle DBF, 

Produce JS'i?' both 
ways to the points 
Gy H\ take K the 
centre of the circle 
ABC\ [III. 1. 

from K draw any 
radius KB\ 

at the point K^ in 

the straight line KB^ 

make the ande BKA 

equal to we angle 

DBGy and the angle J9ir(7 equal to the angle DFH\ [1. 23. 

and through the jpoints A, B, G, draw the straight lines 

LAMy MBN, NCL, touchmg the circle ABC. pn. 17. 

LMN shall be the triangle required. 

Because LMy MN, NL touch the circle ABG at the 
points AfB,Cf [Construction, 

to which from the centre are drawn KA^ KB^ KG, 
therefore the angles atthepoints^,J?,(7arerightangles.[III.18. 

And because the four angles of the quadrilatoral figure 
AMBKsre together equal to four right angles, 

for it can be divided into two triangles, 

and that two of them KAM^ KBM are right angles, 

therefore the other two AKB, AMB are together equal^ 
to two right angles. [AxUm 8. 

But the angles DEG, DBF are together equal to two 
right angles. [1. 13. 

Therefore the angles AKB^ AMB are equal to the angles 
DBG, DBF\ 

of which the angle AKB i& equal to the angle DBG ; [C<mtr, 

therefore the remaining angle AMB is equal to the re- 
maining angle DBF. [Amtm 3. 

In the same manner the angle ZiVJf may be shewn to bo 
equal to the angle DFE. 

Therefore the remaining angle MLN is equal to the 
remaining angle EDF, [I. 32, Amimt 11 and 3. 
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Wherefore the triangle LMN ii equiangtdar to the tri- 
angle DEFy and it is described dbotU the circle ABC, Q.E.Fr 

PROPOSITION 4. PROBLEM. 
To inscribe a circle in a given triangle. 

Let ABG be the given triangle : it is required to Inscribe 
a circle in the triangle ABC, 

Bisect the angles ABC, ACB, 
by the straight lines BD, CD, 
meeting one another at the point 
B; [I. 9. 

andfromDdrawZ)^, DF, DG per- 
pendiculars to -4-S, BC, CA. [1. 12. 

Then, because the angle BBJD 
is equal to the angle FBD, for 
the angle ABC is bisected by 
BDf [ConttrueHon, 

and that the ri^ht angle BBD is 

equal to the nght angle BFB; [Axhm 11. 

therefore the two triangles EBB, FBD have two angles 
of iho one equal to two angles of the other, each to eScib. ; 
and the side BB, which is opposite to one of the equal 
angles in each, is conunon to l>oth ; 

therefore their other sides are equal ; [I. 26. 

therefore BB is equal to BF, 

For the same reason BO is equal to BF. 

Therefore BB is equal to BG. [Axioni 1. 

Therefore the three straight lines BE, BF^ BG are equal 
to one another, and the circle described from the centre D, 
at the distance of any one of them, will pass through the 
extremities of the other two; 

and it will touch the straight lines AB. BC, CA, because 
the angles at the points E, F, G are rignt angles, and the 
straight line which is drawn from the extremity of a dia^ 
meter, at right angles to it, touches the circle. [III. 16. Cor, 

Therefore the straight lines AB^ BCy CA do each of them 
touch ihe circle, and therefore the circle is inscribed in the 
triangle ABC, 

Wherefore a circle has been inscribed in tlie ^ivefi 
tfiangk, <^.B.f. 
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PROPOSITION 5. PROBLEM. 

To describe a circle abotU a given triangle^ 

Let ABG be the given triangle : it is required to de- 
scribe a circle about ABC. 






Bisect AB, J C? at the points D, E; [1. 10. 

from these points draw DF. EF, at right angles to 
AB, AC) [1. 11. 

DFy EF, produced, will meet one another ; 

for if thej do not meet thej are parallel, 

therefore AB^ ACy which are at right angles to them are 
parallel ; which is absurd: 

let them meet at F and join FA ; also if the point F be 
not in BC, join BF, CF. 

Then, because AD is equal to BD, [ConUmetion. 

and DF is common, and at right angles to AB, 

therefore the base FA is equal to the base FB. [I. 4. 

In the same manner it may be shewn tiiat FC is equal to FA . 

Therefore FB is equal to FC ; [Avitm 1. 

and FAy FB, FCsre equal to one another. 

Therefore the circle described from the centre F, at the 
distance of any one of them, will pass through the extre- 
mities of the other two, and will i>e described about the 
triangle ABC. 

Wherefore a eirde hoe been described about the 
given triangle. Q.E.F. 

CoBOLLABY. And it is manifest, that when the oeniare 
of the circle falls within the triangle, each of its angles is 
less than a right angle, each of them being in a segment 
greater than a semicircle ; and when the centre is in one 
of the sides of the triangle^ the ande opposite to this side, 
being in a semicircle, is a nght angle ; and when the centre 
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falls mtboat the triangle, the angle opposite to the side 
heyond which it is, being in a segment less than a semi- 
drcle, is greater than a right angle. [III. 31. 

Therefore, conversely, if the given triangle be acute- 
angled, the centre of the circle rails within it ; if ib be a 
ri^t-angled triangle, the centre is in the side opposite to 
the right angle ; and if it be an obtuse-angled tniuigle, the 
centre falls without the triangle, beyond the side opposite 
to the obtuse angle. 

PEOPOBITION 6. PROBLEM. 

To inscribe a tqvare in a given circle. 

Let ABGDhe the given circle: it is required to in« 
scribe a square in ABCD, 

Draw two diameters AC, BD 
of the circle ABGD, at right an- 
gles to one another ; [III. 1, 1. 11. 

and join AB^ BC, CD. DA. 
The figure ABCD shall be the 
square required. 

Because BE is equal to DE^ 
for E is the centre ; 

and that EA is common, and at 
right angles to BD ; 

tlierefore the base BA is equal to the base DA. [I. 4. 

And for the same reason BC^ DC are each of them equal 
to BA, or DA. 

Therefore the quadrilateral figure ABCD is equilateral. 
It is also rectangular. 

For the straight line BD being a diameter of the circle 
ABCDi BAD is a semicircle; [Constructim. 

therefore the angle BAD is a right angle. [III. 81. 

For the same reason each of the angles ABC, BCD, CD A 
is a right angle ; 

therefore the quadrilateral figure ABCD is rectangular. 

And it has been shewn to be equilateral \ therefore it is 
ft square. 

Wherefore a equare has been inicri^ed in the given 
circle, an.?. 
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PBOPOSITION 7. PROBLEM. 

To describe a square about a given eirde. 

Let ABOD be the given circle: it is required to 
describe a square about it. 

Draw two diameters AG, BD 
of the circle ABCD, at right an- 
gles to one another; [III. 1, L 11. 

and through the points AyB,Oy D, 
draw FO, QH, UK, KF touching 
the circle. [III. 17. 

The figure OHKF shaU be the 
square required 

Because FQ touches the circle ABCD, and EA is drawn 
from the centre E to the point of contact Ay lC<mstructi(m, 

therefore the angles at ^ are right angles. [III. 18. 

For the same reason the angles at the points ^, C, 2> are 
right angles. 

And because the angle AEB is a right angle, [Ccmtruction, 

and also the angle EBQ is a right angle, 

therefore GH is parallel ioAO. [I. 28. 

For the same reason AC is parallel to FK. 

In the same manner it may be shewn that each of the 
lines QF, HK\a parallel to BD. 

Therefore the figures OK^ GG, CF, FB, BK are parallelo- 
grams; 

and therefore QF is equal to HK, and QH to FK, [1. 84. 

And because AGS& equal to BDy 
and that AGva equal to each of the two QH, FK, 
and that BD is equal to each of the two GF, HK^ 
therefore GH, FK are each of them equal to GF, or HK\ 
therefore the quadrilateral figure FGUK\a equilateral 

It is also rectangular. 

For since AEBG is a parallelogram, and AEB a right angle, 

therefore AGB is also a right angle. [I. 34. 

In the same manner it may be shewn that the angleB at 
H, JT, ^are right angles; 
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therefore the quadrilateral figure FQHKU reetangular. 

And it has been shewn to be equilateral; therefore it 
is a square. 

Wherefore a tquare ha$ been detcrtM cibout the given 
circle. Q.B.F. 

PBOPOSmON 8. PROBLEM. 

To inecrihe a eirde in a given equare. 

Let ABGD be the given square: it is required to in- 
scribe a circle in ABCD, 

Bii»ect each of the sides AB^ 
AD at the points F, E ; [1. 10. 

through E draw EH parallel to 
AB or DCy and through F draw 
FK ipmSlo\U>AD or Ba [1.31. 

Then each of the figures AK, 
KB, AH, HDy AGy GC, BO, GD 
is a right-angled parallelogram ; 

and their opposite sides are equal. [I. 84. 

And because AD is equal to AB, [I. Difiniti(m 80. 

and that ^^ is half of AD, and AF half of AB, [Conztr. 

therefore AE is equal to AF* {Aidom 7. 

Therefore the sides opposito to these are equal, namely, 
FG equal to GE. [I. 34. 

In the same manner it may be shewn that the straight 
lines GH, GKvito each of them equal to FG or GE, 

Therefore the four straight lines GE, GF, GH, OK are 
equal to one another, and the circle described from the 
centre (7, at the distance of any one of them, will pass 
through the extremities of the other three ; 

and it will touch the straight lines AB, BC, CD, DA, 
because the angles at the points E, F, H, K are right 
angles, and the straight Hue which is drawn from the 
extremity of a diameter, at right angles to it, touches 
the circle. [III. 16. CorolUvry, 

Therefore the straight Imes AB, BC, CD, DA do each 
of them toudi the circto. 

Wherefore a circle hoe been inscribed in the given 
square, q.e.f. 
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PEOPOSITION 9. PROBLEM. 
To describe a circle about a given sqtuire. 

Let ABCD be the given square: it is required to 
describe a circle about ABCD. 

Join AG^ J3D, cutting one an- 
other at E. 

Then, because AB is equal to 
AD, 

and AC IB common to the two tri- 
angles BAC, DAC; 

the two sides BA, AC sire equal to 
the two sides i>^, ACesuoh to each ; 

and the base BCU equal to the base DC; 

therefore the angle BAC is equal to the angle DAC, [I. 8. 

and the angle BAD is bisected by the straight line AC. 

In the same manner it may be shewn that the angles 
ABC, BCD, CDA are severallY bisected by the straight 
lines BD, AC. 

Then, because the angle DAB is equal to the angle ABC^ 

and that the angle EAB is half the angle DAB, 

and the angle EBA is half the angle ABC, 

therefore the angle EAB is equal to the angle EBA ; [Ax. 7. 

and therefore the side EA is equal to the side EB. [I. 6. 

In the same manner it may be shewn that the straight 
lines EC, ED are each of them equal to EA or EB. 

Wherefore the four straight lines EA, EB, EC, ED are 
equal to one another, ana the circle described from the 
centre E, at the distance of any one of them, will pass 
throu«[h the extremities of the other three, and will be 
descnoed about the square ABCD. 

Wherefore a circle has been described about the given 
square. q.s.f. 

PEOPOSITION 10. PROBLEM. 

To describe an isosceles triangle, having each qf the 
angles at the base double qf the thtrd angle. 
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Take any straight line 
ABy and divide it at the 
point Cy so that the rectan- 
gle AB, BC may be equal 
to the square on ii (7; [11.11. 

from the centre A^ at the 
distance ABy describe tiie 
circle BDE, in which place 
the straight line BD equal 
to ACy which is not greater 
than the diameter of the 
circle BDE-y [IV. 1. 

and join DA, The triangle 

ABD shall be such as is re- 

quii'ed; that is, each of the angles ABD, ADB shall be 

double of the third angle BAD, 

Join DG'y and about the triangle ACD describe the 
oirde ACD, [IV. 5. 

Then, because the rectangle ABy BC is equal to the 
square ou^Cy \jO<mitnietvm, 

and that AC\& equal to BD, [0(ynstrwitifm, 

therefore the rectangle ABy BC is equal to the square 
onBD, 

And, because from the point i?, without the circle ACD, 
two straight lines BCAy BD are drawn to the circumference, 
one of which cuts the circle, and the other meets it, 

and that the rectangle ABy BCy contained by the whole of 
the cutting line, and the part of it without the circle, is 
equal to the square on BD which meets it ; 

therefore the straight line ^2) touches the circled C2>. [III.87. 

And, because BD touches the circle ACD, and DC is 
drawn from the point of contact 2), 

thei:efore the angle BDC is equal to the angle DAC in the 
alternate segment of tiie circle. [III. 82. 

To each of these add the angle CD A ; 

therefore the whole angle BDA is equal to the two angles 
CD Ay DAC, [AuMm 2. 

But the exterior angle BCD is equal to the angles CD A 
DAC. p. 32. 




124 



EUGLIUS ELEMENTS. 




Therefore the an^e BDA is 
equal to theaiigle]&(7i>. [Ax,l, 

But the angle BDA is equal 
to the angle DBA^ [I. 5. 

because AD is equal to AB, 

Therefore each of the angles 
BDA^ DBAy is equal to the 
ai^le BCD. [Axiom 6. 

And, because the angle 
DBG is equal to the angle 
BGDy the side DB is equal 
to the side DG; [I. 6. 

but DB was made equal to GA ; 

therefore GA is equal to GD, [Axiom 6. 

and therefore the angle GAD is equal to the angle GDA, [1. 5. 

Therefore the angles GAD, GDA are together double of 
the angle GAD, 

But the angle BGD is equal to the angles GAD, GDA, [1. 32. 

Therefore the angle BGD is double of the angle GAD. 

And the angle BGD has been shewn to be equal to each 
of the angles BDA, DBA ; 

therefore each of the angles BDA, DBA is double of the 
angle BAD. 

Wherefore an isosceles triangle has been described, 
having each of the angles at the base doMe of the third 
angle* Q.E.F. 



PROPOSITION 11. PROBLEM. 

To inscribe an equilateral and equiangular pentagon 
in a given circle. 

Let ABGDE be the given circle: it is required to 
inscribe an equilateral and equiangular pentagon in the 
circle ABGDE, 

Describe an isosceles triande, FGH, having each of 
the angles at G, H, double of the angle at F-, [IV. 10. 

in the circle ABGDE, inscribe the triangle AGD, equian- 
gular to the triangle FQH, so th^t ^e angle GAD may 
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be equal to the angle at F, and each of the angles ACD, 
ADO equal to the angle at & or H; [IV. 2. 

and therefore each of 
the angles ACD, ADC is 
doable of the angle CAD ; 
bisect the angles A CD, 
ADC by the straight 
lines CE, DB ; [I. 9. 
and join AB, BC, AE, 
ED. 

ABODE shall be the 
pentagon required. 

For because each of 
the angles ACD, ADC is double of the angle CAD, 
and that they are bisected by the straight lines OE, DB, 
therefore the fire angles ADB, BDC, CAD, DOE, ECA 
are equal to one another. 

But equal angles stand on equal arcs ; [III. 26. 

therefore the five arcs ABj Bd CD, DE, EA are equal to 
one another. 

And equal arcs are subtended by equal straight lines ; [III. 2a 

therefore the five straight lines AB, BO, CD, DE, EA are 
equal to one another ; 

and therefore the pentagon ABODE is equilateral 

It is also equiangolar. 

For, the arc AB is equal to the arc DE; 
to each of these add the arc BCD ; 

therefore the whole arc ABOD is equal to the whole 
arc BODE. [Axiom 2. 

And the angle AED stands on the arc ABOD, and the 
angle BAE on the arc BODE. 

Therefore the angle AED is equal to the ongleBAE. [III. 27. 

For the same reason each of the angles ABO, BCD, 
CDEia equal to the angle AED or BAE; 

therefore the pentagon ABODE is equiangolar. 

And it has been shewn to be equilateral. 

Wherefore an equUaUrdl and equiangular pentagon 
hoi been imerihed in the given cirde. q.b.f. 
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PEOPOSITION 12. PROBLEM, 

To describe an equilateral and equiangular pentoffon 
about a given circle. 

Let ABODE be the given circle: it is required to 
describe an eqtiilateral and eqman£nilar pentagon about 
the circle ABODE. 

Let the angles of a pen- 
tagon, inscribed in the circle, 
by the last proposition, be 
at the points A, B, (7, D, K 
so that the arcs AB, BCf, 
CD, DEy EA are equal; 
and through the points A, 
B, O, D, Ey draw QH, HK, 
KL, LM, MGy touching the 
circle. [III. 17. 

The figure GHKLM^bsXL be the pentagon required. 
Take the centre JP, and join FB, FK, FO, FL, FD, 

Then, because the straight line KL touches the circle 
ABODE at the point O to which FC is drawn from the 
centre, 

therefore FO is perpendicular to KL, [III. 18. 

therefore each of the angles at C7 is a right angle. 

For the same reason the angles at the points B, D are 
light angles. 

And because the angle FCK\& a right angle, the square 
on i^JTIs equal to the squares on FO, OK, [I. 47. 

For the same reason the square on FK is equal to the 
squares on FB, BK, 

Therefore the squares on FO, OK are equal to the squares 
on FB, BK; [Axiom 1. 

of which the square on FOis equal to the square on FB; 

therefore the remaining square on OK is equal to the 
remaining square on BK, [Axiom 3. 

^d therefore the straight line OK is equal to the straight 
leBK. 
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And because FB is equal to FCy 

and FKia common to the two triangles BFKy CFK\ 

the two sides BF^ FK are equal to the two sides CFy FK^ 
each to each ; 

and the base BK was shewn equal to the base CK\ 

therefore the angle BFKva equal to the angle CFK^ [I. 8. 

and the angle BKF to the angle CKF, [I. 4. 

Therefore the angle BFCv& double of the angle CFKy 
and the angle J^JlC is double of the angle CKF, 

For the same reason the angle CFD is double of the 
angle GFL^ and the angle CLD is double of the angle CLF. 

And because the arc BC is equal to the arc CD^ 

the angle BFGS& equal to the angle CFD ; [III. 27. 

and the angle BFG is double of the angle CFK^ and the 
angle CFD is double of the angle CFL ; 

therefore the angle CFK is equal to the angle CFL, \Ao^ 7. 

And the right angle FCKi& equal to the right angle FCL. 

Therefore in the two triangles FCK^ FCL^ there are two 
angles of the one equal to two angles of the other, each to 
each; 

and the side FCy which is a^acent to the equal angles in 
each, is common to both ; 

therefore their other sides areequal, each to eaciL and the 
third angle of the one equal to the third angle of tne other ; 

therefore the straight line CK is equal to the straight line 
GLy and the angle FKG to the angle FLC. [I. 26. 

And because C/iT is equal to (7Z, XiTis double of CK, 

In the same manner it may be shewn that HK is 
double of BK* 

And because ^iTis equal to GK^ as was shewn, 
and that HK is double of BK, and LK double of CK, 
therefore HK is equal to LK, U^iom 6. 

In the same manner it may be shewn that OH, 
QM, ML are each of them equal to HK or LK) 

therefore the pentagon GHKLMib equilateral 

It is also equiangular. 
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For, Bince the angle EKCS& equal to the angle FLOy 

and that the angle HKL is doable 
of the angle FKC, and the angle 
KLM double of the angle FLGy 
as was shewn, 

therefore the angle HKL is equal 
to the angle KLM, [Axiom 6. 

In the same manner it may be 
shewn that each of the angles 
KHG, HGM, GML is equal to 
the angle HKL or KLM ; 

therefore the pentagon GHKLM is equiangular. 

And it has been shewn to be equilateraL 

Wherefore an equilateral and equiangular pentagon 
has been described about the given circle, q.e.f. 




PROPOSITION 18. PROBLEM. 

To inscribe a circle in a given equilateral and equi- 
angular pentagon. 

Let ABODE be the given equilateral and equiangular 
pentagon: it is required to inscribe a circle in the pen> 
tagon ABODE. 

Bisect the angles BOD, 
ODE by the straight lines 
OF, DF; [I. 9. 

and from the point F, at 
which they meet, draw the 
straight Unes FB, FA, FE. 

Then, because BO is equal 
to DOi [Hypothesis. 

and OF is common to the two 
triangles BOF, DOF; 

the two sides BO, OF are 
equal to the two sides 2)(7, OF, 
eaditoeadi; 

and the angle BOF is equal to the angle DOF*, [Constr, 

therefore the base BF is equal to the base DF, and the 
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other angles to the other angloB to which the equal 

are opposite; [L 4. 

therefore the angle CBF is equal to the angle CDF, 

And because the angle CDE is double of the angle 
CDFy and that the angle CDE is equal to the angle CSA^ 
and the angle CDF is equal to the angle CBF, 

therefore the angle CBA is double of the angle CBF; ^ 

therefore the angle ABFIb equal to the angle CBF; 

therefore the angle ABC is bisected by the straight line BF, 

In the same manner it may be shewn that the angles 
BAEy AED are bisected by the straight lines AF^ EF. 

From the point F draw FG, Fff, FK^ FLJS^M perpen- 
diculars to the straight lines AB, BC, CD, DE, EA, [1. 12. 

Then, because the angle FCH is equal to the angle 
FCK, 

and the right angle FffC equal to the right angle FKC\ 
therefore in the two triangles FHC, FKC, there are two 
angles of the one equal to two angles of the otheri each to 
eadi; 

and the side FC, which is opposite to one of the equal 
angles in each, is common to both ; 

therefore their other sides are e^ual, each to each, and 
therefore the perpendicular FH is equal to the perpen- 
dicular FK. [1. 26. 
In the same manner it m^ be shewn that FL, FMy FG 
are each of them equal to Fff or FIT. 

Therefore the fire straight lines FG, Fff, FJST. FL, FM ard 
equal to one another, and the circle descrioed from the 
centre F^ at the distance of any one of them will pass 
through tiie extremities of the other four ; 

and it will touch the straight lines AB, BC, CD, DE, EA, 
because the angles at the points G, H, K, L, M are right 
angles, [Comtraetion, 

and the straight line drai^ from the extremity of a dia- 
meter, at right angles to it, touches the circle ; [III. 16. 

Therefore each of the straight lines AB, BC, CD^ DE, EA 
touches the circle. 

Wherefore a cirde ha$ been inscribed in the given 
equUaUral and equiangular pentagon, qav. 

9 
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PR0P0SITI0N_14. PROBLEM. 

To describe a circle aboiU a given equiiafercd and equi- 
angular pentagon. 

Let ABODE be the given ecjnilateral and equiangular 
pentagon : it is required to descnbe a circle about it. 

. Bisect the angles BCD, CDE 
by the straight lines CF, DF\ [1.9. 

and from tilie*point Fy at which 
they meet, draw the straight lines 
FB, FA, FE. 

Then ifc may be shewn, as in 
the preceding proposition, that 
the angles CBA, BAE, AED are 
bisected by the straight lines BF, 
AF, EF. 

And, because the angle BCD is equal to the angle CDE, 

and that the angle FCD is half of the angle BCD, 

and the angle FDC is half of the angle CDE, 

therefore the angle FCD is equal to the angle FDC-, [Ax. 7. 

therefore the side FC\a equal to the side FD. [I. 6. 

In the same manner it may be shewn that FB, FA, FE 
are each of them equal to FC or FD ; 

therefore the five straight lines FA , FB, FC, FD. FE are 
equal to one another, and the circle described irom the 
centre F, at the distance of any one of them, will pass 
through the extremities of the other four, and will be de- 
scribed about the equilateral and equiangular pentagon 
ABCDE. 

Wherefore a circle Tias been described about the given 
eqtUlateral and equiangular pentagon. q.e.f. 

PROPOSITION 15. PROBLEM. 

To inscribe an equilateral and equiangular hexagon 
in a given circle. 

Let ABCDEFhe the given circle: it is required to hi- 
scribe an equilateral and equiang^ular hexagon in it. 

Find the centre G of the circle ABCDEF, [III. 1* 
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and draw the diameter AQD\ 

from the centre 2>, at the dis- 
tance DG. describe the circle 
EQCH\ 

ioiaJSG, (7(?,and produce them 
to thepoints^, F; and join^^, 
BC, CD, DH, EF, FA, 

The hexagon ABCDEF shall 
be equilateral and equiangular. 

For, because O is the centre 
of the circle ABCDEF, GE is 
equal to GD ; 

and because D is the centre 
of the cirdo EGCH, DE is 
equal to DG ; 

therefore GE is equal to DE, 

and the triangle EGD is equilateral ; 

therefore the three angles EGD, GDE, DEC are equal to 
one another. [I. 5, Corollary, 

But the three angles of a triangle are together equal to 
two right angles; [I. 82. 

therefore the angle EGD is the third part of two right 
angles. 

In the same manner it may be shewn, that the angle 
DGC is the third part of two right angles. 

And because the straight line GC makes with the 
straight line EB the adjacent angles EGC, CGB together 
equal to two right angles, [1. 18. 

therefore the remaining angle CGB is the third part of two 
right angles; 

therefore the angles EGD, DGC, CGB are equal to one 
another. 

And to these are equal the vertical opposite angles 
BGA, AGF, FGE. [1. 16. 

Therefore the six angles EGD, DGC, CGB, BGA, AGF, 
FGE are equal to one anothen 

9—2 
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But equal angles stand on equal arcs ; [ill. 26. 

therefore the six arcs AB, BC, CD^ DE, EF^ FA are 
equal to one another. 

And equal arcs are subtended by equal straight lines ; [III.29. 

therefore the six straight lines are equal to one another, 
and the hexagon is eqimateral. 

It is also equiangular. 

For, the arc AF\a equal to 
the arc ^2>; 

to each of these add the 
arc ABCD ; 

therefore the whole arc 
FABCD is equal to the 
whole arc ABODE \ 

and the angle FED stands 
cm the arc FABCD^ 

and the angle ^i^^ stands 
on the arc ABODE; 

therefore the angle FED is 
equal to the angle AFE, 

In the same manner it may be shewn that the other 
angles of the hexagon ABODEF are each of them equal 
to the angle AFE or FED ; 

therefore the hexagon is equiang^ar. 

And it has been shewn to be equilateral ; and it is inscribed 
in the circle ABODEF. 

Wherefore an equilateral and equiangular hexagon 
has been inscribed in the given circle, q.e.f. 

Corollary. From this it is manifest that the side of 
the hexagon is equal to tJie straight line from the centre, 
that is, to the semidiameter of l^e circle. 

Also, if through the points A, B, C7, 2>, Ey F, there be 
drawn straight lines touching the circle, an equilateral and 
equiangular hexagon will be described about the circle, 
as may be shewn from what was said of the pentagon ; and 
a circle may be inscribed in a given equilateral and equi- 
angular hexagon, and circumscribed about it, by a method 
like that used for the pentagon. 
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PROPOSITION 16. PROBLEM. 

To inscribe an equilateral and equiangidarquindeeagon 
in a given circle. 

Let ABCD be the given circle: it is required to in- 
Bcribe an equilateral and equiangular quindecagon in the 
circle ABCD. 

Let AC be the side of an 
equilateral triangle inscribed 
in the circle; [lY. 2. 

and let AB be the side of an 
equilateral and equiangular 
pentagon inscribed in the 
dide. [IV. 11. 

Then, of such equal parts 
as the whole circumference 

ABCDF contains fifteen, the arc ABC, which is the third 
part of the whola contains five, and the arc AB, which is 
the fifth part of tne whole, contains three ; 

therefore their difference, the arc BC, contains two of the 
same parts. 

Bisect the arc BCsAE; piU. 80. 

therefore each of the arcs BE, EC is the fifteenth part of 
the whole circumference ABCDF. 

Therefore if the straight lines BE, EC be drawn, and 
stnught lines equal to them be placed round in the whole 
circle, [IV. 1. 

an equilateral and equiangular quindecagon will be in- 
scribed in it Q.E.F. 

And, in the same manner as was done for the pentagon, 
if through the points of diyision made by inscribing the 
quindecagon, 8traie;ht lines be drawn touching the circle, 
an equilateral anof equiangular quindecagon will be de- 
scribed about it: and also, as for the pents^n, a circle 
may be inscribed in a given equilateral and equiangular 
quindecagon, and circumscribed about it. 
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DEFINITIONS. 

1. A LESS magnitude is said to be a part of a greater 
magnitude, when the less measures the &;reater; that is, 
when the less is contained a certain number of times ex- 
actly in ^e greater. 

2. A greater magnitude is said to be a multiple of a 
less, when die greater is measured by the less; that is, 
when the greater contams the less a certain number of 
times exactly. 

3. Ratio is a mutual relation of two magnitudes of the 
same kind to one another in respect of quantity. 

4. Magnitudes are said to have a ratio to one another, 
when the less can be multiplied so as to exceed the otiier. 

5. The first of four magnitudes is said to have the 
same ratio to the second, that the third has to the fourth, 
when any equimultiples whatever of the first and tiie third 
being taken, and any equimultiples whatever of the second 
and the fourth, if the multiple of the first be less than that 
of the second, the multiple of the third is also less than that 
of the fourth, and if the multiple of the first be equal to 
that of the second, the multiple of the third is also equal to 
that of the fourth, and if the multiple of the first be greater 
than that of the second, the multiple of the third is also 
greater than that of the fourth. 

6. Magnitudes which have the same ratio are called 
proportions 
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When four magnitudes are proportionals it is nsiially 
expressed by saving, the first is to the second as the third 
is to the fcmrth. 

7. When of the equimultiples of four magnitudes, taken 
as in the fifth definition, the multiple of the first is greater 
than the multiple of the second, out the multiple of tiie 
third is not |^eater than the multiple of the fourth, then 
the first is said to have to the second a greater ratio than 
the third has to the fourth; and the third is said to hare 
to the fourth a less ratio than the first has to the secondL 

8. Analogy, or proportion, is the similitude of ratios. 

9. Proportion consists in three terms at least 

10. When three magnitudes are proportional^ the first 
Is said to have to the third the duplicate ratio Of that 
which it has to the second. 

[The second magnitude is said to be a mean propor- 
tional between the first and the third.] 

1 1 . When four magnitudes are continued proportionals, 
the first is said to have to the fourth, the triplicate ratio of 
that which it has to the second, and so on, quadruplicate, 
&c. increasing the denomination still by unity, in any num- 
ber of proportionals. 

Definition of compound ratio. When there are any 
number of magnitudes of the same kind, the first is said to 
have to the last of them, the ratio which is compounded' of 
the ratio which the first has to the second, and of the ratio 
which the second has to the third, and of the ratio which 
the third has to the fourth, and so on unto the last mag* 
nitude. 

For example, if A, B, (7, D be four magnitudes of the 
same kind, the first A is said to have to the last 2>, ^the 
ratio compounded of the ratio of A to By and of the ratio 
of B to Cf and of the ratio of C7 to 2> ; or, the ratio of ./I to 
D is said to be compounded of the ratios oi AUi B^BUi 
C;and(7to2>. 

And if A has to B the same ratio that E has to F\ 
and B to C the same ratio that G has to JET; and C to D 
the same ratio that K has to L ; then, by this definition, 
^ is said to have to D the ratio compounded of ratios which 
are the same with the ratios of ^ to JP, ^ to ff, and JT to Z, 
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And the same thing is to be understood when it is more 
briefly expressed by saying, A has to D the ratio com- 
poundedK>f the ratios oiEio F^Gio Hy and ^ to X. 

In like manner, the same things being supposed, if M 
has to N the same ratio that A has to x> ; wen, for the 
i»ke of shortness, Jf is said to have to N the ratio com- 
pounded of the ratios of ^ to J', G^ to ^, and iT to Z. 

12. In proportionals, the antecedent terms are said to 
b^ homologous to one another ; as also the consequents to 
one another. 

Geometers make use of the following technical words, 
to signify certain ways of changing either the order or the 
magnitude of proportionals, so that they continue still to be 
proportionals. 

13. Permutando, or altemando, by permutation or 
alternately; when there are four proportionals, and it is 
inferred that the first is to the third, as the second is to 
the fourth. V. 16. 

14. Invertendo, by inyersion; when there are four 
proportionals, and it is inferred, that the second is to the 
first as the fourth is to the third. Y. B. 

15. GomponendO) by composition ; when there are four 
proportionals, and it is inferred, that the first toother 
with the second, is to the second, as the third together 
with the fourth, is to the fourth. Y. 18. 

16. Dividendo, by diyision ; when there are four pro- 
portionals, and it is inferred, that the excess of the first 
aboye the second, is to the second, as the excess of the 
third aboye the fourth, is to the fourth. Y. 17. 

17. Convertendo, by conversion ; when there are four 
proportionals, and it is inferred, that the first is to its 
excess aboye the second, as the third is to its excess aboye 
the fourth. V. E. 

18. Ex ceqimli distantia, or ex oBquOy from equality of 
distance ; when there is any number of magnitudes more 
than two, and as many others, such that they are propor- 
tionals when taken two and two of each ran^ and it is 
inferred, that the first is to the last of the first rank of 
mitl^itudes, as the first is to the last of the others. 
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Of this there are the two following kinds, which arise 
from the different order in which the magnitudes are taken, 
two and two. 

19. Ex cBqualL This term is used simply by itself, 
when the first magnitude is to the second of tne first rank, 
as the first is to the second of the other rank ; and tiie 
second is to the third of the first rank, as the second is to 
the third of the other ; and so on iu order ; and the inference 
is that mentioned in the preceding definition. Y. 22. 

20. Ew ceqimli inproportioneperturhatdseuinordinatd, 
from equality in perturbate or disorderly proportion. This 
term is used when the first magnitude is to the second of 
the first rank, as the last but one is to the last of the second 
rank ; and the second is to the third of the firstrank, as the 
last but two is to the last but one of the secona rank ; and 
i^e third is to the fourth of the first rank, as tKe-4ast but 
three is to the last but two of the second rank ; and so on 
in a cross order; and the inference is that mentioned in the 
eiirhteenth definition. Y. 23. 



AXIOMS. 

1. Equimultiples of the same, or of equal magnitudes, 
are equal to one another. 

2. Those magnitudes, of which the same or equal mag- 
nitudes are equimultiples, are equal to one another. 

3. A multiple of a greater magnitude is greater than 
the same multiple of a less. 

4. That magnitude, of which a multiple is greater than 
the same multiple of another, is greater than that other 
magnitude. 
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PROPOSITION 1. THEOREM. 

If any number of magnitudes he equimultiples qf as 
many, each cfeach; whatever multiple any one of them is 
qf its part^ the samA multiple shall all the first magni- 
tudes he qf all the other. 

Let any number of magnitudes ABy CD be equimul- 
tiples of as many others E, F, each of each: whatever 
multiple AB is of Ey the same multiple shall AB and CD 
together, be of E and F together. 

For, because AB is the same multiple of Ey that CD is 
of J^, as many magnitudes as there are in 
AB equal to ^, so many are there in CD 
equal to F* 

Biyide AB into the magnitudes AG, GBy 
each equal to E\ and CD into the magni- 
tudes UH, HDy each equal to F» 

Therefore the number of the magnitudes 
CHy HDy will be equal to the number of 
the magnitudes AG, GB, 

And, because AG \a equal to Ey and 
CH equal to F, therefore AG and CH 
together are 'equal to E and F together ; 
and because GB is equal to Ey and HD 
equal to Fy therefore GB and HD together 
are equal to E and F together. [Amom 2. 

Therefore as many magnitudes as there arc in AB equal to 
Ey so many are there in AB and CD together equal to E 
And ^together. 

Therefore whateyer multiple AB is of J^, the same multiple 
is AB and CD together, of i^and F together. 

Wherefore, if any number qf magnitudes &c. q.kd. 



H 



D 



PROPOSITION 2. THEOREM. 

If the first he the same multiple of the second thai the 
third is of the fourth, and the fifth the sams multiple of 
the second thai the sixth is of the fourth; the first toge^ 
ther with th^ fifth shall he the same multiple qfthe second^ 
that the third together with the sixth is qfthe fourth. 
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Let AB the first be the same multiple of C tlie second, 
that BE the third is of F the fourth, and let BQ the fifth 
be the same multiple of C the second, that EH the sixth 
is oiF the fourth : AG, the first together with the fifih, 
shall be the same multiple of C the second, that DH^ tjie 
third together with the sixth, is of ^the fourth. 

For, because AB is the same multiple of C that DE 
is of JP, as many magnitudes as 
there are in AB equal to C7, so 
many are there in DE equal to jP. 

For the same reason, as many 
magnitudes as there are in BG 
eq^ to Gy so many are there in 
JS^T equal to F. 

Therefore as many magnitudes 
as there are in the whole AG 
equal to (7, so many are there in 
the whole bJEI equal to F. 

Therefore AG'iA the same multi- 
ple of (7 that DHi& of F. 

Wherefore, if the first he the 
mme mvHtiple &c. q.kd. 

CoROLLABY. From this it is 
plain, that if any number of mag- 
nitudes AB, BG, GH be multi- 
ples of another 6^; and as many 
DE, EK, KL be the same mul- 
tiples of F, each of each ; then 
the whole of the first, namely, 
AH, is the same multiple of C, 
that the whole of the last, namely, 
DL, is of F. 
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PEOPOSITION 3. THEOREM, 



If the first he the same multiple qf the second that the 
third is qf the fourth, and if of the first and the third 
there he taken equimultiples, tJiese shall he equimultiples^ 
the one of the second, and the other of the fourth. 
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Let A the first be the same mtdtiple of B the seoond, 
that (/the third is of 2> the fourth ; and of A and G let 
the equimultiples EF and GH be taken: EF shall be 
the same multiple of B that GH is of D. 

For, because EF is the same multiple of A that GH ia 
of (7, [^yj9o^Ams. 

as many ma^itudes as ^ 
there are in EF equal 
to ^, so many arc there 
in GH equal to (7. 

Divide JS^J^ into the 
magnitudes EK, KF^ 
each equal to A\ and 
GH into the magni- 
tudes GL^ LH, each 
equal to C. 

Therefore the number of 
the magnitudes EK, KF^ 
will be equal to the number of the magnitudes GL^ LH, 

And because A is the same multiple of B that C is 
of 2>^ [Hy^i\eiM, 

and that EK is equal to A^ and ^Z is equal to C ; [(7ofu«r. 

therefore ^JTis the same multiple of B that GL is of D, 

For the same reason JTJPis the same multiple of B that 
Z^isofD. 

Therefore because EK the first is the same multiple 
of B the second, that GL the third is of D the fourth, 

and that JTJ^ the fifth is the same multiple of j5 the second, 
that LH the sixth is of 2> the fourth ; 

EF the first together with the fifth, is the same multiple 
of B the second, that GH the third together with the 
sixth, is of D the fourth. [V. 2. 

In the same manner, if there be more parts in j^i^equal 
to A and in GH equal to (7, it may be shewn that EF is 
the same multiple of B that GHS& of 2>. [V. 2, Cw, 

Wherefore, if the first &c q.e.d. 

PROPOSITION 4. THEOREM. 

If the firit have the same ratio to t?ie second that the 
^hird has to the fourth, and if there he taken any equU 
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multiple* ichatever q/* the fint and the third, and aleo 
any equimtdtiplee tchatever qf the iecond and the fourth^ 
thin the mtUiiple qf the firet shall have the same ratio to 
the multiple qf the second, that the mtdtiple qf the third 
has to the multiple qf th£ fourth. 

Let A the first have to B the second, the same ratio 
that Cthe third has to 2> the fourth ; and of A and C let 
there be taken any eqmmnltiples whatever E and F, and 
of B and D any e^mmultiples whatever O and Ui E shall 
have the same ratio to G tnat F has to H, 

Take of E and F any equi- 
mnltiples whatever K and L, 
and of G and H anv equimul- 
tiples whatever Jf and N. 

Then, because E is the same 
multiple of A that F is of C7, 

and of E and F have been taken 
equimultiples K and L\ 

therefore K is the same mul- 
tiple of -4 that Z is of a [V. S. 

For the same reason, Jtf is the 
same multiple oiB that N is of D, 

And because A is to jS as C 
is to 2>, [HypothestB. 

and of A and G have been taken 
certain equimultiples K and Z, 
and of ^ and D have been taken 
certain equimultiples M and iV; 
therefore if JT be greater than 
My L is greater than N\ and if 
equal, equal ; and if less, less. 

But JTand L are any equimultiples whatever of E and F, 
and M and N are any equimultiples whatever of G and H\ 
tiierefore JS^ is to 6^ as jT is to H. [V. Dtfinitwn 5. 

Wherefore, if the first &c. q.b.1). 

OoROLLABT. Also if the first have the same ratio to 
the second that the ttiird has to the fourth, then any equi- 
multiples whatever of the first and third shall have the 
flame ratio to the second and fourth; and the first and 



H 






I 



[V. D^nition 5. 
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third shall have the same ratio to any eqfoimiiltiples what- 
ever of the second and fourth. 

Let A the first have the same ratio to B the second, 
that C the third has to 2> the fourth; and of A and C let 
there be taken any eqoimnltiples whatever E and F: E 
shall betoJ3asl^istoi>. 

Take of E and F anjr eqmmnltiples whatever K and Ly 
and of B and D any equimultiples whatever G and H, 

Then it mav be shewn, as before, that K is the same 
multiple of A that L\aoIG, 

And because ^istojBas(7isto2>, \Hy^ilitzvi, 

and of A and G have been taken certain equimultiples K 
and Z, and of B and D have been taken certain equimul^ 
tiples G and H\ 

therefore if K be greater than GyL\& greater than H\ and 
tf equal, equal ; and if less, less. [Y. D^nUion 5. 

But iT and L are any equimultiples whatever of E and ^ 
and G and ^are any equimultiples whatever of B and X> ; 

therefore j^ is to ^ as uP is to 2>. [Y. Definkim 5. 

In the same way the other case may be demonstrated. 

PROPOSITION 5. THEOREM. 

If one magnitude he the same mtdtiple qf another that 
a magnitude taken from the first isqf a magnitude taken 
from the other ^ the remainder shall he tJie same mtdtiple 
qfthe remainder that the toJwle isqf the whole. 

Let AB be the same multiple of (72), that AE taken 
from the first, is of CF taken from the other : the remain- 
der EB shall be the same multiple of the remainder FD^ 
that the whole AB is of the whole CD. 

Take AG the same multiple of FDy that AE is of CF\ 
therefore AE is the same multiple of CF that EG is 
of CD, [V. 1. 

£ut AE is the same multiple of CF that AB is of CD\ 

therefore EG is the same multiple of CD that AB is 
of(72>; 

herefore EG is equal to AB. [V. Axim 1. 
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From each of these take the common 
magnitude AE', then the remainder AQ 
is equal to the remainder EB. 

Then, because AE is the same multiple 
of OF that -4 O' is of FD, [C<makwitim. 

and that AG is equal to EB ; 

therefore AE is the same multiple of CF 
^b&t EB \a of FD. 

But AE is the same multiple of CF that 
AB is of CD ; [Hypoihms, 

therefore EB is the same multiple of 
FD that AB is of CD, 

Wherefore, t/onemagnittide&o, q.e.d. 
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PROPOSITION 6. THEOREM. 
If ttoo moflnitudes he eqtUmtdtiples qf two others^ and 
\f equimultiples qf these he taken from the first twOy the 
remainders shaU he either equal to these others^ or equi- 
multiples qfthem. 

Let the two magnitudes AB^ CD be equimultiples of 
the two Ey F\ and let AG, CJEL taken from the first two, 
be eqxumultipl^ of the same JE^ F: the remainders GB, 
HD shall be either equal to E, F, or equimultiples of them. 

• First, let GB be equal to E: HD shall be equal to F 

Make CTS' equal to F, 

Then, because AG is the same mul- 
tiple of ^ that Off is of i^, [Hyp. 

and that GB is equal to E, and 
CiTis equal to ^; % ... 

therefore AB is the same multi- 
ple of J^ that JT^is of F. 

But AB is the same multiple 
of J? that CD is of F; [Hypothesis.. 

therefore KH is the same multiple of F that CD is of jF*; 
therefore KB is equal to CD. [V. Axiom 1. 

From each of these take the common macpitude Cff; 
then the remainder CK is equal to the reminder HD. 
But CKis equal to i^; * * [OanstrueHon. 

therefore HD is equal to F. 
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Next let GB be a multiple of E: HD shall be the 
same multiple of ^. 

Make CK the same multiple 7 

of J^'that^yjBisofJEr. 

Then, because AG S& the same 
multiple of E that CH is of 
F^ [Hypothesis, 

and GB is the same multiple 
QiEihsA,CK]aoiF\ [Oomtr. 

therefore AB is the same mul- 
tiple of .& that ^^ is of jP. [V.2. 

But AB is the same multi- 
ple of E that (72) is of .P; [Hyp, 

therefore JT^is the same multiple of F that CD is of Fy 
therefore JT^is equal to CD^ [V. Aoeiom 1. 

From each of these take the common magnitude CHi 
then the remainder CK\% equal to the remainder HD, 

And because CK is the same multiple of F that GB is 
of E, [Corutructian, 

and that CKia equal to HD; 

therefore HD is the same multiple of i^tliat GB is of E, 

Wherefore, if two magnitudes &c q.e.d. 



I 
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PROPOSITION A. THEOREM. 

If the first of four magnitudes Jiave the sams ratio to 
the second that the third has to the fourth, then, if the first 
be greater than the second, the third shoM also he greater 
than the fourth, and if equal equal, and if less less. 

Take any equimultiples of each of them, as the doubles 
of each. 

Then if the double of the first be j^reater than the double 
of the second^ the double of the third is greater than the 
double of the fourth. [Y. D^fimUon 5. 

But if the first be greater than the second, the doable of 
the first is greater than the double of the second; 
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therefore the double of the third is greater than the doable 
of the fourth, 

and therefore the third is greater than the fourth. 

In the same manner, if the first be equal to the second, 
or less than it, the third may be shewn to be equal to the 
fourth, or less than it. 

Wherefore, if the fir 9t &c. q.b.I). 



PROPOSITION B. THEOREM. 

If /our magnitttdes be proportionals, they shall also he 
proportionals iohen taken inversely. 

Let ^betoi9as(7isto2); then also, inversely, S 
shall be to ^ as 2> is to (7. 

Take of B and 2> any equimul- 
tiples whatever B and F; 

and of A and O any equimultiples 
whatever G and ff. 

first, let E be greater than G, then 
G is less than JE, 

Then, because ^ is to J9 as (7 is 
to D ; [ffypothesU. G A B iS 

and of -4 and (7 the first and third, H P F 

G and ^are equimultiples; 

and of B and D the second and 
fourth, B and F are equimultiples ; 

and that G is less than B; 

therefore JET is less than F; [V. Bef, 5. 

that is, F is greater than If, 

Therefore, if J^ be greater than G,Fia greater than H, 

In the same manner, if ^ be equal to G, F may be 
shewn to be equal to H; and if less, less. 

But B and F are any equimultiples whatever of B 
and i>, and G and H are any equimultiples whatever of A 
and C; [Comtruetion. 

therefore J^isto^asDistoC [Y. B^nUhn 6. 

Wherefore, if four magnitudes &c. q.b.d. 
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PROPOSITION a THEOBEM. 

If ihA firtt he the same multiple qf the eecotuLor the 
Mime part qf it, that the third is qf ths fourth, the Jirei 
ihall be to the second as the third is to the fourth, 

First, let A be the same multiple of B that C7 is of 2>: 
A shall betoJ?a8<7istoi>. 

Take of A and C any equimultiples 
whatever E and F\ and of Msaid D any 
equimultiples whatever G and H. 

Then, oecause A is the same multiple 
of J?that Cisof 2>; [Hypothesis. 

and that E is the same multiple of ^ that 
FiaofC; [Construction, 

therefore E is the same multiple of B 
that J^isofi); [V. 8. 

that is ^and/'are equimultiplesof ^andi). 

But G and H are equimultiples of B 
and D ; [Construction, 

therefore if J& be a greater multiple of 
B than G h of B,F iba greater multi- 
ple of 2) than ^ is of i> ; 
that is, if J& be greater than G, F la 
greater than II, 

In the same manner, if J& be equal to 
O, F may be shewn to be equal to H\ and 
if less^ less. 

But E and F are any equimultiples 

whatever of A and C^ and G and H are any equimultiples 
whatever of B and D ; [Constrw^iofn, 

therefore ^ is to J? as (7 is to 2). [V. Definition 5. 

Next let A be the same part of B that C7 is of 2>: 

A shall be to ^ as Cis to 2>. 

For, since A is the same part of B 
thataisofZ), 

therefore ^ is the same multiple of A 
that Z> is of (7; 

therefore, by the preceding case, J? is to 
ulasDistoC; 

therefore, inversely,^ isto^asCistoi). 

Wherefore, if the first &c. q.s.]>. 
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PROPOSITION D. THEOREM, 

If thefirtt be to t?ie second a$ the third is to the fourth, 
and if the first he a mtUtiple, or a part, of the second, the 
third shall be the same multiple, or ths same part, of the 
fourth 

Let ^ be to J? as (7 is to D, 

And first, let ^ be a multiple of B: 
C shall be the same multiple of 2). 

Take B equal to A ; and what- 
ever multiple u^ or ^ is of B^ make 
F the same multiple of D, 

Then, because ^ is to ^ as (7 
is to D, [Hypothesis. 

and of B the second and D the A B C b 

fourth haye been taken equimultiples K f 

E and F; {Construction, 

therefore ^istoJ^asCisto 
F. [V. 4, Corollary, 

But A is equal to E ; {ComtmctUm, 

therefore (7 is equal to -F. \Y, A, 

And F is the same multiple of 
D that A is of ^ ; [Construction, 

therefore C is the same multiple of D that A is of B, 
Next, let ^ be a part otBiC shall be the same part of i>. 

For, because ^isto^asC7isto2>; [Hypothesis. 

therefore, inversely, ^ is to ^ as 2) is to (7. [V. jB. 

But ^ is a part of B ; [Hypothesis. 

that is, J? is a multiple of A ; 

therefore, by the preceding case, D is the same multiple of C\ 

that is, Cis the same part of D that A is of B. 
Wherefore, if the first &c. q.b.d. 



PROPOSITION 7. THEOREM, 

Equal magnitudes have the same ratio to the same 
magnitude; and the same has the same ratio to equal 
magnitudes. 

10^2 
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Let A and B be equal magnitudes^ and C any other 
magnitude: each of the magnitudes A and B shall have 
the same ratio to C\ and C shall haye the same ratio to 
each of the magnitudes A and B^ 

Take of A and B any equimultiplea 
vrhateycr D and E\ and of (7 any mul- 
tiple whatever -F. 

Then, because D is the same mul* 
tiple of A that Ehof B, [Construction, 

and that ^ is equal to B ; [Hypothesis, 

therefore D is equal to E. [V. ^ayiom 1. 

Therefore if i) be greater than 2^, ^ is _ _ 

greater than F; and if equal, equal; " C F 

and if less, less. 

But D and E are any equimultiples 
whatever of A and B, and i^ is any 
multiple whatever of (7; [Construction, 

therefore -4isto(7asJ?isto(7. [V. Drf, 5. 

Also C shall have the same ratio to A that it has to B. 

For the same construction being made, it may be shewn, 
as before, that 2> is equal to E. 

Therefore if jP be greater than 2>, i^ is greater than JS; 
and if equal, equal ; and if less, less. 

But F is any multiple whatever of C, and D and E are 
any equimultiples whatever of A and B ; [Construction. 

therefore (7 is to -4 as (7 is to J?. [V. DtfinUion 5. 

Wherefore^ eqttcU magnitudes &c. q.e.d. 



PROPOSITION 8. THEOREM. 

Of unequal magnitudes, the greater has a greater 
ratio to the same than the less has; and the same mag- 
nitude has a greater ratio to the less than it has to the 
greater. 

Let AB and BG be unequal magnitudes, of which AB 
is the greater; and let D be any other magnitude what- 
ever : AB shall have a greater ratio to D than BC has 
to D ; and D shall have a greater ratio to BO than it 
hMioAB. 
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If the magnitade which is not the greater of the two 
AC. CBy be not less than Dy take EF, FQ the donbles of 
Ady OB (Figure 1). 

Bnt if that which is not the £| Fig. i. 

sreater of the two AG, CB, be 

teas than D (Figures 2 and 3), 

this magnitude can be multiplied, 

so as to become greater than D, 

whether it be -4(7 or CB. 

Let it be multiplied until it be- 
comes greater than 2), and let the 
other 1^ multiplied as often. 

Let EFhe the multiple thus talren 
of ACy and FQ the same multiple 
of CZ5; 

therefore EF and FG are each 
of them greater than D. 

And in all the cases, take H 

the double of i>, iTits triple, Fig. 2. 

and so on, until the mult^le 

of 2> taken is the first which 

is greater than jP6r. Let Z be 

that multiple of 2>, namely, 

the first which is greater 

than FG ; and let K be the 

multiple of Z> which is next 

less than Z. 

Then, because L is the first 
multipleofi) which is greater 
than FGy {Construction, 

the next preceding multiple 
j^is not greater than F(}; 

that is, FG is not less than JT. 

And because EF is the same 
multiple of AC that FG is 
of CBy [Construction, 

therefore EG is the same multiple of AB that FG is 
of Off; [V.l. 

that is, EG and FG are equimultiples of ^^ and CB, 
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[Construction^ 



And it was shewn that FG is not less than Ky 

and EF is greater than Z> ; [Conttruetimi^ 

therefore the whole EG is greater than K and D together. 

But K and D together are equal to L ; 

therefore EG is greater than L, 

But FG is not greater than L, 

And EG and FG were shewn to be equi- 
multiples oiAB and BC\ 

and Z is a multiple of 2>. [Comtructum, 

Therefore AB has to 2> a greater ratio 
than BC has to D, [V. D^nition 7. 

Also, i> shall have to BC a greater 
ratio than it has to AB. 

For, the same construction being made, 
it may be shewn, that L is greater than 
FG but not greater than EG. 

And Z is a multiple of 2>, [ConitrucHon. 

and EG and FG were shewn to be equi- 
multiples of AB and CB. 

Therefore 2> has to BC a greater ratio than it has 
to AB. [V. D^nttim 7. 

Wherefore^ qf unequal magnitudes &c. q.e.d. 
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PROPOSITION 9. THSOREM. 

Magnitudes tohich have the same ratio to the same 
magnitude, are equal to one another; and those to which 
the same magnitude has the same ratio, are equal to one 
another. 

First, let A and B haye the same ratio toOi A shall 
be equal to B. 

For, if ^ is not equal to B, one of them muat be greater 
than the other; let A be the greater. 

Then, by what was shewn in Proposition 8^ there are 
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equimultiples of A and B, and 

multiple of C, such that the 

[pie of A is greater than the 

[pie of G, but the multiple of 

not greater than the mmtiple 



H 



H 



E 



[OoiMtrwtwtu 

[V. Definition 5, 

[C<m9trucUon, 



such multiples be taken; and 
> and E be the equimultiples 
[ and Bf and F the multiple 
; so that D is greater than 
it ^ is not greater than F, 

hen, because A isio C 3ls B la 
; and of A and B are taken 
nultiples D and E, and of G 
Len a multiple i^; 

Jiat 2) is greater than F; 

itore E is also greater than F, 

lut E is not greater than F ; 
b is impossible. 

herefore A and i9 are not unequal ; that is, they are 

ext, let G have the same ratio to A and B: A shall 
][ual to ^. 

'or, if ^ is not equal to B, one of them must be greater 
the other ; let A be the greater. 

hen, by what was shewn in Proposition 8, there is 
) multiple F of (7, and some equimultiples E and D of 
d A, such that F is greater than JEf, but not greats 
i>. 

Lud, because (7 is to jS as C7 is to ^, [HypotKeHsk 

that i^ the multiple of the first is greater than E the 
iple of the second, [Construction, 

3fore F the multiple of the third is greater than D 
nultiple of the fourth. [V. D^itwn 5. 

(ut F is not greater than D ; [Oonstructum, 

h is impossibla 

therefore A and B are not unequal ; that is, they are 
ii. 

therefore, magnittidei which kc q.b.i>. 
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PROPOSITION 10. THEOREM. 

That magnittide which has a greater ratio than another 
has to the same magnitude is the greater qf the two ; and 
that magnitude to which the same has a greater ratio than 
it has to another magnitude is the less (^ the two. 

First, let A have to (7 a ereater 
ratio than B has io C: A msML bo 
greater than B. 

For, because A has a greater ratio 
to C than B has to G, there are some 
equimultiples of A and B^ and some 
multiple of 6> such that the multiple 
of w^ IS greater than the multiple of C, 
but the multiple of ^ is not greater 
than the multiple of C. [V. Drf. 7. B 

Let such multiples be taken;' and 
let D and E be the equimultiples of 
A and B. and F the multiple of C; 
so that 2) is greater than P, but E 
is not greater than F; 

therefore D is greater than E. 

And because D and E are equimultiples of A and B, and 
that 2) is greater than E, 

therefore A is greater than B. [V. Axiom 4. 

Nexty let C have to J? a greater ratio than it has to A : 
B shall be less than A. 

For there is some multiple F of O, and some equi- 
multiples E and D of B and A, such that F is greater 
than Ey but not greater than D ; [V. Definition 7. 

therefore E is less than Z>. 

And because E and 2> are equimultiples of B and A^ and 
that J& is less than 2), 

therefore J? is less than A, [V. Awm 4. 

Wherefore, ^Aa^ magnitude &c q.e.d. 
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PROPOSITION 11. THEOREM, 

Ratioi that are. the same to the same raOo^ are the eame 
to one another. 

Let Aheio B as (7 is to 2>, and letCbetoDasJ^ia 
to>: ^shallbeto J9as^isto^. 



H- 



D r- 

U N- 



Take of A, C, E any eauimultiples whatever G, H^ K\ 
and of Bf 2>, F any equimultiples whatever Z, M, N. 

Then, because ^isto^asdstoi), [ffypoikeals. 

and that G and ff are equimultiples of A and C, and Z 
and M are equimultiples of B and 2) ; [(7ons^ru(;<io}i. 

therefore if G he greater than Z, ff is greater than Jf ; 
and if equal, equal; and if less, less. [V. DtfimUUn 5. 

Again, because (7 is to 2> as ^ is to /*, [ETypoikms, 

and that i? and K are equimultiples of C7 and E, and Jf 
and N are equimultiples of 2> and F ; [Oonstmetum. 

therefore if JI be greater than M, K is greater than N\ 
and if equal, equal ; and if less, less. [V. D^nition 5, 

But it has been shewn ths^ if (7 be greater than Z, i? 
is greater than M ; and if equal, equal ; and if less, less. 

Therefore if 6r be greater than Z, iT is greater than N; 
and if equal, equal ; and if less, less. * 

And G and K are any equimultiples whatever of A and JS^ 
and Z and N are any equimultiples whatever of B and F. 

Therefore .^ is to J? as ^is to F. [V. D^nUion 5. 

Wherefore, ratm that are the eame &c. q.s.p. 
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PROPOSITION 12. THSOREM. 

If any number of magnitudes he proportionals, cu one 
qfthe antecedents is to its consequent^ so shall all the ante- 
cedents be to all the consequents* 

Let any number of magnitudes A, B, C, D, E, F be 
proportionals ; namely, as ^ is to ^, so let C7 be to 2>, and 
^ to ^: as ^' is to ^, so shall A^ C, E together be to 
J?, 2), jP together. 



B- 



E- 



M N- 



Take ofAyC, E «aj equimultiples whatever (7, H, JT; 
and of J?, Dy F any eqmmultiples Caterer Z, My N. 

Then, because ^isto^as(7istoi> and mE iato F, 
and that G, Jf, K are equimultiples of A^ C, E, and L, My N 
equimultiples of By 2), F\ [Owistruetion, 

therefore if G be greater than Ly H is greater than Mf 
and K is greater t&n N'y and if equal, equal ; and if less, 
less. [V. D^nition 5. 

Therefore, if G be greater than L, then G, H, K together 
are greater than Ly My N together ; and if equal, equal; 
and if less, less. 

But G, and Gy H, K together, are any equimultiples 
whatever oiAy and Ay (7, E together; [V. 1. 

and Ly and Z, My N togetha- are any equimultiples what- 
ever of By and By 2), F together. [V. 1. 

Therefore as ^ is to J?, so are ^, C7, ^ together to 
By Dy F together. [V. DfJMitim 6. 

Wherefore, if any number &c qj:j>. 

PROPOSITION 13. THEOREM, 

If the first have the same ratio to the second vshieh the 
third has to thefourth, but the third to the fourth a greater 
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ratio than the fifth to the sixth, theflrtt ihaU have to the 
second a greater ratio than the fifth has to the sixth. 

Let A the first hare the same ratio to B the second 
that C the third has to Z> the fourth, but C the third a 
greater ratio to 2) the fourth than E the fifth to F the 
sixth: A tiie first shaU hare to B the second a greater 
ratio than E the fifth has to F the sixth. 



M G H- 



A C IS- 

B D r- 



N- 



For, because C has a greater ratio to D than E has to F, 
there are some equimultiples of C and E^ and some equi- 
multiples of D and F^ sucn that the multiple of (7 is greater 
than the multiple of D, but the multiple of ^ is not greater 
than the multiple of F, [Y. D^nition 7. 

Let such multiples be taken, and let G and H be the equi- 
multiples of (j and E, and K and L the equimultiples of 
2>andi^; 

so that G is greater than K^ but ^is not greater than L. 

And whatever multiple G is of 6> take M the same mul- 
tiple of A ; and whatever multiple JT is of 2), take N the 
game multiple of B, 

Then, because ^ is to ^ as Cis to i>, [Hypothesis. 

and if and G are equimultiples of A and C, and N and 
K are equimultiples of B and D ; [Construction. 

therefore if M be greater than N, G is greater than K ; 
and if equal, equal ; and if less^ less. [V. Definitum 5, 

But G is greater than K; [Construction. 

therefore Mis greater than N. 

But H is not greater than L ; [Construction. 

and Jf and H are equimultiples of A and j&, and iV and L 
are equimultiples of B and JP; [C7on<<ruc«Km. 

therefore A has a greater ratio to B than J? has to F. 

Wherefore, if the first &c. q.b.d. 
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OoBOLLABT. And if the first have a greater ratio to 
the second than the third has to the fourth, but the third 
the same ratio to the fourth that the fifth has to the sixth, 
it may be shewn, in the same manner, that the first has a 
greater ratio to the second than the fifth has to tiie sixth. 



PROPOSITION 14. THEOREM. 

If tJie first have the same ratio to the second thoU the 
third has to the fourth^ then if the first he greater than 
the third the second shall he greater than the fourth; and 
ifeqtudy equal; and if less, less. 

Let A the first have the same ratio to B the second 
that Cike third has to 2> the fourth: if ^ be greater than 
G, B shall be greater than D ; if equal, equal ; and if less, 

less. 

1 2 8 
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First, let A be greater than (7: B shall be greater than D. 

For, because A is greater than (7, [ffypothesis. 

and B is any other magnitude ; 

therefore A has to J5 a greater ratio than C has to B. [V. 8. 

But ^ is to J? as (7 is to 2>. [ffypothesis. 

Therefore C7 has to i) a greater ratio than C has to B. [V. 13. 

But of two magnitudes, that to which the same has the 
greater ratio is the less. [V. 10. 

Therefore D is less than B ; that is, B is greater than 2>. 

Secondly, let A be equal ioC: B shall be equal to D. 

For, -4 is to 5 as (7, that is -4, is to 2). [ffypothesis. 

Therefore B is equal to D. [V. 9. 
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Thirdly, let ^ be less than C: B shaQ be less than D, 
For, C is greater than A, 

And because C7isto2>as^istoj9; [Eyj^otihem, 

and C is greater than A ; 
therefore, by the first case, D is greater than B\ 
that is, B is less than D. 

Wherefore, if the first &c. q.e.d. 



PEOPOSITION 15. THEOREM. 

Magnitudei have the same ratio to one another that 
their equimultiples have. 

Let AB be the same multiple of C that DE ib of F: 
C7 shall be to Fqa AB is to DB. 

For, because AB is the same multiple of C that DE is 
of jP, [Hypothesis, 

therefore as many magnitudes as 
there are in AB equal to C, so 
many are tiiere in DE equal to F. 

DiTide AB into the magnitudes ' 

AG, GHy HBy each equal to (7; 

and DE into the magnitudes H' 

DK, KLy LE, each equal to F. 

Therefore the number of the mag- 
nitudes^G^,G^^,i9:8 will be equal h 't £ F 

to the number of the magnitudes 
DK, KL, LE. 

And because AO^ OH, HB are all equal; [Construction. 
and that DK, KL, LE are also all equal ; 

therefore AG is to DK as GH is to JTX, and as HB is 
to LE. [V. 7. 

But as one of the antecedents is to its consequent, so are 
all the antecedents to all the consequents. [Y. 12. 

Therefore as AG is to DKw> is AB to DE. 
.But AG is equal to (7, and i^JTis equal to F. 
Therefore as (7 is to jP so is AB to DE. 
Wher^ox^ magnitudes &c. q.e.]>. 
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PROPOSITION 16. THEOREM. 

If four magniiudei qf the tame kind he proportionaiU, 
they shall also be proportionals tohen taken altematelp. 

Let A, Bj C, D he four magnitades of the same kind 
which are projportionals; namely, a8^i8to^solet(7be 
to Z): they shall also be proportionals when taken alter* 
nately, that is, A shall be to (/ as ^ is to J^. 



E— G- 

A c 



H 



Take of A and B any equimultiples whatever E and F^ 
and of C and D any equimultiples whatever G and ff. 

Then, because E is the same multiple of A that F is of 
B, and that magnitudes have the same ratio to one another 
that their equimultiples have ; [Y. 15. 

therefore w^ is to 2? as J? is to /I 

But w^istoJ^asCistoZ). [ffypothesU. 

Therefore (7 is to 2) as JF is to i?: [V. 11. 

Again, because G and Hsxe equimultiples of C and D, 
therefore C7is'to 2) as ^ is to iJ. [V. 15. 

But it was shewn that C7 is to 2) as J^ is to i^. 

Therefore JS? is to i^ as G^ is to iJ. [V. 11. 

But when four magnitudes are proportionals, if the 
first be greater than the third, the second is greater than 
the fourth ; and if equal, equal ; and if less, less. [Y. 14. 

Therefore if E be greater than G, F ia greater than H; 
and if equal, equal ; and if less, less. 

But E and F are any equimultiples whatever of A and 
Bf and G and H are any equimultiples whatever of C 
and 2). [CoTUtruction. 

Therefore ^istoCas.8isto2). [V. D^nOion 5. 

Wherefore^ if four magnitudes &c q.b.d. 
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PROPOSITION 17. THEORBM. 



' magnitudes, taken jointly, he proportionals, they 
I also be proportionals when taken separately; that 
f two magnitudes taken together have to one qf them 
uxme ratio which two others have to one qf these, the 
aining one of the first two shall have to the other the 
9 ratio which the remaining one qfthe last two has to 
yther qf these, 

jet AB, BE, CD, DF be the magnitades which, taken 
Jy, are proportionals ; that is, let AB be to BE as CD 
> DF: they shall also be proportionals when taken 
rately ; that is, AE shall be to j$^ as OF is to FD, 

'ake of AE, EB, CF, FD any 
multiples whatever G^H, B.K, 
MN', 

again, of EB, FD take anr 
multiples whatever JTJf, jJVi'. 

'hen, becaose GH is Che same K 
iple of ^j^ that HK\% otEB ; 

3fore OH is the same multiple 
E that GK is of AB, [V. l. 

GH is the same mtiltiple of 
that LM is of CF, [C(mitr, 

)fore 6^iris the same multiple 
ff that Zif is of OP. 

.gain, because Z3f is the same 
iple of CF that MN is of FD, 

>fore LM is the same multiple of CF that LN is 
0. [V. 1. 

LM was shewn to be the same multiple of CF that 
IS of AB, 

herefore GK is the same multiple of AB that LN is 
iSy GK^xA LNsre equimultiples of AB and CD, 
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Agaan, because HK is the same multiple of EB that 
MNi& of FDj and that iTX is the same multiple of EB 
that NP is 01 JP2), [Ciymlmicbion, 

therefore HX is the same multiple 

of EB that MP is of JF7>; [V. 2. x 

that is, ^X and MP are equimulti- 
ples of j^5 and i^i>. 

And because AB is to j^J^as CD 
is to jDjF, [Hypothesis. 

and that 6rir and LN are equimul- 
tiples of AB and OZ), and iJX and 
MP are equimultiples of EB and 

thereforeif G^^be greater than HX, 
LN\& greater thanJfP; and if equal, 
equal ; and if less, less. [V. Def. 5. 

But if GH be greater than ZX, 
then, by adding the common mag- 
nituae HK to both, GK is greater 
than HX ; 
therefore also LN is greater than MP ; 

and, 1^ taking away the contmon magnitude MN from 
botn, JuM is greater than NP. 

Thus if GH be greater than KX, LM is greater than NP. 

In like manner it may be shewn that^ if GH be equal 
to KXj LM is equal to NP ; and if less, less. 

But GH and LM are any equimultiples whatever of 
AE and CF^ and KX and iVP are any equimultiples 
whatever of EB and FD\ [C<mstructifm. 

therefore ^-27 is to ^5 as (7i^ is to FD. [V. DifinUwa 6. 

Wherefore, if four magnitudes &c. q.b.d. 
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PROPOSITION 18. THEOREM. 

ff magnitudety taken separately , he proportioncUi, thep 
shall also he proportionals when taken jointly; that is, %f 
the first he to the second as the third to the fourth, the 
first and second together shall he to the second as the third 
and fourth together to the fourth 
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Let AE, EB, CF, FD be proportionals ; that is, let 
AE be to EB as CF is to FD\ they shall also be proper* 
tionals when taken jointly ; that is, AB shall be to BE as 
CZ> is to DF. 

Take of AB, BE, CD, DF any equimultiples whateyer 
GH, HK, LM, MN\ 

and, again, of BE, DF take any equimultiples whateyer 
KG, NP. 

The^ because KO and NP are equimultiples of BE 
and DFy and that KH and NM are also equimtdtdples of 
BE and DF ; [Oonstructwn, 

therefore if ITO, the multiple of BE, be greater than JETIF, 
which is a multiple of the same BE, then NP the multiple 
of DF is also greater than NM the multiple of the same 
DF; and if iTO be equal to JTff, NP is equal to NM^ 
and if less, less. 
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Firsts let KO be not greater than KII; 

therefore NP is not greater than N3f. 

And because Gff and ffK 
are equimultiples of ^^ 
and BjS, [Construction, 

and that AB is greater 
than i?j^, 

therefore GH is greater 
than HK; [V. ilaciom 3. 

but KO is not greater 
than Kff; [hypothesis. 

therefore GH is greater 
than KO. 

In like manner it may 
he shewn that LM is 
greater than NP, 

Thus if KO be not greater 

than KHy then GH, the multiple of ^^, is always greater 

than KO, the multiple of BE ; 

and likewise L3f, the multiple of OD, is greater than NP, 
the multiple of i>F. 

11 
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Next, let KO be greater than KH; 

therefore^ as has been shewn, NP is greater than NM. 

And because the whole GH is the same multiple of the 
whole AB that HK is of BE, [Construction. 

therefore the remainder GK is the same multiple of the 
remainder AE that GH isoiABy [V. 6. 



which is the same that LM is of CD, 



[Construction, 



In like manner, because the whole LM is the same 
multiple of the whole CD that MNIb of DF, [Construction. 

therefore the remainder LN is the same multiple of the 
remamder CF that LM is of CD. [V. 5. 

But it was shewn that LM is the same multiple of CD that 
^^isof^jB: 

Therefore GK is the same multiple of AE that LN is 
of CF; 

that is, GKaad LN are equimultiples of AE and CF. 

And because E^O and NP are equimultiples of BE and 
DF; [Construction, 

therefore, if from JTO and NP there be taken KH and 
NMf which are also equimultiples of BE and D/', [Constr. 

the remainders ^0 and 3fP are either equal to BE and 



DFy or are equimultiples of them. 

Suppose that HO and MP 
are equal to BE and Z>/^. 

Then, because AE is to j^i? 
as CjP is to FD, [Hypothesis. 

and that 6^^ and LN are 
equimultiples of AE and (7i^; 

therefore G^iT is to EBsia LN 
is to /7>. [V. 4, (7or. 

But ^O is equal to BE, and 
MP is equal to -D-F; [Hyp. 

therefore GKiB to JETO as ZiV 
'V to MP, 
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Dfore if OK be greater than HO, LN is greater than 
; and if equal, equal; and if less^ less. [V. A, 

gain, suppose that HO and MP are equimultiples 
3 and FD. 

, because AE is to EB 
?\&toFD\ [Hypothesis. 

that GK and ZiV are 
Qultiples otAE and (7jP, j 
HO and Jl/P are equi- 
pies of EB and /7> ; 

fore if GK be greater ^ 
flO, ZiV is greater than 
i and if equa^ equal ; and 
5, less ; [V. Definition 5. 

i was likewise shewn on 
recedmg supposition. < 
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ut if GH be greater than JTO^hen by taking the com- 
tnagnitude KH from both, GK is greater tmm HO ; 

fore also LN is greater than MP ; 

by adding the common magnitude NM to both, LM 
)ater than iVP. 

if GH be greater than KO, LMia greater than NP, 

i like manner it may be shewn, that if GH be equal 
0, LM is equal to NP ; and if less, less. 

nd in the case in which KO is not greater than KH, 
s been shewn that GH is always greater than KO, 
Iso Zif greater than NP, 

7H and LM are a^ equimultiples whatever of AB 
ID, and KO and NP are any equimultiples whatever 
E and DF, [Comtruction. 

fore AB is to BE bs CD la to 2>^. [V. i>i5^m«to« 6. 

therefore, if magnitude* &c. q.e.d. 
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PROPOSITION 19. ' THEOREM, 

If a whole magnitude he to a whole as a magnitude 
taken from the first is to a magnitude taken from the 
other i the remainder shall he to the remainder as the 
whole is to the whole. 

Let the whole AB be to the whole CD as AE^ a mag- 
nitude i^en from AB, is to CF, a magnitude taken from 
CD : the remainder EB shall be to the remainder FD as 
the whole AB is to the whole CD, 

For, because AB is to CD as AE is to 
CF, [Hypotliesis. 

therefore, alternately, AB is to AE as 

CD is to CF. [V. 16. E 

And if magnitudes taken jointly be pro- 
portionals, they are also proportionals 
when taken separately; [Y. 17. 

therefore EB ia to AE bsFD ia to CF; 

therefore, alternately, EB is to FD as B D 

AE is to CF. [V. 16. 

But AE is to CFas AB is to C7> ; [Hyp. 

tkereforeEBiaioFDBaABistoCD, [V.ll. 

Wherefore, if a whole &c. q.e.d. 

OoBOLLABT. If the whole be to the whole as a mag- 
nitude taken from the first is to a magnitude taken from 
the other, the remainder shall be to the remainder as the 
magnitude. taken from the first is to the magnitude tiaken 
from the other. The demonstration is contained in the 
preceding. 

PROPOSITION E. THEOREM. 

If four magnitudes he proportiotials, they shall also he 
proportionals hy conversion; that is, the first shall he to 
its excess above the second €U the third is to its excess above 
thsfourth 

Let ^^ be to ^j& as C2> is to DF: AB shall be to 
-4-^ as (72> is to (7^ 
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For, beoanse ^^ is to BE as Oi> is 
to DF'y [ffypoihuU. 

therefore, by diyision, AE is to EB as 
OF" is to FD; [V. 17. 

and, by inyersion, EB is to AE as FD 
is to CF. [V. B, 

Therefore, by compositioii, AB is to AE 
as (72> is to CF [V. 18. 

Whefrefore,i^<mrmagnitudes&c. Q.E.D. 
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PROPOSITION 20. THEOREM, 

If there he three magnitudes, and other three, whieh 
hate the same ratio, taken two and two, then, if the first 
he greater than the third, the fourth shall he greater than 
the sixth; and if equal, eqtuU; and if less, less. 

Let A, B, Che three ma^tades, and D, E, F other 
three, which nave the same ratio taken two and two ; that 
is, let ^ be to ^ as 2> is to ^, and let i? be to C as ^ is 
to i^: if ^ be greater than C, D shall be greater than F\ 
and if eqnal, equal ; and if less, less. 

First, let A be greater than C\ D 
shall be greater than F, 

For, because A is greater than C, and B 
is any other magnitude, 

therefore A has to ^ a greater ratio than 
(7hasto5. [V. 8. 

But ^istOj9as2>isto^; [ffypoihens, 

therefore D has to j^ a greater ratio than 
(7 has to A [V. 18. 

And because j9istoC7as^istoi^, Iffyp. 

therefore, by inyersion, C \b U> B ba F ib 
to E. rv. B. 

And it was shewn that 2> has to ^ a 
greater ratio than C has to B ; 
therefore 2> has to ^ a greater ratio than 
FhsAioE; [V. 13, (7or. 

therefore D is greater than F. [V. 10. 
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Secondly, let A be equal to C7; 2> shall 
be equal to F, 

For, because A is equal to (7, and B is any 
other magnitude, 

therefore -4 is to 5 as (7 is to 5. [V. 7. 

But ^ is to j9 as Z> is to E^ [ffypothem, 

and (7is to j&as jPis to^, [ffyp.Y.B, 

therefore Z> is to J^ as jP is to J^; [V. 11. 

and therefore 2> is equal to F, [V. 9. 

Lastly, let A be less than C: D shall 
be less than F^ 

For C7is greater than A ; 

and, as was shewn in the first case, C7 is to 
BaBFiaioE; 

and, in the same manner, ^ is to ^ as j& is 
toZ>; 

therefore, by the first case, F is greater 
than D; 

that is, 2> is less than F, 

Wherefore, if there be three &c. q ji.d. 
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PROPOSmOK 21. TBEOREM. 

If there he three magnittuks, and other three, which 
have the same ratio, taken ttoo and two, but in a cross 
ordery then if the first be greater than the third, the 
fourth shall be greater than the sixth; and if equai, 
equal; and if less, less. 

Let A, B, C be three magnitudes, and D, E, F other 
three, which hare the same ratio, taken two and two, but 
m a cross order; that is, let -4 be to jB as ^ is to F, and 
let j5 be to (7 as i> is to j&: if ^ be greater than C, D 
shall be greater than F\ and if equal equal : and if less, 
less, 

Firat, let A be greater than C\ D shall be greater 
lan F, 
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because A is greater than Q 
B is any other magnitude, 

dfore A has to ^ a greater ratio 
(7 has to j5. [V. 8. 

^isto^as^istojP; [Hypothesis, 

efore B has to i^ a greater ratio 
C has to j5. [V. 13. 

. because J7 is to C as 2> is 

', [Hypothesis, 

efore, by inversion, (7 is to ^ as 
to 2>. [V. ^. 

. it was shewn that B has to i^ a 
.ter ratio than C has to B; 

efore j& has to J* a greater ratio 
iBhsatoD; [V. 13, <7or. 

efore F is less than D ; [V. 10. 

is, 2> is greater than F, 

Secondly, let A be equal to (7: D 
1 be equal to F, 

, because A is equal to C7, and j5 
ly other magnitude, 

•efore -4 is to 5 as C7 is to J7. [V. 7. 

^isto^asj^istOjF; [Hyp, 

Giaix)BsaBiaioD;[Hyp,Y,£. 

-eforeBiaioFB&BiaioD; [V.ll. 

therefore D is equal to F, [V. 9. 

Lastly, let A be less than C: D 
1 be less than F 

G is greater than A ; 

, as was shewn in the first case, 
I to ^ as J? is to Z> ; 

, in the same manner, ^ is to ^ as 
itoB; 

refore, by the first case, jPis greater 
aD; 

t is, i> is less than F, 

yfherefore, if tl^ere he three &c, Q.B.D. 
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PROPOSITION 22. THEOREM, 

If there he any number qf magnittideSf and as many 
others y which have the same ratiOy taken ttoo and two in 
order, the first shall have to the last qf the first mag- 
nitudes the same ratio which the first of the others has 
to the last. 

[This proposition is usually cited by the words ex cegualiJ] 

First, let there be three magnitudes Ay B, C^ and other 
three 2>, E, Fy which have the same ratio, taken two and 
two in order ; that is, let ^ be to J? as 2> is to J?, and let B 
betoCasJ^isto^: A shall be to (7 as 2> is to /*. 

Take of A and D any equi- 
multiples whatever G and S; 

and of B and E any equimul- 
tiples whatever K and L ; 

and of G and F any equimul- 
tiples whatever Jf and N. 

Then, because ^ is to ^ as 2> 
is to -&; [Hypothesis. 

and that O and H are equi- 
multiples of ^ and 2>, 

and K and L equimultiples of 
B and E ; [Construction, 

therefore (7istoirasJ7isto 
L. [V. 4. 

For the same reason, JT is to Jf as X is to iV. 

And because there are three magnitudes O, K, jSf, and 
other three H, Z, N^ which have the same ratio taken two 
and two, 

therefore if O be greater than if, H is greater than N\ 
and if equal, equal ; and if less, less. [V. 20. 

But O and H are any equimultiples whatever of A and 2>, 
and ilf and iVare any equimultiples whatever of (7 and F. 

Therefore ^ is to C as 2> is to Z'. [V. Dtfinibim 5. 

Next, let there bo four magnitudes, A^ B, C, D, and 
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r four E, F, G, H, which haye the 
) ratio taken two and two in order ; 
Bly.let ^ be to ^ as j^ is to jP, and 
. C? as /'istoe?, and(7to2>as 
to H: A shall be to Z> as j& is to ^. 

Tor. because A, B, C are three maj^tudesy and E, F, O 
r three, which have the same ratio, taken two and two 
rder, [Hypothesis, 

efore, by the first case, ^istoC7asJ^isto(?. 

CistoZ^asG^isto-ff; [Hypothesis. 

efore also, by the first case, ^ is to D as ^ is to ^. 

^nd so on, whatever be the number of magnitudes. 

therefore, if there be any number &c. q.b.i>. 



PROPOSITION 23. THEOREM. 

f there be any number of magnitudes, and as many 
\rs, which have the same ratio, taken two and two in 
•OSS order, the first shall have to the last of the first 
ynitudes the same ratio which the first of the others 
to the last. 

First, let there be three magnitudes. A, B, (7, and other 
50 2>, E, F, which have the same ratio, taken two and 
in a cross order ; namely, let -4 be to 5 as j& is to F, 
BtoC^DisioE: A shall be to C as 2) is to i^. 

Take of A, B, D 2im 
imultiples whatever 6?, 
K; and of C, E, F 2jlj 
imultiples whatever Jb, 

N, 

m because G and H are 
dmultiples of A and B, 

L that magnitudes have 

same ratio which their 

dmultiples have ; [V. 16. 

irefore -4 is to -B as G^ is 
K 

id, for the same reason, 

isto^as Jf is toiV. 
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But ^iflto^aflj^isto 
F* [Hypothms, 

Therefore G^ is to ^T as ilf 
is to iV. [V. 11. 

And because ^ is to C7 
as Z> is to J?, [Hypothms. 

and that H and K are 
equimultiples of ^ and D, 

and Z and M are equimul- 
tiples of G and j&; [Cbrw^r. 

therefore J7 is to Z as iT 
is to Jf. [V. 4. 

And it has been shewn 
that (7 is to IT as ilf is 

toiV. 

Then since there are three magnitudes G, JB, L, and 
other three JT, M, N, which haye the same ratio, taken two 
and two in a cross order; 

therefore if 6r be greater than Z, JT is greater than N; and 
if equal, equal ; and if less, less. [V. 21 . 

But G and JBT are any equimultiples whateyer of A and D, 
and Z and N are any equimultiples whateyer of C and F; 
therefore ^ is to (7 as /> is to jFT [V. JD^nUion 6. 

Next) let there be four magnitudes 
A, B, C, 2>, and other four E, F, G, H, 
which haye the same ratio, taken two 
and two in a cross order ; namely, let 
A be to ^ as 6^ is to J9; and j9 to a 
as i^ is to 6^, and C to i> as j^ is to jP : 
A shall betoi>as^isto^. 

For, because A^ By C are three magnitudes, and F^ G, IT 
other three, which haye the same ratio, taken two and two 
in a cross order ; [ffypothesit, 

therefore, by the first case, ^listoCas^istojET. 

But Cis to Z> as J^is to i^; [ffifpoihesis. 

therefore also, by the first case, ^istoDasJ^istoZT. 

And so on, whateyer be the number of magnitudes. 



Wiereforey if tJiere^e any ntmiber &c. q.s.d. 
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PROPOSITION 24. THEOREM. 

If the Jtrtt have to the teeond the tame ratio which the 
third 7uz8 to the fourth^ and the fifth have to the second 
the same ratio which the sixth has to the fourth^ then the 
first and fifth together shaXL have to the second the same 
ratio which the third and sixth together have to the fourth. 

Let AB the first have to C the second the same ratio 
which DE the third has to F the fourth ; and let BG the 
fifth have to G the second the same ratio which EH the 
axth has to F the fourth : AG, the first and fifth together, 
shall have to G the second the same ratio which DH, the 
third and sixth together, has to jPthe fourth. 

For, because BG is .to C as EH 
is to -F, Iffypothesis, 

therefore, by inversion, C7 is to BG 
MFisioEH [V, jB. 

And because AB is to (7 as DE is 
to F, [Hypothms, 

and Cis to BG as Fi& to EH; 

therefore, ex aequali, AB is to BG 
vaDEisioEH. [V. 22.' 

And, because these magnitudes are 
proportionals, they are also propor- 
tioimls when taken jointly ; [Y. 18. 

therefore ^(7 is to i?(7 as DH is to EH. 

But BGlato OBsEHia to F; 

therefore, ex sequali, AG is to Gslb DH is to F, [V. 22. 

Wherefore, if the first &c. q.e.d. 

CoBOLLARY 1. If the same hypothesis be made as in 
the proposition, the excess of tlie first and fifth shall be to 
the second as the excess of the third and sixth is to the 
fourth. The demonstration of this is the same as that of 
the proposition, if division be used instead of composition, 

OoBOLLABY 2. The proposition holds true of two ranks 
of magnitudes, whatever be their number, of which each of 
the first rank has to the second magnitude the same ratio 
that the corresponding one of the erecond rank has to the 
fourth magnitude ; as is manifest. 
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PROPOSITION 25. THEOREif, 

If four magnitudes qf the same kind be proportional, 
the greatest and least qf them together shall he greasier 
than the other ttoo together. 

Let the four magnitudes AB, CD, E, F be propor- 
tionals; namely, let AB be to CD as E is to F; and let 
AB be the greatest of them, and consequently F ihe 
least: \Y,A,Y.U. 

AB and F together shall be greater than CD and E 
together. 

Take AG equal to Ey and ^ 

CH equal to F, 

Then, because AB is to CD as ( 

E\s\XiFy IBr/pothesis, 

and that ^G^ is equal to E, and 
CH equal to F ; [Construction, 

therefore AB is to CD aa AG 
is to Cff. [V. 7, V. 11. 

And because the whole AB is to A C E F 

the whole CD bs AG is to CH; 

therefore the remainder GB is to the remainder HD as 
the whole AB is to the whole CD, [V. 19. 

But AB is greater than CD ; [Eypothesis* 

therefore BG is greater than DH, [V. A, 

And because AG is equal to E and C^^^T equal to F, [Conatr, 

therefore AG and F together are equal to CH and E 
together. 

And if to the unequal magnitudes BG, DH, of which 
BG is the greater, there be added equal magnitudesi 
namely, AG and F to BG, and CH and ^ to DH, then 
AB and J* together are greater than CD and E together. 

Wherefore, if four magnitudes &c, q.b.d. 





BOOK VI. 



DBFINITIONa 



1. SiHiLAB rectilineal 
figares are those ivhich 
have their several angles 
equal, each to each, and 
the sides about the equal 
angles proportionals. 

2. Reciprocal figures, namely^ triangles and parallelo- 
grams, are such as have their sides about two of their 
angles proportionals in such a manner, that a side of the 
first figure is to a side of the other, as the remaining side 
of this other is to the remaining side of the first. 

3. A straight line is said to be cut in extreme and 
mean ratio, when the whole is to the greater segment as 
tibe greater segment is to the less. 



4^ The altitude of any figure is 
the straight line drawn from its ver- 
tex perpendicular to the base. 





174 EUCLWS ELEMENTS. 



PEOPOSITION 1. THEOREM. 

Trianglet and parallelograms of the same altitude are 
to one another as their hoses. 

Let the triangles ABC^ ACD, and the parallelograms 
EC, CF have the same altitude, namely, the pen>en<Sciilar 
drawn from the point A to BD : as the base BU is to the 
base CD, so shall the triangle ABC be to the triande A CD, 
and the parallelogram EC to the parallelogram Cf. 

Produce BD both 
ways; 

take any number of 
straight fines BG, GH, 
each equal to BG, and 
any number of straight 
lines DK, KL, each 
equal to (72>; [1.8. 

and join A G, AH, AK, 
AL. 

Then, because CB, BG, GHdxe all equal, [Ooratruetion. 

the triangles ABC, AGB, AHG are all equal [I. 38. 

Therefore whatever multiple the base HC is of the base 
BC, the same multiple is the triangle AHC of the tri- 
angle ABC, 

For the same reason, whatever multiple the base CL is of 
the base CD, the same multiple is the triangle ACL of 
the triangle ACD, 

And if the base HC be equal to the base CL, the triangle 
AHC is equal to the triande ACL; and if the base HC 
be greater than the base C£, the triangle AHC is greater 
than the triangle ACL ; and if less, less. [I. 88. 

Therefore, since there are four magnitudes, namely, the 
two bases BC, CD, and the two triangles ABC, ACD; 
and of the base BC, and the triangle ABC, the first and 
the third, any equimultiples whatever have been taken, 
namely, the base HC and the triangle AHC; and of the 
base uD and the triangle ACD, the second and the fourth, 
any equimultiples whatever have been taken, namely, the 
base CL and the triangle ACL ; 
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and since it has been shewn that if the base HC be greater 
than tl^e base CL. the triangle AHO is greater t^m tiie 
triangle ACL \ and if equal, equal; and if less, less; 

therefore as the base BC is to the base C7Z>, so is the 
triangle ABC to the triangle ACD, [V. D^nitwn 5. 

And, because the parallelogram CE is double of the 
triangle ABGy and the parallelogram CF is double of the 
triangle ^(7i>; [1.41. 

and that magnitudes have the same ratio which their equi- 
multiples have; [V. 15. 

therefore the parallelogram EC is to the parallelogram CF 
as the triangle ABCia to the triangle AvD. 

But it has been shewn that the triangle ABO is to the 
triangle ACD'ba the base BC is to thel)ase CD] 
therefore the parallelogram EC is to the parallelogram CF 
as the base BO is to the base CD, fST. 11. 

Wherefore, triangles &c. q.e.d. 

CoBOLLABY. From this it is plain that triangles and 
parallelograms which have equal altitudes, are to one an- 
other as their bases. 

For, let the figures be placed so as to have their bases 
m the same straight line, and to be on the same side of it; 
and haying drawn perpendiculars from the vertices of the 
triangles to the bases, the straight line which joins the ver- 
tices IS parallel to that in which their bases are ; [I. 33. 

because the perpendiculars are both equal and parallel to 
one another. [1.28. 

Then, if the same construction be made as in the pro- 
position, the demonstration will be the same. 

PROPOSITION 2. THEOREM. 

If a straight line he drawn parallel to one cf the sides 
of a triangle, it shM cut the other sides, or those sides 
prodttced, proportionally; and if the sides, or the sides 
produced^ he cut proportionally, the straight". line which 
joins the points of section, shall he paraUel to the re- 
maining side qf the triangle. 
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Let DE be drawn parallel to BC, one of the sides of 
the triangle ABC: BD shall be to i>^ as (7^ is to EA. 




Join BE, CD. 
Then the triangle BDE is equal to the triangle CDE^ 
because they are on the same base DE and between the 
same parallels DE, BC. [I. 87. 

And ADE is another triangle ; 

and equal magnitudes have the same ratio to the same 
magnitude ; [^« 7. 

therefore the triangle BDE is to the triangle ADE as the 
triangle CDE is to the triangle ADE, 

But the triangle BDE is to the triangle ADE as BD 

\&%0 DA'y 

because the triangles have the same altitude, namely, the 
perpendicular drawn from E to AB, and therefore they are 
to one another as their bases. [YI. 1. 

For the same reason the triangle CDE is to the triangle 
ADE 2A CE \a \^ EA. 

Therefore j?2>is to DA as CESa to EA. [Y. 11. 

Next, let BD be to 2>^ as CJ& is to EA, and johi DE\ 
DE shall be parallel to BC. 

For, the same construction being made, 

because BD is to DA as (7^ is to EA, IHypoAmii, 

and as BD is to DA, so is the triangle BDE to the 
triangle ADE, [VL 1. 

and as Cj&' is to EA so is the triangle CDE to the triangle 
ADEi [VI. 1. 
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therefore the triangle BDE is to the triangle ADE as the 
triangle ODE is to the triangle ADE-, [V. IL 

that is, the triangles BDE and CDE have the same ratio 
to tiie triangle ADE. 

Therefore the triangle BDE is equal to the triangle 
CDE. [Vi 9. 

And these triangles are on the same base DE and on the 
same side of it; 

but eqnal triangles on the same base, and on the same side 
of it, are between the same parallels ; [I. 89. 

therefore DE is parallel to BC, 

Wherefore, if a straight line &a Q.s.D« 



PEOPOSITION 8. THEOREM. 

If the vertical angle qfa triangle be bisected by a straight 
line which also cuts the base, the segments of the base shall 
have the same ratio which the other sides of the triangle 
have to one another; and if the segments of the base have 
the same ratio which the other sides of the triangle have to 
one another, the straight line dratvnfrom the vertex to the 
point of section shall bisect the vertical angle. 

Let ABG be a triangle^ and let the angle BAG be 
bisected by the straight Ime AD, which meets the base at 
2>: BD shall be to DC' as j?^ is to AC. 

Through C draw CE 
parallel to DA, [I. 81. 

and let BA produced 
meet CE at E. 

Then, because the 
straight line AC meets 
the parallels AD, EC, 
the angle ACE is equal 
to the alternate angle 
CAD\ [L29. 

but the angle CAD is, by hypothesis, equal to the angle 
BAD\ 

therefore the angle BAD is equal to the angle ACE. [Ax. 1. 

12 
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A^Bin, because the straight line BAE meets the i>arallels 
Ab, ECj the exterior angle BAD is equal to the interior 
and opposite angle AEC\ [I. 29. 

but the angle BAD has 
been shewn equal to the 
angle ACE; 

therefore the angle A CE 
is equal to the angle 
AE6\ [Axiom 1. 

and therefore AC is 
equal to AE. [I. 6. 

And, because AD is 
parallel to EC. [Constr. 
one of the sides of the 
triangle BCE, 

therefore BD is to DC^aBA is to -4J&; [VL 2. 

but AE is equal to AG; 

therefore ^D is to DCb& ^^ is to AC. [V. 7. 

Next, let BD be to DC sa BA iaU} AC, and join AD: 
the angle ^^C shall be bisected by the straight line AD, 

For, let the same construction be made. 
Then BD is to 2>(7as ^^ is to AC\ [Eypoifieaia. 

and ^2> is to 2>(7as ^^ is to AEy [VL 2. 

because AD is parallel to EC ; [Construetian, 

therefore i?-4 is to ^C as 5-4 is to AE ; [V. 11. 

therefore AC is equal to AE ; [V. 9. 

and therefore the angle AEC is equal to the angle A CE. [L 5. 
But the angleul^Cis equal to the exterior angle 5^2) ; [1. 29. 
and the angled (7j^is equal to the alternate angle CAD ; [L 29. 
therefore the angle BAD i9 equal to the angle CAD ; [Aa^ 1. 
that is, the angle BACis bisected by the straight line AD, 

Wherefore, if the vertical angle &a q.b.d. 
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PROPOSITION A. THEOREM. 

If the exterior angle of a triangle, made by producing 
one qf its sides, be bisected by a straight line which also 
cuts the base produced, the segrnenis between the dividing 
straight line and the extremities qf the base shall have the 
same ratio which the other sides of the triangle have to 
one another; and if the segments qf the base produced 
have the same ratio which the other sides qf the triangle 
have to one another, the straight line drawn from the 
vertex to the point qf section shall bisect the exterior angle 
qfihe triangle. 

Let ABC be a triangle, and let one of its sides BA be 

E reduced to E; and let the exterior angle CAE be 
isected by the straight line AD which meets the base 
produced at D: BD shall be to I>(7 as j9^ is to AC. 

Through C draw CF 
parallel to AD, [I. 81. «• 

meeting AB at F. 

Then, because the 
straight line AC meets J^ 

the parallels AD, FC, the 

angle A CF is equal to the 

altemateangle a42>;[1.29. B D 

but the angle CAD is, by hypothesis^ equal to the angle 
DAE; 

therefore the angle DAE is equal to the angle ACF, [A», 1. 

Again, because the straight line FAE meets the {wrallels 
AD, FC, the exterior angle DAE is equal to the interior 
and opposite angle AFC; [I. 29. 

but the angle DAEhsA been shewn equal to the angle ACF\ 

therefore the angle ACF is equal to the angle AFC-, [Ax, 1. 

and therefore ACSa equal to AF, [I. 6. 

And, because AD is paralled to FC^ [ComtTuction» 

one of the sides of the triangle BCF ; 

therefore ^2> is to 2>(7as BA is to AF; [VI. t. 

but ^jPis equal to AC\ 

therefore BD is to DC as BAUUi AC. [V. 7. 

12—2 
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Next, let BD be to DO 
as BA is to AC\ and join 
AD\ the exterior ande 
CAE shall be bisected by 
the straight line AD. 

For, let the same con- 
struction be made. 

Then BD ]aU} DC 2aBA 
is to ^ C' ; [ffypoihesis. 

and BD is to I>(7 as ^^i is to AF; [VI. 2. 

therefore 5-4 is to ^(7 as 5-4 is to AF; [V. 11. 

therefore ^C is equal to AF, [V, 9. 

and therefore the angle A CFis equal to the angle AFC, [1. 5. 

But the angle .4^(7 is equal to the exterior angle 2).45; [1. 29. 

and theangle^C!Fis equal to the alternate angle CAD ; [1. 29. 

therefore the angle CAD is equal to the angle DAE; [Ax. 1. 

that is, the angle CAE is bisected by the straight line AD. 

Wherefore, iftlie exterior angU &c. Q.B.D. 



PROPOSITION 4. THEOREM. 

The sides about the equal angles qf triangles which are 
equiangular to one another are proportionals; and tJwse 
which are opposite to the equal angles are homologous sides, 
that is, are the antecedents or jthe consequents o/the ratios. 

Letthetriangle.45(7be equiangular to the triangle2>0[^, 
haying the angle ABC equal to the angle DCE, and the angle 
ACB equal to the angle DEC. and consequently the an^le 
j?^ (7equal to theangle 672)5: the sides about the equal angles 
of thetnangles J5a DCE, 
shidl be proportionals ; and 
those shall be the homolo- 
gous sides, which are oppo- 
site to the equal angles. 

Let the triangle DCE 
be placed so that its side CE 
may be contiguous to BC, 
ana in the same straight 
line with it [1. 22. 




r- 
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Then the angle BCA is equal to the angle CED ; \Hy^, 

add to each the angle ABG\ 

therefore the two angles ABC^ BCA are equal to the two 
angles ABG^ CED ; \Avi(m 2. 

but the angles ABC^ BCA are together less than two 
right angles; [1. 17. 

therefore the angles ABC^ CED are together less than 
two right angles ; 

therefore BA and ED^ if produced, will meet Uajtom 12. 

Let them be produced and meet at the point F, 

Then, because the angle ABC is equal to the angle 
DCEy [Hypothesis, 

BF is parallel to CD \ [I. 28. 

and because the angle ACBls equal to the angle DECy [Byp, 

AC is parallel to FE. [I. 28. 

Therefore FACD is a parallelogram; 

and therefore -4^is equal to CZ>,and^C7is equal to JF7>. [1. 84. 

And, because AC ia parallel to FE, one of the sides of 
the triangle FBE, 

therefore -ffw4 is to AF naBCiBioCE; [VI. 2. 

but AF is equal to CD ; 

therefore BA is to CD as BC is to CE ; [V. 7. 

and, alternately, AB is to 5(7 as DC is to CE. [V. 16. 

Again, because CD is parallel to BF, 

therefore BC is to CE as FD is to DE ; [VI. 2. 

but FD is equal to AC; 

therefore 5(7 is to Ci& as -4(7 is to DE ; \Y. 7. 

and, alternately, BC is to (7^ as CE is to ED, [V. 16. 

Then, because it has been shewn that AB is to BC as DC 
is to CEy and that BCia to CA as CEis to 52>; 

therefore, ex sequali, BA is to AC B3 CD is to DE, [V. 22. 

Wherefore, the sides &c. q.e.d. 

PROPOSITION 5, THEOREM. 
If the sides of two trianglesy about each of their angleSy 
he proportioncUs, the triangles shall be equiangular to one 
another y and shall ham thoseangles equal tohichareopposite 
to the himologotu sides^ 
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Let the triangles ABO^ DEF haye their sides propor- 
tional, so that AB is to i?a as DE is to EF\ and Bu to 
CA as EF is to FD-, and, consequently, ex sequali, BA 
to ^(7 as ED is to 2>jP: the triangle AJBC shall be equian- 
gular to the triangle Z)^/", and they shall have those angles 
equal whidi are opposite to the homologous sides, namely, 
the angle ABC equal to the angle DEF, and the angle 
BCA equal to the angle EFD, and the angle BAG equal to 
the angle EDF, 

At the point E^ in the 
straight line EF^ make the 
angle FEG equal to the angle 
ABG\ and at the point F^ in 
the straight line EF^ make the 
angle JEFG equal to the angle 
BOA ; [I. 28. 

therefore the remaining an^le 
EGF is equal to the remam- 
ing angle ^AC, 

Therefore the triangle ABC is equiangular to the triangle 
GEF\ 

and therefore they have then* sides opposite to the equal 
angles proportionals ; [YI. L 

therefore ul^ is to ^(7a8 G^j^ is to EF: 

But ^J9 is to BG2A DE\sU> EF: [HypaOuta. 

therefore DEhsix) EFm GEia to EF; [V. 11. 

therefore DE is equal to GK [Y. 9. 

For the same reason, D^is equal to GF, 

Then, because in the two triangles DEF, GEF, 
DE is equal to GE, and EF is common ; 

the two sides DE, EF are equal to the two sides GE, EF, 
each to each; 

and the base DjPIs equal to the base GF; 

therefore the angle DEFis equal to the angle GEF, [L 8. 

and the other angles to the other angles, each to each, to 
which the equal sides are opposite. [1. 4. 

therefore the ans^le DFE is equal to the angle GFE, and 
the angle EDF is equal to the angle EGF. 
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And, because the angle DEF is equal to the angle GEF^ 
and the angle QEF is equal to the angle ABG^ [d/Mir, 

therefore the angle ^^(7 is equal to the angle 2>^jF'. [Ax, 1. 

For the same reason, the angle AGE is equal to the angle 
DFE^ and the angle at ^ is equal to the angle at D, 

Therefore the triangle ABC is equiangular to the triangle 
DEF, 

Wherefore, if the sides &c. q.e.d. 



PROPOSITION 6. THEOREM. 

If two triangles have one angle cf the one equal to one 
angle cf the others and the sides about the equal angles 
proportionals^ the triangles shall "be equiangular to one 
another, and shall have those angles equal which are op- 
posite to the homologous sides. 

Let the triangles ABC, DEF have the angle BAG in 
the one, equal to the angle EDF in the other, and the 
sides about those angles proportionals, namely, BA to AG 
as ED is to DFi the triangle ABG shall be equiangular to 
the triangle DEF, and shall have the angle ABG equal to 
the angle Z>^jP,and the angle A GB equal to the angle DFE, 

At the point D, in the 
straight lmei>^, make the K j^ 

angle jPi>6^ equal to either / \ /^ 

oftheanglesA-40;j&i>i^; / \ /\ ^^^ 

and at the point F, in the 
straight line DF, make 

the angle DFG equal to ^ ^ 

the angle -405; [1.23. B E F 

therefore the remaining angle at G is equal to the remain* 
ing angle at B, 

Therefore the triangle ABG is equiangular to the triangle 
DQFi 

therefore 5^ is to ud(7 as (72> is to DF. [TI. 4. 

But 5^ is to AG HA ED is to DF; [ffypothesii. 

therefore J?2> is to DJF'as G^D is to DF; [V. 11. 

therefore ED is equal to GD. [V. d. 
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And 1>F is common to the two triangles EDF^ QDF\ 
therefore the two sides ED^ DF are equal to the two sidei 
G^2>, i)/', each to each ; 

and the angle EDF is equal 
to the angle GDF\ [Constr. 

therefore the base EF is 
equal to the base GF, and 
the triangle EDF to the 
trian|^le GDF, and the re- 
mainmg angles to the re- 
maining angles, each to each, 
to which the equal sides are 
opposite ; [I. 4. 

therefore the angle DFG is equal to the angle DFE, and 
the angle at G is equal to the angle at E, 

But the angle DFG is equal to the angle AGB; [Oonstr, 
therefore the angle ACBis equal to the angle DFE, [Ax. 1, 
And the angle BA C is equal to the angle EDF; [Bypothesis. 

therefore the remaining angle B,t B ia equal to the remain^ 
ing angle at J^. . 

Therefore the triangle ABC is equiangular to the triangle 
DEF. 

Wherefore, if two triangles &o» q.b.d. 

PROPOSITION 7. THEOREM. 

If two triangles have one angle of the one equal to one 
angle of the other, and the sides about ttoo other angles 
proportionals; then, if each of the remaining angles be 
either less, or not less, than a right angle, or if one of 
them be a right angle, the triangles shall he equiangidar 
to one another y and shMl have those angles equal about 
which the sides are proportionals. 

Let the triangles ABG, DEF have one angle of the 
one equal to one angle of the other, namely, the angle 
BAC equal to the angle EDF, and the sides about two 
other angles ABC, DEF, proportionals, so that AB is to 
BC as DE is to EF; and, first, let each of the remaining 
angles at C and F be less than a right angle : the triangle 
^i?(7 shall be equiangular to the triangle DEF^ and shall 




A 
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have the angle ABC equal to the angle DEFy and the 
angle at-C/eqnal to the angle at F, 

For, if the angles ABCy 
DEF be not equal, one of 
them must be greater than 
the other. 

Let ABG be the greater, 
and at the point By in the 
straight line AB^ make the 
angle ABQ equal to the angle DEF. [1. 23. 

Then, because the angle at ul is equal to the angle at 2>, \Hy^. 

and the angle ABQ is equal to the angle DEFy [Cotu^. 

therefore the remaining angle AQB is equal to the re- 
maining angle DFE\ 

therefore the triangle ABQ is equiangular to the triangle 
DEF, 

Therefore AB is to -B(? as DJ^is to EF. [VI. 4. 

But AB is to i?a as DE is to EF\ [Hy^ikmt, 

therefore AB\%\xi BC^a AB\&\fiBG\ [V. 11. 

therefore BC\& equal to BQ \ [V. 9. 

and therefore the angle BCG is equal to the angle BGO, [1. 5. 
But the angle BOCt is less than a right angle ; [Ey^, 
therefore the angle BGG is less than a right angle ; 

and therefore the adjacent angle AQB must be greater 
than a right angle. [1. 13. 

But the angle AQB was shewn to be equal to the angle 
ati^; 

therefore the angle at F is greater than a right angle. 

But the angle at F is less than a right angle ; [JETj^po^Aests. 

which is absurd. 

Therefore the angles ABG and DEF are not unequal ; 
that is, they are equal. 

And the angle at A is equal to the angle at D\ \nyp>t\mi, 

therefore the remaining angle at C is equal to the remain- 
ing angle at i^; 

therefore the triangle ABC is equiangular to the triangle 
DEF. 
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[1.5. 



Next, let each of the angles at C and F be net less 
than a right an^e : the triangle ABC shall be equiangular 
to the triangle I)EF. 

For, the same con- 
struction being made, 
it may be shewn in the 
same manner, that BC 
is equal to BG ; 

therefore the angle 

BCG is equal to the 

angle BGG. 

But the angle BCG is not less than a right angle ; [Hyp. 

therefore the angle BGC is not less than a right angle ; 

that is, two angles of the triangle BCG are together not 
less than two right angles ; which is impossible. [I. 17. 

Therefore the triangle ABC may be shewn to be equi- 
angular to the triangle DEF, as in the first case. 

Lastly, let one of the angles at C and i^ be a right 
angle, namely, the angle at (7: the triangle ABC shall be 
equiangular to the triangle DEF, 

For, if the triangle ABC 
be not equiangular to the 
triangle SEFy at the point 
By in the straight line AB, 
make the angle ABG equal 
to the angle DEF, [I. 23. 

Then it may be shewn, as 
in the first case, that BC 
is equal to BG ; 

therefore the angle BCG is 
equal to the angle ^69^C7. [1. 5. 

But the angle BCG is a 
right angle: [Hypothesis, 

therefore the angle BGC 
is a right angle ; 

that is, two angles of the triangle BCG are together equal 
to two right angles ; which is impossible. [1. 17. 

Therefore the triangle ABC is equiangular to the triangle 
DEF. 

Wherefore, if two triangles &c. q.e.d. 
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PROPOSITION 8. THEOREM. 

In a right-angled triangle^ ifaperpendicidar be drawn 
from the right angle to the base, the triangles on each side 
of it are similar to the whole triangle, and to one another. 

Let ABC be a right-angled triangle, havinff the right 
angle BAG\ and from the point A, let AD be drawn per- 
pendicular to the base BO: the triangles DBA, DAG 
shall be similar to the whole triangle ABC, and to one 
another. 

For, the angle BAG is equal 
to the angle BDA, eadi of them 
being a right angle, [Axiom 11. 

and the angle at B is common to 
the two triangles ABC, DBA ; 

therefore the remaining angle 
AGB is equal to the remaining 
angle DAB. 

Therefore the triangle ABC is equiangular to the triangle 
DBA, and the sides about their equal angles are propor- 
tionals; [YI. 4. 

therefore the triangles are similar, [YI. DffirMon 1. 

In the same manner it may be shewn that the triangle 
DAG is similar to the triangle ABC, 

And the triangles DBA, DAC being both similar to the 
triangle ABC, are similar to each other. 

Wherefore, in a right-angled triangle &c. qj!.i>. 

CoBOLLABY. From this it is manifest^ that the perpen- 
dicidar drawn from the right angle of a right-angled 
triangle to the base, is a mean proportional between the 
segments of the base, and also that each of the sides is a 
mean proportional between the base and the segment of 
the base adjacent to that side. 

For, in the triangles DBA, DAG, 

^2> is to 2>^ as 2>^ is to DC-, [VI. 4. 

and in the triangles ABC, DBA, 

BOiA to BA B& BAiB to BD; [VI. 4. 

and in the triangles ABO, DAG, 

BGia to 04 as CM is to CD. [VI. 4. 




188 EUCLID'S ELEMENTS. 

PROPOSITION 9. PROBLEM. 
From a given straight line to cut qf any part required. 

Let AB be the giyen^straight line : 
it is required to cut off any part from it 

From the point A dravr a straight 
line AGy making any angle with AB; 

in^flG^ taJse anypoint 2), and take^Cthe 

same multiple ofAD^ that AB is of the 

part which is to be cut off from it ; join 

BO. and draw DE parallel to it AE ^ 

shall be the part required to be cut off ^y 

For, because ED is parallel to BC, [Ccmstrudion. 

one of the sides of the triangle ABC, 

therefore (72) is to DA as BE is to EA ; [VI. 2. 

and, by composition, CAiato AD as BA is to AE, [V. 18. 

But CA Is a multiple of AD ; [Construction, 

therefore BA is the same multiple of AE ; [V. 2>. 

that is, whatever part AD is of AC, AE is the same part 
of AB. 

Wherefore, from the given straight line AB, the part 
required has been cut off. <i.e.p. 

PROPOSITION' 10. PROBLEM, 

To divide a given straight line similarly to a given 
divided straight line, that is, into parts which shaU have 
the same ratios to one another, that the parts qf the given 
divided straight line have. 

Let AB be the straight line given to be divided, and 
ACihe given divided straight line : it is required to divide 
AB simuarly U> AC. 

Let AC he divided at the pohits 
D, E; and let AB, AC be placed 
so as to contain any angle, and join 
BC ; through the point D. draw DF 
parallel to iC, ana througn the point 
E draw EG parallel to BC. [I. 81. 

AB shall be divided at the points 
F, G, similarly to AC. 
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Through 2) draw D^JT parallel to AB, [I. 81. 

Then each of the figures FH, HB is a parallelogram ; 
therefore 2>^is equal to FG^ and HK\& equal to GB, [I. ZL 
Then, because HE is parallel to KG, [ComtructUm, 

one of the sides of the triangle DKGy 
therefore KH is to HD as CE is to ED. [VI. 2. 

But KHia equal to BGy and HD is equal to G^i^; 
therefore 56;^ is to GFm GEiaio ED. [V. 7. 

Again, because jPi> is parallel to GEy [C<m»truetum. 

one of the sides of the triangle AGE, 

therefore GF is io FA aa ED ia to DA. [VI. 2. 

And it has been shewn that BG is to GF as CE is to ED. 

Therefore BG is to GFm CEiaio ED, and (^i^ is to FA 
»B ED ia to DA. 

Wherefore the given straight line AB is divided simi- 
larly to the given divided straight line AC. Q.E.F. 

PROPOSITION 11. PROBLEM. 

To find a third proportional to ttoo given straight lines. 

Let AB, AC be the two given straight lines : it is re- 
quired to find a third proportional to Aib, AC- 

Let AB, AC "be placed so 
as to contain any angle ; produce 
AB, AC, to the pomts D, E; and 
make BD equal to AC; [I. .3. 

jom BC, and through D drawi>^ 
parallel to BC. [I. 31. 

CE shall be a third proportional 
to AB, AC. 

For, because BC is parallel to DE, [Construction. 

one of the sides of the triangle ADE, 
therefore -45 is to -BD as -4 C7 is to (7^ ; [VI. 2i 

but BD is equal to AC ; [ConstructUmi 

therefore -4i? is to u4(7 as ^C is to CE. [V. 7. 

Wherefore to the two given straight lines AB, AC, a 
third proportional CE is found. q.b.f. 
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PROPOSITION 12. PROBLEM. 

To find a fourth proportional to three given straight 
lines. 

Let A, B, C be the three given straight lines : it is 
required to find a fourth proportional to A, B, C. 

Take two straight lines, 
DE, DFy containing any an- 
^e EDF ; and in these make 
DG equal to Ay GE equal to 
-ff, and: DJBT equal to C; [1.3. 

join GH, and through E draw 
EF parallel to GH. [I. 31. 

HF shall be a fourth proper- 

tionalto Aj B,a E F 

For, because GH\s parallel to EF^ [ConttructUm, 

one of the sides of the triangle DEF^ 

therefore DG is to GE as DH is to HF. [VI. 2. 

But DG is equal to A^ GE is equal to B^ and DH is 
equal to (7; [Construction. 

therefore ^ is to ^ as Cis to HF. [V. 7. 

Wherefore to the three given straight lines Ay B, O, a 
fourth proportional HF is found. q.e,p. 



PROPOSITION 18. PROBLEM. 

To find a mean proportional bettceen tteo given straight 
lines. 

Let AB, BQ be the two ^ven straight lines: it is 
required to find a mean proportional between them. 

Place ^j9, ^(7 in a straight 
line, and otxAC describe the 
semicircle ADC; from tha 
point B draw BD at right 
angles to AC [1. 11. 

BD shall be a mean oropor- 
tional between AB and BC 
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Join AD, DO. 
Then, the angle ADO, being in a Bemidrde, is a right 
angle ; [I^I* 81. 

and becamse in the right-angled triangle ADC, DB is 
drawn from the ri^t angle i>erpendicnlar to the base, 
therefore DB is a mean proportional between AB, BC, 
the s^ments of the base. [VI. 8, Corollary. 

Wherefore, betfoeen ths two given straight lines AB, 
BO, a mean proportional DB i$ found. qjb.f. 



PEOPOSITION 14. THEOREM. 

Eqtud parallelograms which have one anqle qf the one 
equal to one angle qf the other, have their sides about the 
equal angles reciprocally proportional; and parallelo- 
grams which have one angle of the one equal to one angle 
cfthe other, and their sides about the equal angles reci- 
procally proportional, are equal to one another. 

Let AB, BO be equal parallelc^rams, which haye the 
angle FBD equal to the angle EBGi the sides of the 
parallelograms about the equd angles shall be reciprocally 
proportional, that is, DB shall be to BE as OB is to BF, 

Let the parallelograms be 
^aoed, so that the sides DB, 
JBE may be in the same 
straight line; 

therefore also FB, BO are in 
one straight line. [1. 14. 

Complete the parallelogram 
FE. 

Then, because the parallelogram AB is equal to the 
parallelogram BO, [Hypothesis, 

and that FE is another parallelogram, 

therefore ^jB is to FE2a BOIb to FE. [V. 7. 

But^^ is to JF!^ as the base 2>^ is to the base i?jS; [VL 1. 

and ^C7 is to JF!^ as the base G^^ is to the base jS/*; [VL 1. 

therefore 2>^ is to ^^ as C;^^ is to BF. [V. Ih 
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Next, let the angle FED be eqnal to the angle EEG^ 
and let the sides about the equal angles be reciprocally 
proportional, namely, DB 
to BE as 6?J? is to BF\ 
the parallelogram AB shall 
be equal to the parallelo- 
gram J?(7. 

For, let the same con- 
stmction be made. 

Then, because DB is to BE 

as GB is to BF^ [ffypothesis. 

and that DB is to BE as the parallelogram AB is to the 
parallelogram FE, [VI. 1. 

and that GB is to BF as the parallelogram BO is to the 
parallelogram FE ; [Y 1. 1 . 

therefore the parallelogram^^ is to the parallelogram FE 
as the parallelogram BG is to the parallelogram FE; [V. 11. 
therefore the parallelogram AB is equal to the parallelo- 
gram BC. jT. 9. 

Wherefore, equal paraUelograma &c. q.e.i>. 



PBOPOSinON 16. THEOREM. 

Equal trianales which have one angle qf the one equal 
to one angle qf the other, have their eides about the emud 
angles reciprocaUy proportional; and triangles which 
have one angle of the one equal to one angle qf the other, 
and their sides dbottt the equal angles reciprocally pro- 
portional, are equal to one another. 

Let ABO, ADE be equal 
triai^les, which have the angle 
^^^ equal to the angle DAE: 
the sides of the trianfi;les about 
the equal angles shall be reci- 
procally proportional ; that is, OA 
shall be to AD as EA is to AB. 

Let the triangles be placed so 
that the sides VA^^AD may be 
in the same straight line. 
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therefore also EA, AB are in one straight line; [1. 14. 

join BD, 

Then, because the triangle ABC is equal to the trian- 
gle ADB, [Hypotheak', 

and that ABD is another triangle, 

therefore the triangle ABC is to the triangle ABD as the 
triangle ADE is to the triangle ABD. [V. 7. 

But the triangle ABC is to the triangle ABD as the base 
CA\a to the base AD, [VI. 1. 

and the triangle ADE is to the triangle ABD as the base 
jK4 is to the base AB ; [VI. 1. 

therefore CA is to AD as EA is to .45. [V. 11. 

Next, let the .angle BAC be equal to the angle DAEy 
and let the sides about the equal angles be reciprocally 
proportional, namely, CA to ^i> as EA is to AB: the 
triangle ABC shall be equal to the triangle ADE. 

For, let the same construction be made. 

Then, because CA is to AD as EA is to AB, [ffypothesh 

and that CA is to AD as the triangle ^5(7 is to the 
triangle ABD, [VI. 1. 

and that EA is to AB as the triangle ADE is to the 
triangle ABD, [VI. 1. 

therefore the triangle ABC is to the triangle ABD as the 
triangle ADE is to the triangle ABD ; [V. 11. 

therefore the triangle ABC is equal to the triangle ADE» [V. 9. 

Wherefore, ege<a/ triangles &c. Q.E.n. 



PROPOSITION 16. THEOItEM. 

Xf four straight lines he proportionals, the rectangle 
contain^ by the extremes is equal to the rectangle con- 
tained hy the means; and if the rectangle contained by 
the 'extremes be equal to the rectangle contained by the 
means* the four straight lines are proportionals, 

13 
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E- 



F- 





Let the four straight lines ABy CD, E, F, be propor- 
tionals, namely, let AB be to CD as JS is to F: the rect- 
angle contained by AB and F shall be equal to the rect- 
angle contained by CD and E, 

From the points A, 
(7, draw AG, CH&t right 
angles to AB, CD ; [1. 11. 

make AG equal to F, and 
CH equal to E ; [I. 3. 

and complete the paral- 
lelograms J56?,2>^. [1.31. 

Then, because AB is 
to aZ> as ^is to F, [Hyp. 

and that E is equal to 
CH, and F is equal to 
AG, [Constrttction. 

therefore .4-6 is to (72> as OS" is to ^(^ ; \Y. 7: 

that is, the sides of the parallelograms BG, DH about the 
equal angles are reciprocally proportional ; 

therefore the parallelogram BG is equal to the parallelo- 
gram DH, [VI. 14. 

But the parallelogram BG is contained by the straight 
lines AB and F, because -4 6r is equal to F\ [Construction, 

and the parallelogram DH is contained by the straight 
lines CD and E, because CHis equal to E; 

therefore the rectangle contained by AB and F is equal 
to the rectangle contained by CD and E, 

Next, let the rectangle contained by AB and F be 
equal to the rectangle contained by CD and E: these four 
straight lines shall be proportional, namely, AB shall be 
to C72> as J^ is to JP. 

For, let the same construction be made. 

Then, because the rectangle contained by AB and F is equal 
to the rectangle contained by CD and E, [ffypothesis. 

and that the rectangle BG is contained by AB and F, 
because AG is equal to F, [Constmctunu 

•*nd that the rectangle DH is contained by CD and JF, 
^cause OjfiTis equal to J5^, [OomtrucHon^ 
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therefore the parallelogram BQ is equal to the paral- 
lelogram 2>^. ' [AoMml, 
-And these parallelograms are equiangalar to one another; 
therefore the sides about the equal angles are reciprocally 
proportjonal ; [VL 14. 
therefore ^^ is to CD as C^^Tis to AG. 
But CR is equal to E^ and AG is equal to F\ [Oonstr. 
therefore AB is to CD as j^is to jP. [V. 7. 
Wherefore, if four straight lines &c q.b.d. 






PROPOSITION ir. THEOREM. 

If three straight lines be proportionals, the rectangle 
contained by the extremes is equal to th/e square on the 
mean; and if the rectangle contained by the extremes be 
equal to tlie square on ths mnean, the three straight lines 
are proportionals. 

Let the three straight lines A, B, C be proportionals, 
namely, let -4 be to ^ as 5 is to C\ the rectangle contained 
by A and C shall be equal to ttie square on B, 

Take D equal to A 

Then, because u^ is to 
5 as J? is to (7, [Eyp, 

and that ^is equal to Z>, 
therefore ^ is to ^ as 2> 
is to a [V. 7. 

But if four straight lines 
be proportionals, therect- 
angle contained by the 
extremes is equal to the 
rectangle contained by 
the means ; |TI. 16. 

therefore the rectangle contained by A and C islTqual to 
the rectangle contained by B and Z>. 

But the rectangle contained by B and D is the square on J5, 
because B is equal to D i [Cimstrilction, 

therefore the rectangle contained by A and C is equal to 
the square on i?. 

X3— 2 
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B- 



O- 



C 



B 



Next, let the rectangle contaiDed by A and C be equal 
to the square on B\ A shall be to ^ Us ^ is to (7. 
For, let the same construction be made. 

Then, because the rectan- a 

ele contained by A and G 
IS equal to the square on 
By [Hypothesis, 

and that the square on B 
is equal to the rectaugle 
contained by B and Z>, 
because B is equal to 
D, [Construction, 

therefore the rectangle __ 

contained by A and C is "" 

equal to the rectangle contained by B and D. 

But if the rectangle contained by the extremes be equal 
to the rectangle contained by the means, the four strait 
lines are proportionals ; [VI. 16. 

therefore ^ is to ^ as 2> is to (7. 

But B is equal to D ; [Constrwiium. 

Therefore -4 is to ^ as ^ is to (7. [V, 7. 

Wherefore, if three straigM lines &c. Q.K.D. 

PROPOSITION 18. PROBLEM, 

On a given straight line to describe a rectilineal figure 
similar and similarly situated to a given rectilineal figure. 

Let AB be the given straight line, and CDEF the 
given rectilineal figure of four sides: it is required to de- 
scribe on the g^ven straight line AB, b, rectilineal figure, 
similar and similarly situated to CDEF. 

Join DF; at the 
point A, in the straight 
fine AB, make the 
angle BAG equal to 
the angle 2>C7iP; and at 
the point B, in the 
straight line ^ J?, make 
the angle ABO equal 
totheangleaz>i^;[l.28. 




3 
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therefore the remammg angle ^G^^ is equal to theremain- 
ing angle CFD, 

and the triangle AGB is equiangular to the triangle CFD, 

Agam, at the point B, in the straight line BO^ make the 
angle (r^ZT equal to the angle FdE\ and at the point Gy 
in the straight line BG^ n^e the angle BQH equal to 
the angle DFE ; [I. 28^ 

therefore the remaining angle BHQ- is equal to the re- 
maining angle DEF^ 

and the triangle BHQ is equiangular to the triangle DEF^ 

Then, because the angle A GB is equal to the angle CFD^ 
and the angle BGHeq^^ to the angle DFE', [Construction, 

therefore the whole angle AGH is equal to the whole 
angle CFE. [Axiom 2. 

For the same reason the angle ABH is equal to the 
angle CDE, 

And the angle BAG is equal to the angle DCFy and the 
angle BHG is equal to the angle DEF. 

Therefore the rectilineal figure ABHG is equiangular to 
the rectilineal figure CDEF. 

Also these figures have their sides about the equal 
angles proportionals. 

For, because the triangle BA G is equiangular to the triangle 
DCF, therefore -6-4 is to ^G^ as 2>(7 is to OF. [VI. 4. 

And, for the same reason, ^G^ is to GB as CF is to FD^ 
and 5G^ is to GH^a DFis to FE; 

therefore, ex sequali, -46? is to GHm CFis to FE. [V. 22. 

In the same manner it may be shewn that AB is to BH 

as CD is to DE. 

And Gffis to HB sls FEis to ED. [VI. 4. 

Therefore, the rectilineal figures ABHG and CDEF 
are equiangular to one another, and have their sides about 
the equal angles proportionals ; 

therefore they are similar to one another. [YI. Ikfinition 1. 

Next, let it be required to describe on the given straight 
line ABf a rectiUneaf figure, similar, and similarly situated, 
to the rectilineal figure CD KEF of five sides. 
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Join DEy and on tlie given straight line AB describe;, 
as in the former case, the rectilineal figure ABHGj sniular, 
and similarly situated to the rectilineal figure CDEF of 
four sides. At the point 
By in the straight line ]q 

BHy make the angle 
HBL equal to the an- 
gle EDK\ and at the 
point H^ in the straight 
line BH, make the an- 
gle BHL equal to the 
angle DEK\ [I. 23. 

therefore the remaining angle at L is equal to the remain- 
ing angle at K, 

Then, because the figures ABHGy CDEFaro shnilar, 

the angle ABff is equal to the angle ODE; [VI. Drf, 1. 

and the angle HBL is equal to the angle EDK\ [ConOr, 

therefore the whole angle ABL is equal to the whole 
angle CDK. [AxUm 2. 

For the same reason the whole angle GHL is equal to the 
whole angle FEK, 

Therefore the five-sided figures ABLHQ and CDKEF are 
equiangular to one another. 

And, because the figures ABHG and CDEF are similar, 
therefore ^5 is to -B^ as (72) is to 2>^; \YLI>4m^^l. 
bHt BH]a toBLoaDElsto DK; [VI. 4 

therefore, ex requali, ^^ is to J5Z as OZ) is to DiT. [V. 22. 
For the same reason, Off is to ffL as i^j^is to EK. 
And 5Z is to Lffva DKis to KE. [VI. 4. 

Therefore, the five-sided figures ABLffO and CDKEF 
are equiangular to one another, and have their sides about 
the equal angles proportionals ; 
tt^refore they are similar to one another. [VI. B^iHon 1, 

In the same manner a rectilineal figure of six sides 
may be described on a given straight line, similar and 
similarly situated to a given rectilineal figure of six sides ; 
and so on, q.bjp. 
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' PROPOSITION 19. THEOREM, 

Similar triangles are to one another in the duplicate 
ratio of their homologous sides. 

Let ABC and DEF be similar triangles, having the 
angle B equal to the angle E^ and let ABhQUi BO as DE 
is to EF, so that the 
side BG is homolo- 
gous to the side EF: 
the triangle ABG 
shall be to the tri- 
angle DEF in the 
duplicate ratio of BG 
to EF. 

Take BG a third proportional to BG and EFy so that 
BOmBLj he to EF B& EFis to BG; [VI. 11. 

and join ^6J^. 

Then, because AB is to BG as DE is to EF, [ffypothesis. 

therefore, alternately, AB is to DE as J5(7 is to EF; [V. 16. 

but BG is to EF as EF is to BG ; [Construction, 

therefore AB is to DE naEFisioBG; [V. 11- 

that is, the sides of the triangles ABG and DEF^ about 
their equal angles, are reciprocally proportional ; 

but triangles which haye their sides about two equal angles 
reciprocally proportional are equal to one another, [VI. 15, 

therefore the triangle ABG is equal to the triangle DEF. 

And, because BG is to EFqa EFis to BG, 

therefore BG has to BG the duplicate ratio of that which 
BG has to EF [V. D^nitim 10. 

But the triangle ABG is to the triangle ABG as BG is 
to BG ; [VI. 1. 

therefore the triangle ABG has to the triangle ABG the 
duplicate ratio of that which BG has to EF. 

But the triangle-4 J5(3^ was shewn equal to the triangle DEF; 

therefore the trianele ABG has to the triangle DEF the 
duplicate ratio of that which BG has to EF, [V. 7. 

Wherefore, similar triangles &c. q.b.d. 

GoBOUiAEY. From this it is manifesl^ that if three 
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straight lines be proportionals, as the first is to the third. 
so is any triande described on the first to a similar ana 
similarly described triangle on the second. 



1»R0P0SITI0N 20. THEOREM, 

Similar polygons may be divided into the sams number 
ttfnmUar triangles, having the same ratio to one another 
that the polygons have; and the polygons are to one 
another in the duplicate ratio qfth^ir homologous sides. 

Let ABODE, FGHKL be similar polygons, and let 
AB be the side homologous to the side FG : the polygons 
ABODE, FGHKL may be divided into the same number 
of similar triangles, of which each shall have to each the 
same ratio which the polygons have; and the polygon 
ABODE shall be to the polygon FGHKL in the duplicate 
ratio of ^5 to jPa 

Jom BE, EO, GL, LH. 

Then, because the polygon ABODE is similar to the poly- 
gon FGHKL, [ffypothetis. 

the angle BAE is equal to the angle GFL, and BA is 
to AE OS GFiato FL, [VI. Di^/irntion 1. 

And, because the triangles ABE and FGL have one ansle 
of the one equal to one angle of the other, and the sides 





about these equal angles proportionals, 

'therefore the triangle ABE is equiangular to^the triangle 
FGL, [VI. 6, 

and therefore these triangles are similar ; [VL i. 

therefore the angle ABE is equal to the angle FGL, 
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But» because the polygons are similar, [BypotKttU. 

therefore the whole angle ABCia equal to the whole angle 
FGH; [VI. DefinitUm 1. 

therefore the remaining angle EBCIb eqnal to the remain- 
ing angle LGH, [Axiomd. 

Andy because the triangles ABE and FGL are sunilar, 
therefore J5B is to B A bs LG h to GF; 
and also, because the polygons are similar, [ffypothe»is, 
iliereiore AB is to BC va FG h to GH ; V^I. J)(finitionl. 
therefore, ex cequali, BB is to BO as LG is to GH; [V. 22. 

that is^ the sides about the equal angles BBC and LGH 
are proportionals ; 

therefore the triangle EBC is equiangular to the triangle 
LGH; [VI. 6. 

and therefore these triangles are similar. [VI. 4. 

For the same reason the triangle BCD is similar to the 
triangle LHK. 

Therefore the similar polygons ABCDE^ FGHKL may be 
divided into the same number of similar triangles. 

Also these triangles shall have, each to each, the same 
ratio which the polygons have, the antecedents being ABE, 
EBC, BCD, and the consequents FGL, LGH, LHK\ and 
the polygon ABCDE shall be to the polygon FGHKL in 
the duplicate ratio of AB to FG* 

For, because the triangle ABE is similar to the tri- 
angle FGL, 

therefore ABE is to FGL in the duplicate ratio of EB 
to LG. [VI. 19. 

For the same reason the triangle EBC is to the triangle 
LGH in the duplicate ratio of EB to LG, 

Therefore the triangle ABE is to the triangle FGL as the 
triangle EBC is to the triangle LGH. [V. 11. 

Again, because the triangle EBC is similar to the tn* 
angle LGH, 

therefore EBC is to LGH in the duplicate ratio of EG 
to LH. tVI. 19, 
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For the same reason the triangle EGD is to the triangle 
LHK in the duplicate ratio of EC to LH, 

Therefore the triangle EBG is to the triangle LGH as the 
triangle EGD is to the triangle LHK. [V. 11. 

But it has been shewn that the triangle EBG is to the tri- 
angle LQH as the triangle ABE is to the triangle FOL, 

Therefore as the triangle ABE is to the triangle FGL, so 
is the triangle EBG to the triangle LQH, and the triangle 
EGD to the triangle LHK\ [V. 11. 

and therefore as one of the antecedents is to its consequent 
so are all the antecedents to all the consequents ; [Y. 12. 

that is, as the triangle ABE is to the triangle FQL so is 
the polygon ABGDE to the polygon FQHKL, 

But the triangle ABE is to the triande FGL in the 
duplicate ratio of the side AB to the homologous side 

FG'y [VI. 19. 

therefore the polygon ABGDE is to the polygon FOHKL 
in the duplicate ratio of the side AB to the homologous 
side FG, 

Wherefore, similar polygons &c q.b.d. 

Oo&OLLABT 1. In Uke manner it may be shewn that 
similar four-sided figures, or figures of any number of sides, 
are to one another in the duplicate ratio of their homo- 
logous sides ; and it has already been shewn for triangles ; 
therefore universallj, similar rectilineal figures are to one 
another in the duphcate ratio of their homologous sides. 

CoROLLAKT 2. If to AB and FGy two of the homologous 
sides, a third proportional M be taken, [YI. 11. 

M 





then AB has to Mthe duplicate ratio of that which AB 
has to FG, \Y. Difnition 10. 
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But any rectilineal figure described on AB ib to the similar 
and similarly described rectilineal figure on F& in the 
duplicate ratio of -4 J9 to FQ, [Corollary 1. 

Therefore as ^^ is to itf, so is the figure on AB to the 
figure on FG ; [V. 11. 

and this was shewn before for triangles. [VI. 19, Corollary. 

Wherefore, imiversally, if three straight lines be propor- 
tionals, as the first is to the third, bo is any rectilineal 
figure described on the first to a similar and similarly 
described rectilineal figure on the second. 



PEOPOSITION 21. THEOREM. 

Rectilineal figures which are similar to the same recti- 
lineal figure, are also similar to ea^h other. 

Let each of the rectilineal figures A and B be sunilar 
to the rectilineal figure (7: the figure A shall be similar 
to the figure B. 

For, because A is 
similar to G, [Hyp. 

A is equiangular to 
Gy and A ana G have 
their sides about the 
equal angles propor- 
tionals. [VI. Drf. 1. 

Again, because B is 
similar to (7, [Hyp, 

B is equiangular to C7, and B and G have their sides about 
the equal angles proportionals. [VI. Definition 1. 

Therefore the figures A and B are each of them eauian- 
gular to Gy and have the sides about the equal angles of 
each of them and of G proportionals. 

Therefore -4 is equiangular to B, [Axiom 1. 

and A and B have their sides about the equal angles pro- 
portionals; [V. 11. 

therefore the figure A is similar to the figure B. [YLBrf. 1. 

Wherefore, rectilineal figures &c. q.e.d. 
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PROPOSITION 22. THEOREM. 

If four straight lines he proportionals^ the similar recr 
tUinedl figures similarly described on them shall also he 
proportionals; and if the similar rectilineal figures simi- 
larly described on four straight lines he proportionals^ 
those straight lines shall he proportionals. 

Let the four straight lines AB, CD, EF, GH be pro- 
portionals, namely, AB to CD as EF is to GH\ and on AB^ 
CD let the similar rectilineal figures KAB, LCD be simi- 
larly described ; and on EF, GS let the similar rectilineal 
figures MF, NH be similarly described : the figure KAB 
sjiall be to the figure LCD as the figure MF is to the 
figure NH. 




B 

P B 

To AB and CD take a third proportional X, and to EF 
and GH a third proportional (A ITI- 11- 

Then, because ^5 is to (72> as JK-P is to GH, [Hypothesis. 
and AB is to OZ) as CD is to X; [Construction. 

and ^i^is to ^^^Tas GHib to 0; [Construdum, 

therefore CZ> is to X as 6?JJ is to 0. [V. 11. 

And AB is to CD as ^i^is to Gff; 
therefore, ex cequali, AB is to JT as EF is to 0. [V. 22. 
But BA AB IS to X, so is the rectilineal figure XAB to 
the rectilineal figure LCD ; [VI. 20, CorolUvry 2. 

and as J^i?' is to O, so is the rectilineal figure MF to the 
rectilineal figure JvH; [VI. 20, CarolUury 2. 
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therefore tlie figure KAB is to the figure LCD as the 
figure MF ia to the figure NH. [V. 11. 

Next, let the figure KAB be to the similar figure LCD 
as the figure MF is to the similar figure NH\ AB shall 
be to C/> as ^i^ is to GH. 

Make as ^5 is to CD so EF\^ PR : [VI. 12. 

and on PR describe the rectilineal figure SRy similar and 
similarly situated to either of the figures MF, NH. [VI. 18. 

Then, because ^5 is to C2) as -EF is to PR, 

and tiiat on AB^ CD are described the similar and simi- 
larly situated rectilineal figures KAB, LCDy 

and on EF, PR the similar and similarly situated recti- 
lineal figures MF, SR ; 

therefore, by the former part of this proposition, KAB is 
to LCD as MF is to SR, 

But, by hypothesis, KAB is to LCD as MF\& to NH\ 

therefore MF is to /S'iZ as MF is to NH ; [V. 11. 

therefore SR is equal to NH [V. 9. 

But the figures SR and NH are similar and similarly 
situated, \CvMirwa^i(m, 

therefore PR is equal to GH 
And because AB is to CD as EF is to PR, 
and that PR is equal to GH ; 

therefore ^^ is to (72) as ^J^ is to (?/r. [V. 7. 

Wherefore, if four straight lines &c. q.b.d. 



PROPOSITION' 28. THEOREM. 

ParcHldograms which are equiangular to one another 
have to one another the ratio which is compounded qf 
the ratios qf their sides. 
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Let the parallelogram AG hQ equiaDguIar to the pand- 
lelogi^m CjF, having the angle BCD equal to the angle 
ECG : the parallelogram AC shall have to the parall^o- 
gram CF the ratio which is compomided of the ratios of 
their sides. 

Let BC and CG be placed in 
a straight line ; 

therefore DC and CE are also in 
a straight line ; [I. 14. 

complete the parallelogram DG ; 

tsike any straight line K, and 
make iT to L as BCi& to CGj and 
L to Jf as DC^a to CE, [VI. 12. 

then the ratios of iT to Z and 
of Z to ilf are the same with the 
ratios of the sides^ namely, of BC 
to CG and of i>C7to CE, 

But the ratio of iT to ilf is that which is said to be com- 
pomided of the ratios of JT to Z and of Z to ilf ; [V. Drf, A. 

therefore K has to M the ratio which is compomided of 
the ratios of the sides. 

Now the parallelogram ^(7 is to the parallelogram CH 
mBCiBtoCG; [VL 1. 

but BC is to CG as iT is to Z ; [OonstrucHon. 

therefore the parallelogram AC ia to the parallelogram 
C!ffasXistoZ. [V. 11. 

Again, the parallelogram CH is to the parallelogram CI' 
as DCis to CE; [VI. 1. 

but DC is to CE as Z is to ilf ; [Oonstructum. 

therefore the parallelogram CH is to the parallelogram 
CFsisLiatoM. [V. 11. 

Then, since it has been shewn that the parallelogram AO 
is to the parallelogram CHaa iT is to Z, 

and that the parallelogram CH is to the parallelogram CF 
as Z is to Jf, 

therefore, ex sequali, the parallelogram AC is to the paral- 
lelogram CFbs iTis to M. [V. 22, 

But iT has to Jf the ratio which is compounded of the 
^tios of the sides; 
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Uierefore also the parallelogram AC has to the parallelo- 
gram CF the ratio which is compounded of the ratios of 
the sides. 

Wherefore, parallelograms &c. q.i:.d. 



PEOPOSITION 24. THEOREM. 

Parallelograms dbotU the diameter of any parallelo- 
gram, are similar to the whole parallelogram and to one 
another. 

Let ABCD be a parallelogram, of which AG is a 
diameter; and let EG and HK be parallelograms abont 
the diameter: the parallelograms EG- and HK shall be 
similar both to the whole parallelogram and to one another. 

For, because DC and 
GF are parallels, A E B 

the angle ADC is equal 

to the angle A GF. [1. 29. q^ 

And because J9Cand EF 
are parallels, 

the angle ABC is equal ^ -^ 

to the angle ^iSTF. [1. 29. D K 

And each of the angles 

BCD and EFG is equal to the opposite angle BAD, [1. 34. 

and therefore they are equal to one another. 

Therefore the parallelograms ABCD and A EFG are equi- 
angular to one another. 

And because the angle ABC is equal to the angle 
AEF, and the angle BAC is common to the two trian^es 
BAC2J[i^EAF, 

therefore these triangles are equiangular to one another; 
and therefore AB is to BG as AE is to EF, [VI. 4. 

And the opposite sides of parallelograms are equal to one 
another; [1. 84. 

therefore AB is to AD as AE is to AGy 

and DC\% to C5 as GFva to FE, 

Mid (72) is to 2>-4 as J'Of is to GA, [V. 7. 
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Therefore the sides of the parallelograms ABCD and 
AEFG abont their equal angles are proportional, 

and the parallelograms are therefore simijar to one an- 
other. 

For the same reason the 



parallelogram ABCD is 
similar to the parallelogram 
FHCK, 

Therefore each of the pa- 
nillelo^ams EG and HK 
is simuar to BD ; 

therefore theparallelogram 

EG is similar to the parallelogram HK. 

Wherefore, parallelograms &a Q.H.D. 



[VI. Definition 1. 
A JE B 




PEOPOSITION 25. PROBLEM, 

To describe a rectilineal figure which shall he similar 
to one given rectilineal figure and equal to another given 
rectilineal figure. 

Let ABC be the giyen rectilineal figmre to which the 
figure to be described is to be similar, and D that to which 
it is to be equal: it is required to describe a rectilineal 
figure similar to ABC and equal to 2>. 



-^/^ 




On the straight line BC describe the parallelogram BE 
equal to the figure ABC, 

On the straight line CE describe the parallelogram CM 
equal to 2>, and faaying the angle FCE equal to the 
angle CBL; CI. iS, Corollary. 
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therefore BG and CF will be in one straight line^ and LE 
and EM will be in one straight line. 

Between BC and CF find a mean proportional GHy [VI. 18. 

and on OH describe the rectilineal figure KOH, similar and 
similarly situated to the rectilineal figure ABC, [VI. 18i 

KQH shall be the rectilineal figure required. 

For, because BG is to QH as GH is to GF^ [CvMtrwsfAvt^, 

and that if three straight lines be proportionals, as the first 
is to the third so is any figure on tne first to a similar and 
similarly described figure on the second, fVI. 20, Cw. 2. 

therefore as BG is to GF so is the figure ABG to the 
figure KQH. 

But as BG is to GF so is the parallelogram BE to the 
^mdlelogram GM\ [VI. 1* 

therefore the figure ABG is to the figure KQH as the pa- 
rallelogram BE is to the parallelogram GM, [Y. 11. 

And the figure ABG is equal to the parallelogram BE; 

therefore the rectilineal figure KQH is equal to the panJr 
lelogram GM. - [V. 14. 

But the parallelogram GMis equal to the figure D ; [Oontfyr^ 

therefore the figure KQH is equal to the figure Z>, [Axiom 1. 

and it is similar to the figure ABG, [Construction, 

Wherefore the rectilineal figure KQH Kob been de- 
scribed similar to the figure ABG, and equal to Z>. Q.E.F. 



PROPOSITION 26. THEOREM, 

Xf two similar parallelograms hate a common angle, 
and be similarly situated^ they are about the same diameter* 

Let the i>arallelograms ABGD, 
AEFQ be similar and similarly si- 
tuated, and have the common angle 
BAD : ABGD ajid AEFQ shaU 
be about the same diameter. 

For, if not, let, if possible, the 
parallelogram BD have its diame- ^^ 
ter AMG in a different straight B 
line from AF, the diameter of the 

14 
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parallelogram EQ-, let OF 
meet AHG at H, and through 
H draw iTiT parallel to AD or 
Ba [1. 31. 

Then the parallelograms 
ABCD and AKHG are about 
the same diameter, and are 
therefore similar to one an- 
other; [VI. 24. 
therefore DA is to J[5 as GA is to AK. 
But because ABCD and AEFG are similar parallelo- 
grams, [Hypothesis. 
therefore DA \b to AB 2iS G A \s to AE. [VI. D^nUion 1. 
Therefore GA is to -4 JT as GAia to AE, [V. 11. 
that is, GA has the same ratio to each of the straight lines 
AK and AE, 

and therefore ^JTis equal to AE, [V. &• 

the less to the greater ; which is impossible. 
Therefore the parallelograms ABCD and AEFG must 
Jiave their diameters in the same straight line, that is, they 
are about the same diameter. 

Wherefore, if ttco similar parallelograms &c. Q.b.i>. 



PROPOSITION 30. PROBLEM. 
To cut a given straight line in extreme and mean ratio. 

Let AB be the given straight line : it is required to cut 
It in extreme and mean ratio. 

Divide AB at the point (7^ so 

that the rectangle contained by ^ ^ g 

AB, BG may be equal to the square ^ 
on AG. [11.11. 

Then, because the rectangle AB, BG is equal to the 
square on A G, [Construction. 

therefore AB \a to AG bs AG is to' GB. [VI. 17. 

TVherefore AB is cut in extreme and mean ratio at 
he point Q. Q.e.p. [Vl. DejiniiMnZ. 
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PEOPOSITION 31. THEOREM. 

In any right-angled triangle, any rectilineal figure de- 
scribed on the side subtending the right angle is equal to 
the similar and similarly described figures on the sides 
containing the right angle. 

Let ABC be a right-angled triangle, having the right 
angle BAG: the rectilineal figiu*e described on BC shall 
be equal to the similar and similarly described fiirures on 
BA and CA. 

Draw the perpendicular 
AD. [1. 12. 

Then, because in the right- 
angled triangle ABG, AD 
is drawn from the right 
angle at A, perpendicular 
to the base Bu, the triangles 
ABD, CAD are similar to 
the whole triangle CBA,bji6. 
to one another. [VI. 8. 

And because the triangle CBA is similar to the triangle 
ABD, 

therefore CB is to ^^ as BA is to BD. [VI. Dif. 1. 

And when three straight lines are proportionals, as the 
first is to the third so is the figure described on the first 
to the similar and similarly described figure on the 
second; [VI. 20, Corollary 2. 

therefore as CB is to BD so is the figure described on CB 
to the similar and similarly described figure on BA ; 

and inversely, as BD is to BC so is the figure described 
on BA to that described on CB. , [V. E. 

In the same manner, as CD is to CB so is the figure 
described on CA to the similar figure described on CB. 

Therefore as BD and CD together are to CB so are the 
figures described on BA and CA togeUier to the figure 
described on CB. [V. 24. 

But BD and CD together are equal to CB ; 

therefore the figure described on BC is equal to the similar 
and similarly described figures on BA and CA. [V. A. 

Wherefore, in any right-angled triangle &c q.£.i>. 

14—2 
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PKOPOSITION 82. THEOREM. 

If two triangles^ which have two sides of the one pro- 
portional to two sides of the other ^ he joined at one angl4 
so as to have their homologoris sides parallel to one another ^ 
the remaining sides shall he in a straight line. 

Let ABC and DOE be two triangles, which have the 
two sides BAy AC proportional to the two sides CD, DEy 
namely, BA to -4(7 as CD is to DE*, and let AB be 
parallel to 2>(7 and -4(7 parallel to DE : BC and CE shall 
be in one straight line. 

For, because AB is parallel 
to DCf [Hypothesis, 

and -4 (7 meets them, 

the alternate angles BAG, 
ACD are equal ; [I. 29. 

for the same reason the angles 
^(72>,aZ)jE7 are equal; 

therefore the angle BAG is equal to the angle GDE, [Ax, 1. 

And because the triangles ABG, DGE have the angle at 
A equal to the angle at Z>, and the sides about these angles 
proportionals, namely, BA to -4(7 as CD is to DEy [Hyp. 

therefore the triangle ABG is equiangular to the triangle 
DGE\ [VI. 6. 

therefore the angle ABGia equal to the angle DGE, 

And the angle BACwsa shewn equal to the angle ACD ; 

therefore the whole angle ACE is equal to the two angles 
ABC and BA C. [Axiom 2. 

Add the angle ACB to each of these equals ; 

then the angles ACE and ACB are together equal to the 
angles ABC, BAG, ACB. 

But the angles ABG, BAG, ACB sre together equal to 
two right angles; [I. 82. 

therefore the angles ACE and ACB are together equal to 
two right angles. 

And since at the point G, in the straight Ime AG, the 
two straight Imes BG, CE which are on ^o opposite sides 
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of it, make the adjacent angles ACB, ACB together equal 
to two nght angles, . ^ 

therefore BG and CE are in one straight line. [I. U. 

Wherefore, if two triangles &c. q.b.d. 



PROPOSITION 83. THEOREM. 

In eqiud circles, angles, whether at the centres or at the 
circumferences, have the same ratio which the arcs (m 
which th^ stand have to one another; so also have the 
sectors. 

Let ABC and J>EF be equal circles, and let BGC and 
EHF be angles at their centres, and BAG and EDF 
angles at their circumferences : as the arc BC is to the arc 
EF so shall the angle BGC be to the angle EHF. and the 
angle BAG\fy the angle EDF\ and so also shall tne sector 
BGG be to the sector EHF. . 





Take any number of arcs CK, KL, each equal to BG, 
and also any number of arcs FM, MN each equal to EF\ 
and join GK, GL, HM, HN. 

Then, because the arcs BG, CK, KL, are all equal, [Gmstr, 

the angles BGG, GGK, KGL are also all equal ; [III. 27. 

and therefore whatever multiple the arc BL is of the are 
BGs the same multiple is the angle BGL of the ansrle 
BGG. 

For the same reason, whatever multiple the arc EN is of 
the arc EF, the isame multiple is tiie angle EHN of the 
angle ^^i^. 
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And if the aro bL be eqnal to the arc EN, the angle BGL 
is equal to the angle EAN; [III. 27. 

and if the arc BL be greater than the arc EN, the angle 
£GL is greater than the angle EHN; and if less, less. 

Therefore since there are four magnitudes, the two 
arcs £Cf EF, and the two angles BGG, EHF; 





and that of the arc BC and of the angle BGG have been 
taken any equimultiples whatever, namely, the arc BL and 
the angle BGL ; 

and of the arc EF and of the angle EHF have been taken 
any equimultiples whatever, namely, the arc EN and the 
angle ^^iV; 

and Huce it has been shewn that if the arc BL be greater 
than the arc EN, the angle BGL is greater than the angle 
EHN; and if equal, equal ; and if less, less ; 

therefore as the arc BG is to the arc EF, so is the angle 

BGG to the angle EHF [V. Dt^nithn 5. 

But as the angle BGG is to the angle EHF, so is the 

angle BAG to the angle EDF, [V. 15. 

for each is double of each ; [III. 20. 

therefore, as the arc BG is to the arc EF so is the angle 
BGG to the angle EHF, and the angle BAG to the angle 
EJ)F, 

Also as the arc BG is to the arc EF, so shall the sector 
BGG be to the sector EHF 

Jam BG, GK, and in the arcs BG, GK take any points 
X, 0, and join -BJT, JTC, (70, OJT. 
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Then, because in the triangles BGG^ CGK, the two 
sides BbTy GC are equal to the two sides CG^ GK, each to 
each; 
and that they contain equal angles ; [III. 27. 

therefore the base BC is equal to the base CK, and the 
triangle j9(t(7 is equal to the triangle CG^JT. [L 4. 





And because the arc BG\& equal to the arc CK^ [Oonstr, 

the remaining part when BG is taken from the circum- 
ference is eqiud to the remaining part when GK is taken 
from the circumference ; 

therefore the angle BXGia equal to the angle GOK, [III. 27. 

Therefore the segment BXG is similar to the segment 
GOK ; [III. D^nUvm 11. 

and they are on equal straight lines BG, GK. 

But similar segments of circles on equal straight lines are 
equal to one another ; [IIL 24. 

therefore the segment BXGk equal to the segment GOIT. 

And the triangle BGG was shewn to be equal to the 
triangle GGITy 

therefore the whole, the sector BGG, is equal to the whole, 
the sector GGX, [Axiom 2. 

For the same reason the sector XGL is equal to each of 
the sectors BGG, GGK. 

In the same manner the sectors EHF, FHM, MHN may 
be shewn to be equal to one another. 

Therefore whatever multiple the arc BL is of the arc 
BG, the same multiple is the sector BGL of the sector 
BGGx 
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and for the same reason whatever multiple the arc EN is 
of «the arc EFy the same multiple is the sector EHN of the 
sector EHF. 

And if the arc BL be equal to the arc EN, the sector 
BGL is equal to the sector EHN; 

iind if the arc BL be greater than the arc EN the sector 
^OL is greater than the sector EHN; and if less, less. 

Therefore, since there are four magnitudes, the two 
arcs BC, EF, and the two sectors BGG, EHF; 





and that of the arc BO and of the sector BGC have been 
taken any equimultiples whatever, namely, the arc BL and 
the sector BGL ; 

and of the arc EF and of the sector EHF have been taken 
any equimultiples whatever, namely, the arc EN and the 
sector iSffiV; 

and since it has been shewn that if the arc BL be greater 
than the arc EN, the sector BGL is greater than tho 
sector EHN; and if equal, equal ; and if less, less ; 
therefore as the arc BG is to the arc EF, so is the sector 
BGG to the sector EHF, [V. D^nitim 5. 

Wherefore, in equal circles &c. q.e.d. 
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PROPOSITION B, THEOREM. 

If the vertical angle of a triangle be bisected by a straight 
line which likewise cuts the base, tJie rectangle contained 
by the sides cf the triangle is equal to the rectangle con- 
tained by the segments of the base, together with the square 
on the straight line which bisects the angle. 

Let ABC be a triangle, and let the angle BAG be 
bisected by the straight line AD : the rectangle BA, AG 
i^all be equal to the rectangle BD^ 2>(7,togewer with the 
square on AD, 

Describe the circle ACB 
about the triangle, [lY. 5. 

and produce AD to meet the 
circumference at E, 

and join EG. 

Then, because the angle 
BAD is equal to the angle 
EAG, [Hypothms. 

and the angle ABD is equal to 
the angle AEG, for they are in 
the same segment of the circle, [III. 2t 

therefore the triangle BAD is equiangular to the triangle 
EAG. 

Therefore BA is to AD as EA is to AG; [VI. 4. 

therefore the rectangle BA, -4(7 is equal to the rectangle 
J^A -4i>, [VI. 16. 

that is, to the rectangle ED, DA, together with the square 
on AD, [II. 3. 

But the rectangle ED, DA is equal to the rectanrfo 
BD,DG; , [III. Is. 

therefore the rectangle BA, AG is equal to the rectangle 
BD, DG, together with the square on AD, 
Wherefore, if the vertical angle &c. q.e.d. 
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PROPOSITION C. THEOREM. 

If from the vertical angle of a triangle a straight line 
he drawn perpendicular to the hasCy the rectangle contained 
hy the sides of the triangle is equal to the rectangle con- 
tained hy the perpendicular and the diameter of the circle 
described ahotU the triangle. 

Let ABC be a triangle, and let AD be the perpen- 
dicular from the angle A to the base BG: the rectangle 
BA, AC shall be equal to the rectangle contained hy AI> 
and the diameter of the circle described about the triangle. 

Describe the circle ACB 
about the triangle ; [IV. 5. 

draw the diameter AE. and 
jpin EC. 

Then, because the right 
angle BDA is equal to the 
angle ECA in a semi- 
circle ; [IIL 81. 

and the ande ABD is equal 
to the angle AEC, for they 
are in the same segment of 
the circle ; [III. 21. 

therefore the triangle ABD is equiangular to the triangle 
AEC. 

Therefore BAh to AD saEAiato AC; [VL 4. 

therefore the rectangle BA, AC is equal to the rectangle 
EA, AD. [VL 16. 

Wherefore, if from the vertical angle &c. Q.B.D. 




PROPOSITION D. THEOREM. 

The rectangle contained hy the diagonals of a quadru 
Tierdl figure inscribed in a circle is equal to hoth the 
^dangles contained hy Us opposite sides. 
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Let ABGD be any quadrilateral figure inscribed in 
a circle, and join AG^BD: the rectangle contained by 
AG, BD shall be equal to the two recta^les contained by 
AB, GD and by AD, BG. 

Make the angle ABE equal to the angle DBG; [I. 28. 
add to each of these 
equals the angle EBD, 

then the angle ABD 
IB equal to the angle 
EBG. [Axiom 2. 

And the angle BDA is 
equal to theangle^(7^,for 
they are in the same seg- 
ment of the circle ; [III.21. 

therefore the triangle 
ABD is ^uiangular to Qie 
triangle EBG. 

Therefore AD \s to DB 

tLsEGistoGB; [VI. 4. 

therefore the rectangle AD, GB is equal to the rectangle 
DB, EG. jTL 16. 

Again, because the angle ABE is equal to the angle 
DBG, [OonstT^ction, 

and the angle BAE is equal to the angle BDG, for they 
are in the same segment of the circle ; [III. 21. 

therefore the triangle ABE is equiangular to the triangle 
DBG. 

Therefore BA is to AE asBDiatoDG-, [VX 4. 

therefore the rectangle BA, DG is equal to the rectangle 
AE,BD. [Vr.16. 

But the rectangle AD, GB has been shewn equal to 
the rectangle DB, EG; 

'therefore the rectandes AD, GB and BA, DG are together 
equal to the rectan^es BD, EG and BD, AE ; 

that is, to the rectangle BD, AG, [IL L 

Wherefore, the rectangle contained &c. q.ii.p. 
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1. A SOLD) IS that which has length, breadth, and 
thickness. 

2. That which bounds a solid is a superficies. 

3. A straight line is perpendicular, or at right angles, 
to a plane, when it makes right angles with every straight 
line meeting it in that plane. 

4. A plane is perpendicular to a plane, when tho 
straight lines drawn in one of the planes perpendicular to 
the common section of the two planes, are perpendicular 
to the other plane. 

6. The inclination of a straight line to a plane is the 
acute angle contained by that straight Ime, and another 
drawn from the point at which the first line meets the 
plane to the point at wliich a perpendicular to the plane 
drawn from any point of the first line above the plane^ 
meets the same plane. 

6. The inclination of a plane to a plane is the acute 
angle contained b^ two straight lines drawn from any the 
same point of their common section at right angles to 11^ 
one in one plane, and the other in the other plane. 

7. Two planes are said to have the same or a like 
inclination to one another, which two other planes have, 
when the said angles of inclination are equal to one 
another. 

8. Parallel planes are such as do not meet one another 
though produced. 
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9. A solid angle is that which is made by more than 
two plane angles, which are not in the same plane, meeting 
at one point 

10. Equal and similar solid figures are such as are 
contained by similar planes equal in number and magni- 
tude. [See the Notes,} 

11. Similar solid figures are such as have all their solid 
angles equal, each to each, and are contained by the same 
number of similar planes. 

12. A pyramid is a solid figure contained by planes 
which are constructed between one plane and one point 
above it at which they meet. 

13. A prism is a solid figure contained by plane fissures, 
of which two that are opposite are equal, similar, ana par- 
allel to one another ; and the others are parallelograms. 

14. A sphere is a solid figure described by the revolu- 
tion of a semicircle about its diameter, which remains 
fixed. 

15. The axis of a sphere is the fixed straight line 
about which the semicircle revolves. 

16. The centre of a sphere is the same with that of the 
semicircle. 

17. The diameter of a sphere is any straight line which 
passes through the centre, and is terminated both ways by 
the superficies of the sphere. 

18. A cone is a solid figure described by the revolution 
of a right-angled triangle about one of the sides containing 
the right angle, which side remains fixed. 

If the fixed side be equal to the other side containing 
the right angle, the cone is called a right-angled cone ; 
if it be less than the other side, an obtuse-angled cone ; 
and if greater, an acute-angled cone. 

19. The axis of a cone is the fixed straight lin6 about 
which the triangle revolves. 



A 
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20. The base of a cone is the circle described by that 
side containing the right angle which revolyes. 

21. A cylinder is a solid figure described by the revo- 
lution of a right-angled parallelogram about one of its sides 
which remains fixed. 

22. The axis of a cylinder is the fixed straight line 
about which the parallelogram revolres. 

23. The bases of a cylinder are the circles described 
by the two revolving opposite sides of the parallelogram, 

24. Similar cones and cylinders are those which have 
their axes and the diameters of their bases proportionals. 

25. A cube is a solid figure contained by six equal 
squares. 

26. A tetrahedron is a solid figure contained by four 
equal and equilateral triangles. 

27. An octahedron is a solid figure contained by eight 
equal and equilateral triangles. 

28. A dodecahedron is a solid figure contained by 
twelve equal pentagons which are equilateral and equi- 
angular. 

29. An icosahedron is a solid figure contained by 
twenty equal and equilateral triangles. 

A. A parallelepiped is a solid figure contained by six 
quadrilateral figures, of which every opposite two are 
{MuralleL 

PROPOSITION 1. THEOREM. 

One part of a ttraight line cannot he in a plane, and 
another part vsithoiU it. 

If it be possible, let AB^ part of ihe straight line 
iBC, be in a plane, and the part BC without iU 
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Then since the straight 
Ime AB is in the plane, it can 
be jproduced in that plane; 
letitbeprodacedtoZ>; and 
let any plane pass through the 
straight line^Z>,and be turned 
about until it pass through the point (7. 

Then, because the points B and C are in this plane, the 
straight line BC is in it. [I. D^nitum 7. 

Therefore there are two straight Unes ABGjABD in the 
same plane, that have a common segment AB\ 

but this is impossible. [I. 11, Corollary* 

Wherefore, one part of a straight line &c. q.e.d. 

PROPOSITION 2. THEOREM. 

Tico straight lines which cut one another are in one 
plane; and three straight lines which meet one another 
are in one plane. 

Let the two straight lines AB, CD cut one another at 
E: AB and CD shall be in one plane ; and the three 
straight lines EC, CB, BE which meet one another, shall 
be in one plane. 

Let any plane pass through the 
straight line EB^ and let the plane 
be turned about EB^ produced if 
necessary, until it pass through the 
point (7. 

Then, because the points E 
and G are in this plane, the straight 
line EC is in it ; [I. Definition 7. 

for the same reason, the straight 
line BC is in the same plane ; 

and, by hypothesis, EB is in it. 

Therefore the three straight lines EC, CB, BE are in one 

plane. 

But AB and CD are in the plane in which EB and EG 

are; [XI. 1. 

therefore AB and CD are in one plane. 
Wherefore, ttoo straight lines ko. q.e.i>. 
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PROPOSITION 8. THEOREM, 

If two planes cut one another their common section 
is a straight line. 

Let two planes AB^ BG cut one another, and let BD 
be their common section : BD shall be a straight line. 

If it be not, from B to Z>, draw 
in the plane AB the straight line 
BED, and in the plane BG the 
straight line BFD, [Postulate 1. 

Then the two straight lines BED^ 
BFD have the same extremities, 
and therefore include a space be- 
tween them ; 

but this is impossible. [Axiom 10. 

Therefore BDy the common section of the planes AB aAd 
BG cannot but be a straight line. 

Wherefore, (/"^wo^^aw^* &c. Q.B.D. 
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PROPOSITION 4. THEOREM, 

Xf a straight line stand at right angles to each qf two 
straight lines at the point of their intersection, it shall 
also be at rigM angles to the plane which passes through 
thefmy that is, to the plane in which they are. 

Let the straight line EF stand at right angles to each 
of the stndffht lines AB, GD, at E, 
the point of their intersection: EF 
shall also be at right angles to the y^iW > 

plane passing through AB, GD. 

Take the straight lines AE^ EB, 
CE, ED, all equal to one another ; 
join ADy GB ; through E draw in 
the plane in which are AB, GD, 
any straight line cutting AD BiG, 
and GB at H; and from any point 
i^in EF draw FA, FG, FD, FG, 
FH, FB, 
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Then, because the two sides AE, ED are equal to the 
two sides BE, EC, each to each, v [C(yMi/rwAion, 

and that they contain equal angles AED, BEG; [I. 15. 

therefore the base AD is equal to the base BC^ and the 
angle DAE is equal to the angle EBC. [I. 4. 

And the angle AEG is equal to the angle BEH; [1. 15. 

therefore the triangles AEG, BEH have two angles of the 
one equal to two angles of the other, each to each; 

and the sides EA, EB adjacent to the equal angles are 
equal to one another; [Constru^ctioTu 

therefore EG is equal to Eff, and AG is equal to 
BIT. [L 26. 

And because EA is equal to EB, [Construction, 

and EF is common and at right angles to them, [Hypothem, 

therefore the base AF\& equal to the base BF, [I. 4. 

For the same reason CF is equal to DF. 

And since it has been shewn that 'the two sides DAy 
AF are equal to the two sides CB, BF, each to each, 

and that the base DF is equal to the base CfF', 

therefore the angle DAFi& equal to the angle CBF, [I. 8* 

Again, since it has been shewn that the two sides FA, 
AG are equal to the two sides FB, BH, each to each, 

and that the angle FAG is equal to the angle FBH ; 

therefore the base FG is equal to the base FH, [I. 4. 

Lastly, since it has been shewn that GE is equal to HE^ 
and ^i^is conmion to the two triangles FEG, FEH\ 

and the base FG has been shewn equal to the baae FH\ 

therefore the angle FEG is equal to the angle FEH, [I. 8. 

Therefore each of these angles is a right angle. [I. B^n. 10. 

In like manner it may be shewn that EF makes right 
angles with every straight line which meets it in the plane 
passing through AB, CD, 

Therefore EF is at right angles to the plane in which are 
AB,CD, ' [XI, BtfinUwn ^ 

Wherefore, \fa straight line &c. q.e.d. 
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PEOPOSmON 5. THEOREM, 

If three straight lines meet all at one point, and a 
straight line stand at right angles to each qf th^m at that 
pointy the three straight lines shall he in one and the same 
plane. 

Let the straight Ime AB stand at right angles to each 
of the straight unes BCy BD, BE, at B the point where 
they meet : BCy BD, BE shall be in one and the same 
plane. 

For, if not. let, if possible, 
BD and BE oe in one plane, 
and ^(/Without it ; letaplane 
pass through AB and BG\ 
the common section of this 
plane with the plane in which 
are BD and BE is a straight 
line ; [XI. 3. 

let this straight Une be BF, 

Then the three straight lines 

ABy BG, BF are all in one plane, namely, the plane which 

passes through AB and BG, 

And because AB stands at right angles to each of the 
straight lines BD, BE, [Hypothesis, 

therefore it is at right angles to the plane passing through 
them ; [XI. 4. 

therefore it makes right angles with every straight line 
meeting it in that plane. [XI. JD^nition 3. 

But BF meets it, and is in that plane ; 

therefore the angle ABF is a right angle. 

But the angle ABGis, by hypothesis, a right angle; 

therefore the angle ABG is equal to the angle ABF; [Ax. 11. 

and they are in one plane ; which is impossible. [Axiom 9. 

Therefore the straight line BG is not without the plane in 
which are BD and BE, 

therefore the three straight lines BG, BD, BE are in one 
and the same plane. 

Wherefore, \f three straight lines &c. q.b.d. 
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PROPOSITION a. THEORBM. 

If two straigM lines he at right dngUs to the same plane, 
they shall be parallel to one another. 

Let the straight Imes AB, CD be at right angles to the 
same plane : AB shall be parallel to CD. 

Let them meet the plane at the j^^ 
points ^, J^ ; join BD ; and in the plane 
draw DB at right angles to BD ; [1. 11. 

make DE equal to AB ; [I. 3. 

and jom BE, AE, AD. 

Then, because AB is perpendicular 
to the pbne, [ffypothesis, 

it makes right angles with every straight 
line meeting it in that plane. [XI. Def, 3. 
But BD and BE meet AB, and are 
in that plane, 

therefore each of the angles ABD, ABE is a right angle. 

For the same reason each of the angles CDB, CDE is a 
right angle. 

And because A Bis equal to ED, [Cmstmction. 

and BD is common to the two triangles ABD, EDB, 

the two sides AB, BD are equal to the two sides ED, DB, 
each to each ; 

and the angle ABD is equal to the angle EDB, each of 
tiiem being a right angle ; [Axiom 11. 

therefore the base ^Z> is equal to the base EB, [I. 4. 

Again, because ABia equal to ED, [Construction. 

and it has been shewn that BE is equal to DA ; 

therefore the two sides AB, BE are equal to the two sides 
ED, DA, each to each ; 

and the base AE is common to the two triangles ABE, 
EDA; 

therefore the angle ABE is equal to the angle EDA. [I. 8. 

But the angle ABE is a right angle, 

therefore the angle EDA is a right angle, 

that is, ED is at right angles to AD. 

15—2 
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But ED is also at right angles 
to each of the two BD, GD\ 

therefore ED is at right angles to 
each of the three straight lines BD, 
ADy CD, at the point at which 
they meet ; 

therefore these three straight lines 

are all in the same plane. [XI. 5. 

But AB is in the plane in which 

are BD, DA ; [XI. 2. 

therefore AB, BD, CD are in one plane. 
And each of the angles ABD^ CDB is a right angle ; 
therefore AB is parallel to CD, [I. 28. 

Wherefore, ifttoo straight lines &c^ q,b.d. 




PROPOSITION 7. THEOREM. 

If two straight lines he parallel ^ the straight line 'drawn 
from any point in one to any point in the other, is in the 
same plane toith the parallels. 

Let AB, CD be parallel straight lines, and take an^ 

I)oint E in one and any point F in the other : the straight 
ino which joins E and F shall be in the same plane with 
the parallels. 

For, if not, let it be, if pos- 
sible, without the plane, as 
EGF; andmtheplane-4 J?aZ>, 
in which the parallels are, 
draw the straight line EHF 
from Eto F. 

Then, since EGF is also a 
straight Une, [Bypothesis, 

the two straight lines EGF, EHF include a space between 
them ; which is impossible. [Axiom 10. 

Therefore the straight line joining the i)oints E and F is 
not without the plane in which the psuullels AB, CD are; 

therefore it is in that plane. 

Wherefore, iftioo straight lines &c Q.S.D. 
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PROPOSITION 8. THEOREM, 

If two straight lines be parallel, and one of them be at 
right angles to a plane, the other also shall be at right 
angles to the same plane. 

Let AB.CD be two parallel straight lines; and let one 
of them AB be at right angles to a plane : tiie other CD 
shall be at right angles to the same plane. 

Let AB, CD meet the plane 
at the points B, 2) ; join BD ; 

therefore AB, CD, BD are in 
one plane. [XI. 7. 

In the plane to which AB is at 
right angles, draw DE at right 
angles to BD ; [1. 11. 

make DB equal to AB ; [I. 8. 

and join BE, AE, AD. 

Then, because AB is at right 
angles to the plane, [ffypothesis. 

it makes right angles with every straight line meeting it 
in that plane ; [XI. D^nUion 3. 

therefore each of the angles ABD, ABE is a right angle. 

And because the straight line BD meets the parallel 
straight lines AB, CD, 

the angles ABD, CDB are together equal to two right 
angles. [1. 29. 

But the angle ABD is a right angle, [HypotkesU. 

therefore the angle CDB is a right angle ,* 

that is, CD is at right angles to BD. 

And because AB is equal to ED, [Construction. 

and BD is common to the two triangles ABD, EDB; 

the two sides AB, BD are equal to the two sides ED, DB, 
each to each ; 

and the angle ABD is equal to the angle EDB, each of 
them being a right angle ; [Axiom 11. 

therefore the base AD is equal to the base EB. [I. 4. 

Again, because AB is equal to ED, IConstrwtion. 

and BE has been shewn equal to DA^ 



230 



EUCLID'S ELEMENTS. 




the two sides AB, BE are equal to the two sides ED, DA^ 

each to each ; 

and the base ^ j^ is common to the two 

triangles ABE, EDA ; 

therefore the angle ABE is equal to 
the angle ADE, [I. 8. 

But the angle ABE is a right angle ; 
therefore the angle ADEia a right angle ; 
that is, ED is at right angles to AD. 

But ED is at right angles to BD, [Const, 
therefore ED^is at right angles to the 
plane which passes through BD, DA, [XL 4. 

and therefore makes right angles with every straight line 
meeting it in that plane. [XI. Definition 3. 

But CD ism the plane passing through BD, DA, because 
all three are in the plane in which are flie parallels AB, CD; 

therefore ED is at right angles to CD, 
and therefore CD is at right angles to ED. 

But CD was shewn to be at right angles to BD ; 
therefore CD is at right angles to the two straight lines 
BD, ED, at the point of their intersection D, 
and is therefore at right angles to the plane passing 
through BD, ED, [XI. 4. 

that is, to the plane to which AB is at right angles. 

Wherefore, ifttoo straight lines &c. q.e.d. 
PROPOSITION 9. THEOREM. 

Two straight lines which are each qf them parallel to 
the same straight line, and not in the same plane with it^ 
are parallel to one another. 

Let AB and CD be each of them parallel to EF, and 
not in the same plane with it : 
AB shall be parallel to CD. 

In EF take any point G; in 
the plane passing through EF 
and AB, drawfrom G^thestraight 
line OH at right angles to EF; 
and in theplane passing through 
^F and CD, draw from Q m§ 
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straight line G^JT at right angles to -EiFl {1.11. 

Then, because EF is at right angles to GH and 
GK, IGonstrucHon* 

EFiasii right angles to the plane JTi^JT passing through 
them. [XL 4. 

And BF is parallel to AB ; [Hypothem. 

therefore AB is at right angles to the plane HGK, [XI. 8. 

For the same reason CD is at right angles to the plane 
HGK. 

Therefore AB and CD are both at right angles to the 
plane HGK. 

Therefore AB is parallel to CD. [XI. 6. 

'WhQrQioTQ, if ttoo straight lines ^. Q.E.I). 



, PROPOSITION 10. THEOREM. 

If two straight lines meeting one another be parailel to 
two others that meet one another, and are not in the same 
plane with the first two, the first two and the other two 
shall contain equal angles. 

Let the two straight lines AB, BC, which meet one an- 
other, be parallel to the two straight lines DE, EF^ which 
meet one another, and are not in the same plane with 
ABy BC : the angle ABC shall be equal to. the angle DEF, 

Take BA, BC. ED, EFdiSl equal to 
one another, and join AD, BE, CF. 
AC, DF. 

Then, because AB \& equal and 
parallel to DE, ; 

therefore AD is equal and parallel to 
BE. [L 33. 

For the same reason, CF is equal 
and parallel to BE. 

Therefore AD and CF are each of 
them equal and parallel to BE. 

Therefore AD is parallel to CF, [XL a 
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and AD is also equal to 
CF* [Axiom 1. 

Therefore -4(7 is equal and 
parallel to DF. [I. 83. 

And because ABy BG 
are equal to DEy EFy each 
to each, 

and the base AG is equal to 
the base DF, 

therefore the angle ABG is 
equal to the angle DEF, [1. 8. 

Wherefore, \ftwo straight lines &c. qjbj). 




PROPOSITION 11. PROBLEM. 

To draw a straigM line perpendicular to a given plane, 
from a given point without it. 

Let A be the given point without the plane BH: it is 
required to draw from the point A a straight line perpen- 
dicular to the plane Bff. 

Draw any straight line 
BG in the plane BII, and 
from the point A draw AL> 
perpendicular to BG, [1. 12. 

Then if AD be also perpen- 
dicular to the plane BH, 
the thing required is done. 
But, if not, itrom the point 
D draw, in the plane BII, 
the straight line DE at 
right angles to BG, [1. 11. 

and from the point A draw .4 JP perpendicular to DE, [1. 12. 

AF shall be perpendicular to the plane BH, 

Through F draw G^if parallel to BG, [I. 31. 

Then, because BG is at right angles to ED and DA, [Oonstr, 

BG is at right angles to the plane passing through ED 
and DA, [XI. 4. 

And QITiB parallel to BG; [OonstrucHon, 
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therefore GH is at right augles to the pl&ne passing 
through ED and DA ; [XL 8. 

therefore GH makes right angles with every straight line 
meeting it in that plane. [XI. Definition 8. 

But ^^ meets it, and is in the plane passing through ED 
and DA; 

therefore GHv& at right angles ix^ AF, 

and therefore ^i^ is at right angles to GH, 

But ^i^is also at right angles to DE\ [Oomtfuctum, 

therefore AF is at right angles to each of the straight 
lines GH and DE at the point of their intersection ; 

therefore AFS& perpendicular to the plane passing through 
GH and DE, that is, to the plane BH, [XI. 4. 

Wherefore, /row the given point A, without the plane 
BH, the straight line AFhas been dravm perpendicular 
to the plane, q.e.f. 



PROPOSITION 12. PROBLEM. 

To erect a straight line at right angles to a given plane, 
from a given point in the plane. 

Let A be the given point in the given plane : it is re- 
quired to erect a straight line from the point A, at right 
angles to the plane. 

From any point B without the 
plane, draw BG perpendicular to 
the plane ; [XL 11. 

and from the point A draw AD 
parallel to BG, [I. 31. 

AD shall be the straight line re- 
quired, i 

For, because AD and BG 2cve I 

two parallel straight lines, [Constr, ^ 

and that one of them BG is at 

right angles to the given plane, [Oonstniction, 

the other ^Z> is also at right angles to the given plane. [XL 8, 

Wherefore a straight line has been erected at right an- 
gles to a given plane, from a given point in it, q.bi,p. 
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PROPOSITION 13. THEOREM, 

From the same point in a given plane, there cannot he 
two straight lines ai right angles to the plane, on the same 
side qfit; and there can he hut one perpendicidar to a 
plane from a point without the plane. 

For, if it be possible, let the two straight lines AB, AC 
be at right angles to a given plane, from the same point A 
in the plane, and on the same side of it. 

Let a plane pass through 
BA, AC; 

the common section of this 
with the given plane is a 
straight line ; [XL 8. 

let this straight Une be DAE. 

Then the three straight lines AB, AC, DAE are 
all in one plane. 

And because CA is at right angles to the plane, [Hypothesis. 

it makes right angles with every straight line meeting it 
in the plane. [XL IkfiniUon 3. 

But DAE meets CA, and is in that plane ; 

therefore the angle CAE is a right angle. 

For the same reason the angle BAE is a right angle. 

Therefore the angle CAE is equal to the angle BAE; [iias.ll. 

and they are in one plane ; 

which is impossible. [Axiom 9. 

Also, from a point without the plane, there can be but 
one perpendicular to the plane. 

For if there could be two, they would be parallel to one 
another, ^ [XL 6. 

which is absurd. 

Wherefore,/row the same point &c. Q.E.D. 
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PROPOSITION 14. THEOREM. 

Planes to which the same straight line is perpendicular 
are parallel tb one another. 

Let the straight line AB be perpendicular to each of 
the planes GD and EFi these planes shall be parallel to 
one another. 

For, if not, they will meet one 
another when produced ; 

let them meet, then their com- 
mon section unll be a straight 
line; 

let GH be this straight line ; in 
it take any point K^ and join 
AK, BK. 

Then, because AB is perpen- 
dicular to the plane EF, [Hyp* 

it is perpendicular to the straight 
line BK which is in that 
plane ; [XL Definition 8. 

therefore the angle ABKis a right angle. 

For the same reason the angle BAK is a right angle. 

Therefore the two angles ABK, BAK of the triangle 
-4j5Jr are equal to two right angles; 

wliich is impossible. [1. 17, 

Therefore the planes CD and EF, though produced, do 
not meet one another ; 

that is, they are parallel. [XL Vefinitim 8. 

Wherefore, planes &c. q.e.d. 




PROPOSITION 15. THEOREM. 

If two straight lines which meet one another, he parallel 
to two other straight lines which meet one another, hut 
are not in the same plane with the first two, the plane pass- 
ing throttgh these is parallel to the plane passing throttgk 
the others. 
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Let ABf BCj two stralglit lines which meet one another, 
be parallel to two other straight lines DE^ EF^ which meet 
one another, but are not in the same plane with AB, BG\ 
the plane passing through AB^ BC^ shall be parallel to the 
plane passing through DEj EF, 

From the point B draw BG 
perpendicular to the plane pass- 
mg through DE, EF, [XI. 11. 

and let it meet that plane at G ; 

through G draw (?^ parallel to 
i?Z>,andG^^parallelto-EF.[I.81. 

Then, because BG is per- 
pendicular to the plane passing 
through DEf EF, [ConstrmHon, 

it makes right angles with every straight line meeting it 
in that plane ; [XI. Definition 3. 

but the straight lines G^j^and G^iTmeet it, and are in that 
plane ; 

therefore each of the angles BGH and BGK is a right 
angle. 

Now because BA is parallel to ED, [ffypothesU. 

and GHis pai^allel to E£>, [Comtruction. 

therefore BA is parallel to GH ; [XI. 9. 

therefore the angles ABG and BGff are together equal 
to two right angles. [I. 29. 

And the angle BGHhos been shewn to be a right angle; 

therefore the angle ABG is a right angle. 

For the same reason the angle CBG is a right angle. 

Then, because the straight line GB stands at right 
angles to the two straight lines BA, BG, at their point of 
intersection B, 

therefore GB is perpendicular to the plane passmg through 
-S-4, BG, [XI. 4. 

And GB is also perpendicular to the plane pasdng through 
^E, jEF. [CoMtructm. 
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But planes to which the same straight line is perpendicular 
are parallel to one another; [XI. 14. 

therefore the |>lane passing through ABy BC.ia parallel to 
the plane passmg through DE, JSF, 

Wherefore, ifttoo stmight lines &c. q.b.d. 



PEOPOSiTioN 16. theorem:. 

If two parallel planes be cut by another plane, their 
common sections with it are parallel. 

Let the parallel planes AB, CD be cut by the plane 
EFHGy ana let then* common sections with it be EF, 
GH\ EF shall be parallel to GH, 

For if not^ EF and GHy being produced, will meet 
cither towards F, H, or towards E, G. Let them be pro- 
duced and meet towards F, ffAt the point K, 

Then, since EFK is in the 
plane AB, every point irEFK 
IS in that plane ; [XI. 1. 

therefore iT is in the plane 
AB. 

For the same reason JT is in 
the plane CD. 

Therefore the planes ABy CD, 
being produced,*meet one an- 
otlier. 

But they do not meet, since they are parallel by hypothesis. 

Therefore EF and GHy being produced, do not meet to- 
wards Fy H, 

In the same manner it may be shewn that they do not 
meet towards E^ G. 

But straight lines which are in the same plane, and which 
being produced ever so far bot^ ways do not meet are 
parallel; 

therefore EF\% parallel to GH. 

Wherefore, {f two parallel planes &c q.b.d. 
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PEOPOsrnoN 17. theorem. 

If two straight lines be cui by parallel planes, they 
shall be cut in the same ratio. 

Let the straight lines AB and CD be cut by the pa- 
rallel planes GH, KL^ MN, at the points A. JE. B. and 
C, Fy D: AE^haM be to JS^5 as CFIb to FD. 

Join ACyBDyAD; let 
AD meet the plane KL 
at the point X; and join 
EX, XF. 

Then, because the two 
parallel planes XL, MN are 
cut by the plane EBDX, 
the common sections EX, 
BD are parallel ; [XL 16. 

and because the two pa- 
rallel planes GH, XL are 
cut by the plane AXFC, 
the common sections AG, 
XF are parallel [XI. 16. 

And, because EX is parallel to BD, a side of the 
triangle ABD, 
therefore AE is to EB as AX is to XD. [VI. 2. 

Again, because XF is parallel to ^C> a side of the triangle 
ADC, 

therefore AX is to XD as OF is to FD. [VI. 2. 

And it was shewn that AX is to XD as AE is to EB ; 

therefore AE is to EB as CF is to FD. [V. 11. 

Wherefore, iftvx> straight lines &a q.e.d. 




PROPOSITION 18. THEOREM. 

If a straight line be at right angles to a plane, every 
plane which passes throitgh it sh,all be at right angles to 
that plane* 

Let the straight line AB be at right angles to the 
plane CX: eyery plane which passes through AB shall be 
at right angles to the plane CJl. 
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Let any plane 2>£ 
pass througn AB^ and 
let C^ be the common 
section of the planes 
DE, CK\ [XI. 3. 

take any point F in 
CE^ from which draw 
FG, in the plane DE, 
at right angles to 
CE, [1. 11. 

Then, 'because AB is at right angles to the plane 
CK^ [ffypotketis. 

therefore it makes right angles with every straight line 
meeting it in that plane ; [XI. D^nition 8. 

but CB meets it, and is in that plane ; 

therefore the angle ABFia a right angle. 

But the angle GFB is also a right angle ; [Omstruction. 

therefore FG is parallel to AB, [I. 28, 

And AB is at right angles to the plane OK; [Hypothesis, 

therefore FG is also at right angles to the same plane. [XI. 8. 

But one plane is at right angles to another plane, when 
the straight lines drawn in one of the planes at right 
angles to their conmion section, are also at right angles to 
tiie other plane ; [XI. Definition 4. 

and it has been shewn that any straight line FG drawn in 
the plane DE, at ri^ht angles to CE^ the common section 
of the planes, is at nght angles to the other plane CK; 

therefore the plane DE is at right angles to the plane CK. 

In the same manner it may be shewn that any other 
plane which passes through AB is at right angles to the 
plane CK, 

Wherefore, if a straight line &a q.e.d. 



PEOPOSITION 19. THEOREM, 

If two planes which cut one another be each of them 
perpendicular to a third plane, their common section shall 
he perpendicular to the same plane. 
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Let the two planes BA. BC be each of them perpen- . 
dicular to a third plane, and let BD be the common section 
of the planes BA, BC : BD shall be perpendicular to the 
third plane. 

For, if not, from the point 2>, 
draw in the plane BA, the straight 
line DE at right angles to AD, 
the common section of the plane 
BA with the third plane ; [1. 11. 

and from the point Z>, draw in the 
plane BC, Uie straight line DF at 
right angles to CD, the common 
section of the plane BC with the 
third plane. [1. 11. 

Then, because the plane BA is 
perpendicular to the third plane, [Hypo^iesu. 

and DE is drawn in the plane BA at right angles to AD 
their common section ; \C(yMiraction, 

therefore Z>^is perpendicular to the third plane. [XI. Drf, 4. 

In the same manner it may be shewn that DF is x>er- 
pendicular to the third plane. 

Therefore from the point D two straight lines are at 
right angles to the third plane, on the same side of it; 
which is impossible. [XI. 13. 

Therefore from the point D, there cannot be any straight 
line at right angles to the third plane, except BD the com"- 
mon section of the planes BA, J3C; 

therefore BD is perpendicular to the third plane. 

Wherefore, if two planes &c. q.b.T), 



^ PROPOSITION 20. THEOREM. 

If a solid angle he contained ly three plane angles, any 
two cfth&m are together greater than the third. 

Let the solid angle at ^ be contained by the three 
plane angles BAC^ CAD, DAB\ any two of them shall be 
together greater than the third. 

If the angles BAC, CAD, DAB be all equal, it is 
evident that any two of them are greater than the third. 
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If they are not all equal, let 
BAG be that angle which is not 
less than either of the other two, and 
is greater than one of them» BAD, 

At the point Ay in the straight line 
BAy maxe, in theplane which passes 
through BAy Av, the angle BAE 
equal to the angle BAD ; [1. 23. 

make AE equal to AD ; [I. 8. 

through E draw BEG cutting ABy AC at the points J5, C: 
andjoin 2>^,2>(7. 

Then, because AD is equal to AEy [OonstrueHotk 

and AB is common to the two triangles BAD, BAE, 

the two sides BA, AD are equal to the two sides BAy AE, 
each to each; 

and the angle BAD is equal to the angle BAE; [OonOr, 
-therefore the base BD is equal to the base BE, [1. 4. 

And because BD, DG are together greater than 
BG, [1. 20. 

and one of them BD has been shewn equal to BE a part 

OSBGy 

therefore tiie other DG is greater than the remaining 
part JSra 

And because AD is equal to AE, [Oonstrtictum, 

and AG is common to the two triangles DAG, EAG, 

but the base DGh greater than the base EG; 

therefore the angle DAG is greater than the angle 
EAG. [1. 25. 

And, by construction, the angle BAD is equal to the 
angle BAE; 

therefore the angles BAD DAG are together greater 
than the angles BAE, EACf, that is, than the angle BAG, 

But the angle BAG is not less than either of the an&rles 
BADy DAG; 

therefore the angle BAG together with either of the other 
angles is greater than the third. 

Wherefore, if a solid angle &c q.e.p. 

U 
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PROPOSITION 21. THEOREM. 

Every solid angle is contained by plane angles, which 
are together less than four right angles. 

First let the solid angle at A be contained bv three 
plane angles BAG, CAD, DAB: these tiiree snail be 
together less than four right angles. 

In the straight lines AB, AC, AD ' 
take any points B, (7, 2>, and join BG, 
CD, DB. 

Then, because the solid angle at 
B is contained by the three plane 
angles CBA, ABD, DBC, any two 
of them are together greater than the 
third, [XI. 20. 

therefore the angles CBA, ABD are 
together greater than the angle DBC. 

For the same reason, tho angles BCA, ACD are together 
greater than the angle DCB, 

and the angles CDA, ADB are together greater than the 
angle BDC. 

Therefore the six angles CBA, ABD, BCA, ACD, CDA, 
ADB are together greater than the three angles DBC, 
DCB, BDC', 

but the three angles DBC, DCB, BDC are together equal 
to two right angles. [I. 82. 

Therefore the six angles CBA, ABD^ BCA, ACD, CDA, 
ADB are together greater than two right angles. 

And, because the three angles of each of the triangles 
ABC, ACD, ADB are together equal to two right 
dngles, [1. 82. 

therefore the nine angles of these triangles, namely, the 
angles CBA, BAC, ACB, ACD, CDA, CAD, ADB, 
DBA, DAB are equal to six right angles ; 

dnd of these, the six angles CBA, ACB, ACD, CDA, 
ADB, DBA are greater than two right angles, 

therefore the remaining three angles BAC, CAD, DAB, 
which contain the solid angle at A, are together less than 
four right angles. 
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Next, let the solid angle at ^ be contained by any 
number of plane angles BAG, CAD, DAE, EAF, FAB : 
these shall be together less than four right angles. 

Let the planes in which the an- 
gles are, be cut by a plane, and let 
the common sections of it with those 
planes be BC, CD, DE, EF, FB. 

Then, because the solid angle at 
B is contained by the three plane 
angles CBA, ABF, FBC, any two 
of them are together greater than 
the third, [XI. 20. 

therefore the angles CBA, ABF 
are together greater than the angle 
FBC 

"^Qit the same reason, at each of the points G, 2>, E, F, the 
two plane angles which are at the bases of the triangles 
having the common vertex A, are together greater than 
the third angle at the same point, which is one of the 
angles of the polygon BCDEF. 

Therefore all the angles at the bases of the triangles are 
together greater than all the angles of the polygon. 

Now all the angles of the triangles are together equal 
to twice as many right angles as there are triangles, that 
is, as there are sides in the polygon BCDEF; [I. 32. 

and all the angles of the polygon, together with four right 
angles, are also equal to twice as many right angles as 
there are sides in tne polygon ; [I. 82, Corollary 1. 

therefore all the angles of the triangles are equal to all the 
angles of the polygon, together with four right angles. [Ax, 1. 

But it has been shewn that all the angles at the bases 
of the triangles are together greater than all the angles of 
the polygon ; 

therefore the remaining angles of the triangles, namely, 
those at the vertex, which contain the solid angle at A, are 
together less than four right angles. 

Wherefore, every solid angle &c. Q jld. 
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LEMMA. 



If from the greater of two unequal magnitudes thers 
be taken m^ore than its half, and from the remainder 
more than its h<jtlf and so orty there slwll at length ro- 
main a magnitude less than the smaller of tlie proposed 
rruignitudes. 

Let AB and G be two unequal magnitudes, of which 
AB\^ the greater: if from AB there be taken more than 
its half, and from the remainder more than its half, and so 
on, there shall at length remain a magnitude less than C, 

For G may be multiplied so as at length 
to become greater than AB. 

Let it be so multiplied, and let DE its 
multiple be greater than AB, and let DE 
be divided into DFy FG^ GE, each equal 
to a 

From AB take i?//, greater than its 
half, and from the remainder AH take HK 
greater than its half, and so on, until there 
be as many divisions in -4^ as in DE ; and 
let the divisions in AB be AK, KH, HB, 
and the divisions in DE be DF, FG, GE, 

Then, because DE is greater than AB ; 
and that EG taken from DE is not gi*eater than its half; 

but i?-ff taken from AB\s greater than its half; 

therefore the remainder DG is greater than the remainder 
AH. 



'Kl 



H 



B 



G 



i 



BOOKXIL 1, 246 

Again, because DG is greater than AH\ 

and that OF is not greater than the half of DG^ but HK 
is greater than the half oi AH; 

therefore the remainder DF is greater than the remainder 
AK. 

But Z>^is equal to C; 

therefore Gia greater than AK; 

that is, AK is less than (7. q.bj>. 

And if only the halves be taken away, the same thing may 
in the same way be demonstrated. 

PROPOSITION 1. THEOREM, 

Similar polygons inscribed in circles aix to one another 
as the squares on thsir diameters. 

Let ABGDEy FGHKL be two circles, and in them 
the similar polygons ABGDE, FGHKL ; and let BM, 
GNhe the diameters of the circles: the polygon ABODE 
shall be to the polygon FGHKL as the square on BM is 
to the square on GM, 





Join AM, BE, FN, GL. 

Then, because the polygons are similar, 

therefore the angle BAE is equal to the angle GFL, 

and BA is to AE as G^i^ is to FL, [VI. Definition 1. 

Therefore the triangle BAE is equiangular to the triangle 
GFL; [VI. 6. 

* 

therefore the angle AEB is equal to the angle FLG, 

But the angle AEB is equal to the angle AMB, and the 
angle FLG is equal to the angle FNG ; [III. 21 

therefore the angle AMB is equal to the angle FNG. 
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And the angle BAM is equal to the angle GPN^ for 
each of them is a right angle. [III. 31. 





Therefore the remaining angles in the triangles A MB, 
FNG are equal, and the triangles are equiangular to one 
another ; 

therefore BA is to BM as GF is to GN, [VI. 4. 

and, alternately, BA is to GF as BM is to GN; [V. 16. 

therefore the duplicate ratio of BA to GF is the same as 
the duplicate ratio of BM to GN. [V. Dtfinitum 10, V. 22. 

But the polygon ABODE is to the polygon FGHKL 
in the duplicate ratio of BA to GF\ [VI. 20. 

and the square on BM is to the square on GN in the du- 
plicate ratio of BM to GN ; [VI. 20. 

therefore the polygon ABODE is to the polygon FGHKL 
as the square on SMia to the square on GN [V. 11. 

Wherefore, similar polygons &a q.b.d. 



PROPOSITION 2. THEOREM. 

Circles are to one another as the squares on their 
diameters. 

Let ABODy EFGB be two circles, and j5Z>, FH their 
diameters : the circle ABOD shall be to the circle EFGH 
as the square on BD is to the square on FH. 

For, if not, the square on BD must be to the square on 
FH as the circle ABOD is to some space either less 
than the circle EFGH, or greater than it. 

First, if possible, let it be as the circle ABOD is to a 
space 8 less than the circle EFGH 
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In the circle ^i^6?^ inscribe the square EFGH, [IV. 6. 
This square shall be greater than half of the circle EFQH. 





For the square EFGH is half of the square which can 
be formed by drawing straight lines to touch the circle at 
\hQ ^m\A E, Fy O, H \ 

and the square thus formed is greater than the circle ; 

therefore the square EFGH is greater than half of the 
circle. 

Bisect the arcs EF, FG, GHy HE at the points JT, 

and join EK, KF, FL, LG, GM, MH, HN, NE. Then 
each of the triangles EITF, FLG, GMH, HNE shall 
be greater than \mi of the segment of the circle in which 
it stands. 

For the triangle EKF is half of the parallelogram 
which can bo formed by drawing a straight line to touch the 
circle at K, and parallel straight lines through E and Fy 

and the parallelogram thus formed is greater than the 
segment FEK\ therefore the triangle j^JT^ is greater than 
hsdf of the segment. 

And similarly for the other triangles. 

Therefore the sum of all these triangles is together greater 
tiian half of the sum of the segments of the circle in which 
they stand. 

Again, bisect EKy KF^ &c. and form triangles as before ; 

then the sum of these triangles is greater than half of the 
sum of the segments of tiie circle in which they stand. 
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If this process be continued, and the triangles be sup- 
posed to be taken away, there will at length remain, seg- 
ments of circles which are together less than the excess of 
the circle EFGH above the space S, by the preceding 
Lemma. 

Let then the segments EK, KF, FL, LG, QM, MH, 
HN, NE be those which remain, and which are together 
less than the excess of the circle above S; 

therefore ' the rest of the circle, namely the polygon 
EKFLGMHNy is greater than the space 8, 

In the circleu4i?{7i> describe the polygon ^X^OC7PZ>i2 
similar to the polygon EKFLGMHN. 

Then the polygon AXBOCPDB is to the polygon 
EKFLGMHN as the square on BD is to the square on 
FH, [XIL 1. 

that is, as the circle ABGD is to the space S, [Eyp., V. 11. 

But the polygon AXBOCPDB is less than the circle 
A BCD in wnich it is inscribed, 

therefore the polygon EKFLGMHN is less than the 
space S\ [V. 14. 

but it is also greater, as has been shewn ; 

which is impossible. 

Therefore the square on BD is not to the square on 
FH as the circle ABCD is to any space less tnan the 
circle EFGH. 

In the same way it may be shewn that the square on 
FH is not to the square on BD as the circle EFGH is to 
any space less than the circle ABGD, 

Nor is the square on BD to fche square on FH as 
the circle ABCD is to any space greater than the circle 
EFGH. 

For, if possible, let it be as the circle ABCD is to a space 
jT greater than the circle EFGH. 

Then, inversely^ the square on FH is to the square on BD 
as the space Tis to the circle ABGD. 

But as the space T' is to the cfarcle ABCD so is the circle 
EFGH to some space, which must be less than the circle 
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ABCDy because, by hypothesis, the space T is greater 
than the circle EFQH. [V. 14. 





Therefore the square on FH is to the square on BD as 
the circle EFGH is to some space less than the drde 
ABCD ; 
which has been shewn to be impossible. 

Therefore the square on BD is not to the square on FH 
as the circle ABCD is to any space greater than the circle 
EFQH. 

And it has been shewn thai the square on BD is not 
to the square on FH as the circle ABCD is to any space 
less than the circle EFGH, 

Therefore the square on BD is to the square on FHsis the 
circle ABCD is to the circle EFGH. 

Wherefore, circles &c. q.b.d. 
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Thb article Eucleides in Dr Smithes Dictionary of Greek and 
Roman Biography was written by Professor I>e Morgan ; it 
contains an account of the works of Euclid, and of the various 
editions of them which have been published. To that article we 
refer the student who desires full information on these subjects. 
Perhaps the only work of importance relating to Euclid which 
has been published since the date of that article is a work on the 
Porisms of Euclid by Chasles ; Paris, i860. 

Euclid appears to have lived in the time of the first Ptolemy, 
B.O. 323 — 283, and to have been the founder of the Alexandrian 
mathematical school. The work on Geometry known as 7%e 
Elements of Euclid consists of thirteen books ; two other books 
have sometimes been added, of which it is supposed that Hypsides 
was the author. Besides the Elem^ents, Euclid was the author of 
other works, some of which have been preserved and some lost. 

We will now mention the three editions which are the most 
valuable for those who wish to read the Elements of Euclid in the 
original Greek. 

(i) The Oxford edition in folio, published in' 1703 by David 
Gregory, under the title Ei;icX6($ou rd ata^dfieva, '' As an edition 
of the whole of Euclid's works, this stands alone, there being no 
other in Greek." J)e Morgan, 

(2) Euclidis Elementorum Libn sex priore8...edidit Joannes 
Chdielmus Camerer, This edition was published at Berlin in two 
volumes octavo, the first volume in 1824 and the second in 1825. 
It contains the first six books of the Elements in Greek with ^ 
Latin Translation, and very good notes which form a mathema- 
tical commentary on the subject. 

(3) Etbclidis Elem^nta ex optimis lUnis in usum tironum 
OrcBce edita ab Ernesto Ferdinando August, This edition waer 
published at Berlin in two volumes octavo, the first volume in 
1826 and the second in 1829. It contains the thirteen books of 
the Elements in Greek, with a collection of various readings. 
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A tliird Yolume, which was to have contained the remaining 
works of Euclid^ never appeared. '' To the scholar who wants 
one edition of the Elements we should decidedly recommend this^ 
as bringing together all that has been done for the text of 
Euclid's greatest work." Dt Morgan. 

An edition of the whole of Euclid's works in the original has 
long been promised by Teubner the well-known German publisher, 
as one of his series of compact editions of Greek and Latin 
authors ; but we believe there is no hope of its early appearance. 

Bobert Simson's edition of the EUmenii of Euclid, which 
we have in substance adopted in the present work, differs con- 
siderably from the originiJ. The English reader may ascertain 
the contents of the original by consulting the work entitled The 
EUmenU of Euclid with dis8erkiHon8.,.by James WUliameon, 
This work consists of two volumes quarto ; the first volume was 
published at Oxford in 1781, and the second at London in 1788. 
Williamson gives a close translation of the thirteen books of the 
Elements into English, and he indicates by the use of Italics the 
words which are not in the original but which are required by 
our language. 

Among the numerous works which contain notes on the 
Elements of Euclid we will mention four by which we have been 
aided in drawing up the selection given in this volume. 

An Examination of the first six Books of Euclid^ s Elements by 
William Austin . . . Oxford, 1781. 

Euclid^s Elements cf Plane Geometry vdih copious notes „,hj 
John Walker. London, 1827. 

The first six hooks of the Elements of Euclid with a Common' 
tari/..,hj Dionysius Lardner, fourth edition. London, 1834. 

Short supplementary remarhs on the first six Books of Euclid's 
Elements, by Professor De Morgan, in the Companion to the 
Almanac for 1849. 

We may also notice the following works: 

Geometry, Plane, Solid, and Spherical,.,. London 1830; this 
forms part of the Library of Useful Knowledge. 

Thiorhnes et ProbUmes de G^omStrie Elemintaire par Eugine 
CatcUan..,Troisiim>e Sdition, Paris, 1858. 

For the History of Geometry the student is referred to 
Montuola's Histoire des MathSmatiques, and to Chasles's Aperfu 
historique sur Vorigine et Ic dev^loppement des M4thodes en G4o^ 
nUtric... 
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THE FIRST BOOK 

Definitions. . The first seven definitions hare given rise to con* 
siderable discussion, on Tvliich however we do not propose to enter. 
Such a discussion would consist mainly of two subjects, both of 
which are unsuitable to an elementary work, namely, an exami- 
nation of the origin and nature of some of our elementary idea£^ 
and a comparison of the original text of Euclid with the subatitu- 
tions for it proposed by Simson and other editors. For the former 
subject the student may hereafter consult Whewell*s History of 
ScienHfic Ideas and Mill's Logic, and for the latter the notes in 
Camerer's edition of the Elements of Euclid. 

We will only observe that the ideas which correspond to the 
words point, line, and »mface, do not admit of such definitions as 
will really supply the ideas to a person who is destitute of them. 
The so-called definitions may be regarded as cautions or restric- 
tions. Thus a ipoint is not to be supposed to have any size, but 
only position; a line is not to be supposed to have any hreadlh or 
thickness, but only length ; a surface is not to be supposed toiiave 
any thickness, but only length and breadth. 

The eighth definition seems intended to include the cases in 
which an angle is formed by the meeting of two curved lines, or 
of a straight line and a curved line ; this definition however is of 
no importance, as the only angles ever considered are such as are 
formed by straight lines. The definition of a plane rectilineal 
angle is important ; the beginner must carefully observe that no 
change is made in an angle by prolonging the lines which form 
it, away from the angular point. 

Some writers object to such definitions as those of an equi- 
lateral triangle, or of a square, in which the existence of the 
object defined is assumed when it ought to be demonstrated. They 
would present them in such a form as the following: if there be 
a triangle having three equal sides, let it be called an equilateral 
triangle. 

Moreover, some of the definitions are introduced prematurely. 
Thus, for example, take the definitions of a right-angled triangle 
and an obtuse-angled triangle ; it is not shewn until I. 17, that 
a triangle cannot have both a right angle and an obtuse angle^ 
and so cannot be at the same time right-angled, and obtuse- 
angled. And before Axiom 11 haa been given, it is conceivable 
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that the same angle may be greater than one right angle, and 
less than another right angle, that is, obtuse and acute at the 
game time. 

The definition of a square assumes more than is necessary, 
l^or if a four-sided figure have all its sides equal and out angle a 
right uigle^ it may be shewn that all its angles are right angles ; 
or if a four-sided figure have all its angles equal, it may be shewn 
that they are all riglU angles. 

Postulates, The postulates state what processes we assume 
that we can effect, namely, that we can draw a straight line 
between two given points, that we can produce a straight line to 
any length, and that we can describe a circle from a given centre 
with a given distance as radius. It is sometimes stated that the 
postulates amount to requiring the use of a ruler and compasses. 
It must however be observed that the ruler is not supposed to 
be a graduated ruler, so that we cannot use it to measure off 
assigned lengths. And we do not require the compasses for any 
other process than describing a circle from a given point with a 
given distance as radius ; in other words, the compasses may be 
supposed to close of themselves, as soon as oner of their points is 
removed from the paper. 

Axioms, The axioms are called in the original ComvMn 
Notions. It is supposed by some writers that Euclid intended 
his postulates to include all demands which are peculiarly geo- 
metrical^ and his common notions to include only such notions 
as are applicable to all kinds of magnitude as well as to space 
magnitudes. Accordingly, these writers remove the last three 
axioms from their place and put them among the postulates; 
and this transposition is supported by some manuscripts and 
some versions of the Elements. 

The fourth axiom is sometimes referred to in editions of 
Euclid when in reality more is required than this axiom ex- 
presses. Euclid saysy that if A and B be imequal, and G and J) 
equal, the sum of A and C is unequal to the sum of B and D. 
What Euclid often requires is something more, namely, that if 
A be greater than B, and C and D be equal, the sum of A and 
G ia greater than the sum of B and D, Such an axiom as this is 
required, for example, in I. 17. A similar remark applies to the 
fiftii axiom. 

In the eighth axiom the words ''that Is, which exactly fiU 
the same space,'' have been introduced without the authority of 
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the ori^nal Grreek. They are objectionable, because line» and 
angles are magnitudes to which the axiom may be applied^ but 
they cannot be said ioJUl space. 

On the met^iod of superposition we may refer to papers by 
Professor Kelland in the Transactions of ike Soycd Society of 
Edinburgh, Vols. XXL and xxiii. 

The eleventh axiom is not required before I. 14, and the 
twelfth axiom is not required before I. 29 ; we shall not consider 
these axioms until we arrive at the propositions in which they aro 
respectively required for the first tima 

The first book is chiefly devoted to the properties of triangles 
and parallelograms. 

We may observe that Euclid himself does not distinguish 
between problems and theorems except by using at the end of 
the investigation phrases which correspond to Q.E.i'. and Q.E.D. 
respectively. 

I. 2. This problem admits of eight cases in its figure. For 
it will be found that the given point may be joined with diher 
end of the given straight Hne, then the equilateral triangle may 
be described on either side of the straight line which is drawn^ 
and the sides of the equilateral triangle which are produced may be 
produced through either extremity. These various cases may be 
left for the exercise of the student, as they present no difficulty. 

There will not however always be eight different straight lines 
obtained which solve the problem. For example, if the point A 
falls on BO produced, some of the solutions obtained coincide ; 
this depends on the fact which follows from I. 32^ that the angles 
of all equilateral triangles are equal. 

1.5. " Join FC," Custom seems to allow this singular ex- 
pression as an abbreviation for "draw the straight line FC,** or 
for ** jom i? to (7 by the straight line FO." 

In comparing the triangles J3F0, CGB, the words '^and the 
base BC is common to the two triangles BFC, COB" are usually 
inserted, with the authority of the original. As however these 
words are of no use, and tend to perplex a beginner, we have 
followed the example of some editors and omitted them. 

A corolla/ry to a proposition is an inference which may be 
deduced immediately from that proposition. Many of the corol- 
laries in the Elements are not in the original tezt^ bat intro- 
duced by the editors. 
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It has been suggested to demonstrate I. 5 by mperposUwn. 
Conceive the isosceles triangle A BC to be taken up, and then re- 
placed so that AB falls on the old position of ACy and ii (7 falls 
on the old position oi AB, Thus, in the manner of 1. 4* we can 
shew that the angle ABO is equal to the angle A CB. 

L 6 is the converse of part of I. 5. One proposition is said to 
be the conyerse of another when the conclusion of each is the 
hypothesis of the other. Thus in I. 5 the hypothesis is tlie 
equality of the sides, and one conclusion is the equality of the 
angles; in I. 6 the hypothesis is the equality of the angles 
and the conclusion is the equality of the sides. When there is 
more than one hypothesis or more than one conclusion to a pro- 
position, we can form more than one converse proposition. For 
example, as another converse of I. 5 we have the following: if 
the angles formed by the base of a triangle and the sides pro- 
duoed be equals the sides of the triangle are equal; this pro- 
position is true and will serve as an exercise for the student. 

The converse of a true proposition is not necessarily true ; 
the student however will see, as he proceeds, that Euclid shews 
that the converses of many geometrical propositions are true. 

I. 6 is an example of the indirect mode of demonstration^ in 
which a result is established by shewing that some absurdity 
follows from supposing the required result to be untrue. Hence 
this mode of demonstration is called the reductio ad dbsvrdum. 
Indirect demonstrations are often less esteemed than direct de- 
monstrations ; they are said to shew that a theorem is true rather 
than to shew why it is true. Euclid uses the reductio ad ahaur* 
dum chiefly when he is demonstrating the converse of some 
former theorem; see I. 14, 19, 1$, 40. 

Some remarks on indirect demonstration by Professor Syl- 
vester, Professor Be Morgan, and Br Adamson will be found in 
the volumes of the Philosophical Magazine for 1852 and 1853. 

I. 6 is not required by Euclid before he reaches TI. 4 ; so that 
1. 6 might be removed from its present place and demonstrated 
hereafter in other ways if we please. For example, 1. 6 might be 
placed after 1. 18 and demonstrated thus. Let the angle ABC be 
equal to the angle ACB: then the side AB shall be equal to the 
side A (7. For if not, one of them must be greater than the other ; 
suppose AB greater than AC. Then the angle ACB is greater 
than the angle ABC, by I. 18. But this is impossible, because 
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the angle ACB is equal to tbe angle ABd by hypoihesiB. Or 
1. 6 might be placed after 1. 26 and demonstrated thus. Bisect the 
angle BA Ohy & straight line meeting the base at D, Then the 
triangles ABI) and A OB are equal in all respects, by I. 26, 

I. 7 is only required in order to lead to I. .8. The two might 
be superseded by another demonstration of I. 8, wMch has been 
recommended by many writers. 

Let ABOf DEF be two triangles, having the sides AB, AQ 
equal to the sides BE, BP, each to each, and the base BQ 
equal to the base EF: the angle BAO shall be equal to the angle 
EDF. 

A D 





For, let the triangle BEF be applied to tiie triangle ABOf 
so that the bases may coincide, the equal sides be conterminous, 
and the vertices fall on opposite sides of the base. Let QBO 
represent the triangle BEF thus applied, so that corresponds 
to B, Join AQ. Since, by hypothesis, BA is equal to BQ, the 
angle BAG is equal to the angle BOA, by L 5. In the same 
manner the angle CAO \a equal to the angle CO A, Therefore 
the whole angle BAO\b equal to the whole angle BOG, that is, 
to the angle EBF, 

There are two other cases ; for the stnught line AO may pass 
through B or 0, or it may fall outside BCi these cases may be 
treated in the same manner as that which we have considered. 

I. 8. It may be observed that the two triangles in I. 8 are 
equal in all respects; Euclid however docs not assert more than 
the equality of the angles opposite to the bases, and when he 
requires more than this result he obtains it by using I. 4. 

I. 9. Here the equilateral triangle BEF is to be described 
on the^ side remote from A, because if it were described on the 
fain« side, its vertex, F^ might coincide with A, and Uien the 
construction would fail. 
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L XI. The corollary was added by Simflon. It is liable to 
■erioiu objection. For we do not know how the perpendicular 
BE is to be drawn. If we are to use I. ii we must produce AB, 
and then we must assume that there is only one way of pro* 
ducing AB, for otherwise we shall not know that there is 
only one peipendicular; and thus we assume what we have to 
demonstrate. 

Simson's corollary might come after I. 13 and be demon- 
strated thus. If possible let the two straight lines ABOf ABD 
hare the segment AB common to both. From the point B draw 
any straight line BE, Then the angles ABE and EBG are equal 
to two right angles, by I. 13, and the angles ^i^j^and EBD are 
also equal to two right angles, by I. 13. Therefore the an- 
gles ABE and EBO are equal to the angles ABE and EBD. 
Therefore the angle EBG is equal to the angle EBD; which is 
absurd. 

Butif the question whether two straight lines can hare a com* 
mon segment is to be considered at all in the Elements, it might 
occur at an earlier place than Simson has assigned to it. For 
example, in the figure to I. 5, if two straight lines could have a 
common segment ABy and then separate at B, we should obtain 
two different angles formed on the other side of BG by these 
produced parts, and each of them would be equal to the angle 
BGG. The opinion has been maintained that even in I. i, it is 
tacitly assumed that the straight lines A G and BG cannot have a 
common segment at G where they meet ; see Oamerer's Euclid, 
pages 30 and 36. 

Simson never formally refers to his corollary until XI. i. 
The corollary should be omitted, and the tenth axiom should 
be extended so as to amount to the following ; if two straight 
lines coincide in two points they must coincide both beyond and * 
between those points. 

I. I a. Here the straight line is said to be of unlimited length, 
in order that we may ensure that it shall meet the circle. 

Euclid distinguishes between the terms cU right angles and 
perpendicular. Ho uses the term at right angles when the straight 
line i& drawn from a point in another, as in I. 11; and he uses 
the term perpendicular when the straight line is drawn from a 
point without another, as in I. 12, This distinction however 
is often disregarded by modem writers. 

I« 14. Here Euclid first requires his eleventh axiom. Folf 

17 
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in the deinoiifit»tk« we have tiie angles ABC and ABE equAl to 
two right angles, and also the ao^es ABO and ABB equal to 
two right angles ; and then the former two right angles an equal 
to the latter two right angles by the aid of the eleventh 
axiom. Many modem editions of Euclid however refer only to 
the first axiom, as if that alone were sufficient; a similar remark 
applies to the demonstrations of I. 15, and I. 48. In these cases 
we have omitted the reference purposely, in order to avoid per- 
plexing a beginner; but when his attention is thus drawn to the 
circumstance he will see that the first and eleventh axioms are 
bot;h used. 

We may observe that enors, in the references with respect to 
the elevenUi axiom, occur in other places in many modem edi- 
tions of Euclid. Thus for example in III. i, at the step ''there- 
fore the angle FDB is equal to the angle ODB,"** a reference is 
given to the first axiom inttead of to the eleventh. 

There seems no objection on Euclid's principles to the fol- 
lowing dem/yMl/rallAim of his eleventh axiom. 

Let AB be at right angles to BAG at the point A, and EF 
at right angles to HEQ at the point Ei then shall the angles BAO 
and FEQ be equal 



F 




o fl B a 



Take any length AC, and mt^eAD, EH, EG all equal to AC 
Ndw apply JffEO to DA C, so that ff may be on D, and MO on 
IfC, and B and F on the same side of DC; then will coincide 
with 0, and E with A, Also EF shall coincide with AB ; for if 
not, suppose, if possible, that it takes a different position 9B AK, 
Then the angle DAK U equal to the angle ffEF, and the angle 
€AK to the angle QEF; but the angles HEF and GEF are equal, 
by hypothesis; therefore the angles DAK and CAK are equaL 
But the angles DAB and CAB are also equal, by hypothesis; 
'Ad the angle CAB is- greater than the angle CAK; there- 
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fare tlie angle DAB is greater tliaii the angle €AK. Muoh 
more then ib the angle DAK greater than the angle OAK. Bnt 
the angle DAK was shewn to be equal to the angle CAKi 
which 18 absurd. Therefore EP must coincide with AB; and 
therefore the angle PEQ coincides with the angle BAG, and is 
equal to it. 

I. i8y I. 19. In order to assist the student in remembering 
which of these two propositions is demonstrated directly and which 
indirectly, it may be observed that the order is similar to that 
in I. 5 and I. 6. 

I. 20. '' Produs, in his commentary, relates^ that the Epi» 
cureans derided Prop, ao, as being manifest eyen to asses, and 
needing no demonstration ; and his answer is, that though the 
truth of it be manifest to our senses, yet it is science which 
must give the reason why two sides of a triangle are greater 
than the third: but the tight answer to this objection against 
this and the aist, and some other plain propositions, is, that the 
number of axioms ought not to be increased without neces- 
sity, as it must be if these propositions be not demonstrated*** 
Simson, 

I. 91. . Here it must be carefully observed that the two^ 
straight lines are to be drawn frc>m Iht endi of the tide of the 
triangle. If this condition be omitted the two straight lines will 
not necessarily be less than two sides of the triangle. 

I. 32. **Some authors blame Euclid because he does not 
demonstrate that the two drdes made use of in the oonstmction 
of this problem must cut one another: but this is very plain from 
the determination he has given, namely, that any two of the 
straight lines DF, FO, Off, must be greater than the third. 
For who is so dull, though only banning to learn the Elements^ 
as not to perceive that the circle described from the centre P, at 
the distance FD, must meet FM betwixt F and ffy because FD 
is less than Fff; and that for the like reason, tiie circle de* 
scribed from the centre Of at the distance Off.„mast meet 
DO betwixt D and 0; and that these circles must meet one 
another, because FD and Off ore together greater than FO V 
Simson, 

The condition that B and are greater than A, ensures that 
the cirde described from the centre O shall not fall entirely 
within the circle described from the centre P; the condition that 
A and B are greater than 0, ensures that the circle described 

17—2 
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from the centre P Bhall not fall entirely Tvitlun the circle de> 
soribed from the centre Q \ the condition that A and C are 
greater than B, ensures that one of these circles shall not fall 
entirely without the other. Hence the drcles must meet. It is 
easy to ste this as Simson says, but there is something arH- 
trary in Euclid^s selection of what is to be demomtrattd and what 
is to be 8eeny and Simson's language suggests that he was really 
conscious of this. 

I. 24. In the construction, the condition that DE is to be 
the side which is not greater than the other, was added by 
Simson; unless this condition be added there wiU be three c&ses 
to consider, for F may fall on EO, or above EG, or hdow EG, It 
may be objected that even if Simson's condition be added, it 
ought to be shewn that F will £fM below EG. Simson accordingly 
says '^..it is very easy to perceive, that DG being equal to DP, 
the point 6^ is in the circumference of a circle described from the 
centre D at the distance DP, and must be in that part of it 
\^hich is above the straight line EF, because DG falls above DP, 
the angle EBG being greater than the angle EDPJ* Or we may 
shew it in tiie following manner* Let JET denote the pomt of 
intersection of J)F and EG» Then, the angle DffG is greater 
than the angle DEG, by I. 16; the angle DMf is not less than 
the angle DGE, by I. 18 ; therefore the angle DffG is greater 
than the angle DGS. Therefore Dff is less than JDG, by I. 19. 
Therefore Dff is less than DP, 

If Simson's condition be omitted, we shall have two other 
cases to consider besides that in EucHd. If P falls on EG, it la 
obvious that EF is less than EG, If P falls above EG, the sum 
of DP and EF is less than the sum of DG and EG, by I. ii ; and 
therefore EF is less than EG. 

. I. 26- It will appear after I. 32 that two triangles which 
have two angles of the one equal to two angles of the other, each 
to each, have also their third angles equaL Hence we are able 
to include the two cases of I. a6 in one enunciation thus ; if two 
triangles have aU the angles of the one respeaively equal to aU the 
anglea of the other, each to each, and h<we also a nde of the one, 
(^i^potite^ to any angle, equal to the tide opposite to the equal angle 
in the other, the triangles shaU be equal in oil respects. 

' The first twenty-six propositions constitute a distinct sectiosi 
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of the first Book of the Elements, The principal reralis are 
those contamed in Propositions 4, S, and 26; in each of these 
Propositions it is shewn that two triangles which agree in three 
respects agree entirely. There are two other oases which will 
naturally occur to a student to consider besides those in Euclid; 
namely, (i) when two triangles hare the three angles of the one 
respectively equal to the three angles of the other, (a) when two 
triangles have two sides of the one equal to two sides of the other, 
each to each, and an angle opposite to one side of one triangle 
equal to the angle opposite to the equal side of the other triangle. 
In the first of these two cases the student .'Will easily see, afbenr 
reading I. 29, that fiie two triangles' aisBJMi'Beeessarily equaU 
In the second ease also the triangles are not necessarily equal, 
as may be shewn by an ezatnple; In the £gu):^sof I. ii^suppose- 
ihe straight line FB drawn; then ^i. the two triangles F£E, 
JP-BD, the side F^ and, the angle i^(7in^ common, ftnd the side 
FE Is equal to the side FJ>, but the triangles are not equal in 
all respects. In certain cases, however, the triangles will be 
equal in all respects, as will be seen from a proposition which 
we shall now demonstrate. 

^ two triangles have two sides of the one equal to two sides of 
(he other, each to each, and the angles opposite to a pair of eqyaX 
sides equal; then if the angles opposite to the other pair of equal 
sides he loth acute, or ho&i, obtuse, or \f one pf them he a right, 
angle, the two triangles are equal in aU respects, 

JjeiABO and J)EF be 
two triangles; let AB he 
equal to DE, and BO equal 
to EF, and the angle A 
equal to the angle J), 

First, suppose the angles 
C and F acute angles. 

If the angle B be equal to the angle E, the triangles A BG, 
DEF are equal in all respects, by I. 4. If the angle B be not 
equal to the angle E, one of them must be greater than the 
other; suppose the angle B greater than the angle E, and make 
the angle ABQ equal to the angle E, Then the triangles ABQ, 
DEF are equal in all respects, by I. 26j therefore BQ is equal 
to EFf and the angle BQA is equal to the angle EFD, But the 
angle EFD is acute, by hypothesis ; therefore the angle BQA is 
acute. Therefore th^ angle BQC is obtuse, by 1. 13. Bnt it has 
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been shewn ihtX BO is equal to 
EP; and EP is eqtuJ to BO^ 
by hypothesis ; therefore BQ is 
equal to B0» Therefore the an* 
gle BOG is equal to the angle 
BCO, by I. 5 ; and the angle 
BCQ is acute, by hypothesis; 
therefore the angle BQGy& acute. 
But BGO was shewn to be ob- 
tuse; which is absurd. Therefore the angles ABG^ DEP are 
not unequal; that is, they are equaL Therefore the triangles 
ABCt DEP are equal in all respects, by I. 4. 

Next, suppose the angles at C and P obtuse angles. 
The demonstration is umilar to the aboye. 

Lastly, suppose one of the angles a right angle, namely, the 
angle 0, If the angle B be not equal to the angle Ey make the 






angle ABQ equal to the angle E, Then it may be shewn, as 
before, that BG is equal to BG, and therefore the angle BGO is 
equal to the angle BGG^ that is, equal to a right angle. There* 
foro two angles of the triangle BGG are equal to two right 
angles; which is impossible, by I. 17. Therefore the angles ABC 
and DEP are not unequal ; that is, they are equal. Therefore 
the triangles ABG^ DEP are equal in all respects, by I. 4. 

If the angles A and D are both right angles, or both obtuse, 
the angles G and P must be both acute, by 1. 17. If AB is less 
than BGy and DE less than EFy the angles at G and P must be 
both acute, by I. 18 and I. 17. 

The propositions from 1. 17 to I. 34 inclusive may be said 
to constitute the second section of the first Book of the ElenMnU, 
They relate to the theory of parallel straight lines. In L 49 Euclid 
uses for the first time his twelfth aidom. The theory of parallel 
stndght, lines has always been considered the great difficulty 
of elementary geometry, and many attempte have been mad^ 
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to overoome ibis diffiooliy in a better way than Eaclid bas done. 
We sball not give an aoconnt of tbese attempti. Tbe stadent wbo 
wiabes to examine tbem may consult Gamerer's Eudidt Ger- 
gonne's Annalei de MathSmatiqueSy Yolmnes XT and xvi, tbe 
work by Colonel Perronet Tbompeon entitled Oeametry without 
Axionut tiie article ParaUeU in tbe English CydopcBdiaf a me* 
rooir by Ftofessor Baden Powell in tbe second volume of tbe 
Memoirs of the Ashmolean Society, an article by M. Bonniakofsky 
in tbe Bulletin de VAead6m%e ImpiHale, Volume v, St Peters- 
bonrg, 1863, articles in tbe Tolumes of tbe PhUosophietd 
Magcusine for 1856 and 1857, and a dissertation entitled Sur 

un point de Vhistoire de la G4om4trie ehez les Cfrees ,par 

A.J.ff. VineenL Paris, 1857. 

Speaking generally it may be said tbat tbe metbods wbicb 
differ substantially from Euclid's involve, in tbe first place an 
axiom as difficult as bis^ and then an intricate series of proposi- 
tions ; wbile in Euclid's method after the axiom is once admitted 
tbe remainiDg process is simple and clear. 

One modification of Euclid's axiom has been proposed, which 
appears to diminish tbe difficulty of the subject This consists 
in assuming instead of Euclid's axiom tbe following ; ttoo inter" 
seeting straight lines cannot be hoth parallel to a third straight line, 
Tbe propositions in the Ekmenis are then demonstrated as in 
Euclid up to I. 28, inclusive. Then, in I. 29, we proceed with 
Euclid up to the words, "therefore the angles BOAf CHD are 
less than two right angles." We then infer that BGH and OHD 
must meet: because if a straight line be drawn through 6^ so as to 
make tbe interior angles together equal to two right angles this 
straight line will be parallel to CD, by I. 28 ; and, by our axiom, 
there cannot be two parallels to CD, both passing through 0. 

This form of making the necessary assumption has been 
recommended by various eminent mathematicians, among whom 
may be mentioned Playfair and Be Morgan. By postponing 
tbe Consideration of the axiom until it is wanted, tbat is, until 
after I. 28, and then presenting it in the form here given, the 
theory of parallel straight lines appears to be treated in the easiest 
manner tbat has hitherto been proposed. 

L 30. Here we may in tbe same way shew that if ii^ and 
EP are each of tbem parallel to GD, they are parallel to each 
other. It has been said that tbe case considered in tbe text is 
qo obvious as to need no demonstration ; for if il^ and CD can 
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never meet EP^ which lies between them, they cannot meet one 
another. 

I. 31. The corollaries to I. 32 were added by Simson. In 
the second corollary it ought to be stated what is meant by an 
exterior angle of a rectilineal figure. At each angular pomt let 
<me of the sides meeting at that point be produced; then the 
exterior angle at that point is the angle contained between this 
produced part and the side which is not produced. Either at 
the sides may be produced, for the two angles which can thus be 
obtained are equal, by I. 15. 

The rectilineal figures to which Eu- 
clid confines himself are those in which 
the angles all face inwards; we may 
here however notice another class of 
figures. In the accompanying diagram 
the angle AFO faces outwards, and it is 
an angle less than two right angles ; this 
angle however is not one of the interior 
angles of the figure AEDCF, We may consider the oorra> 
spending interior angle to be the excess of four right angles 
above the angle AFG; such an angle, greater than two right 
angles, is called a rt-entraTit angle. 

The first of the corollaries to I. 31 is true for a figure which 
has a re-entrant angle or re-entrant angles; but the tecond 
is not. 

I. 32. If two triangles have two angles of the one equal to 
two angles of the other each to each they shall also have thdr 
third angles equal. This is a very important result, which is 
often required in the Elements, The student should notice how 
this result is established on Euclid's principles. By Axioms ii 
and 1 one pair of right angles is equal to any other pair of ri^t 
angles. Then, by I. 31, the three angles of one triangle are 
together equal to the three angles of any other triangle. Then, 
by Axiom 2, the sum of the two angles of one triangle is equal to 
the sum of the two equal angles of the other; and then, by Axiom 3| 
the third angles are equal. 

After I. 32 we can draw a straight line at right angles to 
a given straight line from its extremity, without producing the 
given straight line. 

Let il£ be the given straight Une. It is required to draw 
from ^ a straight line at right angles to 4^* 
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OuAB describe the equilateral triangle 
A BQ, Produce BC to D, so that CD may be 
equal to (75. Jom AD, Then ili> shall be at 
right angles to AB, For, the angle CAD is 
equal to the angle CDA, and the angle CAB 
is equal to the angle CBA, by I. 5. There- 
fore the angle BAD is equal to the two 
angles ABD, BDA, by Axiom 2, Therefore 
the angle BAD is a right angle, by L 31. 

The propositions from I. 35 to I. 48 inclusive may be said 
to constitute the third section of the first Book of the ElemeiUi, 
They relate to equality of area in figures which are not neces- 
sarily identical in form. 

I. 35. Here Simson has altered the demonstration given by 
Eudid, because^ as he says, there would be three cases to con- 
sider in following Euolid*s method. Simson however uses the 
third Axiom in a peculiar manner, when he first takes a triangle 
from a trapezium, and then another triangle from the tame 
trapezium, and infers that the remainders are equal. If the 
demonstration is to be conducted strictly after EucUd's manner, 
three cases must be made, by dividing the latter part of the 
demonstration into two. In the left-hand figure we may suppose 
the point of intersection of BE and DO to be denoted by O, 
Then, the triangle ABJE is equal to the triangle DOF; take 
away the triangle DOE from each; then the figure A BOD is 
equal to the figure EOOF; add the triangle OBC to each ; then 
the parallelogram A BCD is equal to the parallelogram SBCF, 
In the right-hand figure we have the triangle AEB equal to the 
triangle DPC; add the figure BE DC to each; then the parallel- 
ogram A BCD is equal to the parallelogram EBCP, 

The equality of the parallelograms in I. 35 is an equality of 
area, and not an identity of figure. Legendre proposed to use 
the word eqwmUnt to express the equality of area, and to restrict 
the word equal to the case in which magnitudes admit of super- 
position and coincidence. This distinction, however, has not 
been generally adopted, probably because there are few cases in. 
which any ambiguity can arise; in such cases we may say es- 
pecially, €qwil in afreet, to prevent misconception. 

Cresswell, in his Treaim of Qeometiy, has given a demon* 
stration of I. 35 which shews that the parallelograms may be 
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:, . dmded into psin of pieces admitting of vaperpo^ion and o(^n« 
cidenoe; see alio his Preface, page z. 

I. 58. An important case of I. 38 is that in which the tri- 
* angles are on eqnal bases and have a comnu>n yertex. - 1 

I. 40. We may demonstrate I. 40 without adopting the in- vfl 
; direct method. Join -B2>, CD. The trian gles DBC and DSP SO 
'"are eqnal, by I. 38; the triangles ADO and d)£!Jf are equal," 1^ 
, ^ *^ hy{)otnesi8 ; Thfteioro the triangles DBO and ADO are eqnal, by 
A>^the first Axiom. Therefore AD ia parallel to DO, by I. 39. 
sT^ ^tPhihsophical Magazine, October 1850. 

> . 5 I. 44. In L 44, Euclid does not shew that Aff and FO 

' ^^will meet. ''I cannot help being of opinion that the oonstmo- 

O ^ tion would have been more in Euclid's manner if he had made 

on equal to DA and then joining DA had proved that ffA was 

parallel to OD by the Uiirty-third proposition." WSliamBon, 

. L 47. Tradition ascribed the discovery of I. 47 to Pytha- 
goras. Many demonstrations have been given of this cele- 
brated proposition ; the following is one of the mi 
Let ADCD, AEFQ be any^^^S:*©^. 
'. two squares, placed 90 that^JT-^^^ 



their bases may join and form 



one straight 



line. Take QH^^^ 



mostinteresting. 
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' and EK each equal to AB^ and p L -^' '^^ 

[ join DO, CK, KF, Fff. 

Then it may be shewn that 

. the triangle DBO is equal in F 

^~ ^1 respects to the triangle FDK, . 

t and the triangle K^HJo the K) 

? triangle FOff, Therefore the dt 

^ two squares are together equiva- k 

'^ lent to the figure CKFDt. It 

^- may then be shewn, with the aid of I. 31, that the figure CKFH 
is a square. And the side CH is the hypotenuse of a right-angled ^ 
triangle of which the sides CD, DH are equal to the sides of the 
two given squares. This demonstration requires no proposition ^ 
of Euclid after I. 39, and it shews how two given squares may t 
be cut into i^eces which will fit together so as to form a third V 
square. Qwirtetty Jcwmal of MathemoHes, Vol. i. S 

A large number of demonstrations of this proposition are col-,^ 
looted in a dissertation by Job. Jos. Ijgn. Hofltauum, entitied Der^ 
''hfihagot^c^ Zehr$ate.,.ZweyU,,.Autgabe, Maing, iSt^* ^ /^ 
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Thb second book is devoted to the investigation of relations 
between the rectangles contained by straight lines divided into 
segments in various ways. 

When a straight line is divided into two parts, each part is 
called a segment by Eadid. It is found convenient to extend the 
meaning of the Word tegment, and to lay down the following defi- 
nition. When a point is taken in a straight line, or in the 
straight line produced, the distances of the point from the ends of 
the strught line are called segments of the straight line. When 
it is necessary to distinguish them, such segments are called in- 
temcU or external, according as the point is in the straight line, 
or in the straight line produced. 

The student cannot fail to notice that there is an analogy 
between the first ten propositions of this book and some element- 
ary facts in Arithmetic and Algebra. . 

Let ABOD represent a rectangle which is 4 inches long and 

3 inches broad. Then, by draw- 
ing straight lines parallel to 
the sides, the figure may be 
divided into 12 squares, each 
square being described on a 
side which represents an inch 
in length. A square described 
on a side measuring an inch is 
called, for shortness, a tqvare 
inch. Thus if a rectangle is 

4 inches long and 3 inches 

broad it may be divided into 12 square inches; this is expressed 
by saying, that its area is equal to 11 square inches, or, more 
brieflyi that it contains 12 square inches. And a similar result 
is easily seen to hold in all similar cases. Suppose, for example, 
that a rectangle is is feet long and 7 feet broad; then its 
area is equal to 13 times 7 square feet, that is to 84 square feet; 
this may be expressed briefly in common language thus: if a 
rectangle measures 11 feet by 7 it contains 84 square feet It 
must be carefully observed that the sides of the rectangle are 
supposed to be measured by the same unit of length. Thus if a 
rectangle is a yard in length, and a foot and »half In breadth^ i\e 
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must express each of these dimensions in terms of the same unit; 
we may say that the rectangle measures 36 inches hy 18 inches, 
and contains 36 times 18 square inches^ that is, 648 square inches. 

Thus universally, if one side of a rectangle contain a unit of 
length an exact number of times, and if an adjacent side of the 
rectangle also contain the same unit of length an exact number of 
times, the product of these numbers will be the number of square 
units contained in the rectangle. 

Next suppose we have a Bquare, and let its side be 5 inches in 
length. Then, by our rule, the area of the square is 5 times 
5 square inches, that is 25 square inches. Now the number 
25 is called in Arithmetic the square of the number 5. And 
uniyersally, if a straight line contain a unit of length an exact 
number of times, the area of the square described on the straight 
line is denoted by the square of the number which denotes the 
length of the straight line. 

Thus we see that there is in general a connexion between the 
product of two numbers and the rectangle contained by two 
straight lines, and in particular a connexion between the square of 
a number and the square on a straight line; and in consequence 
of this connexion the first ten propositions in Euclid^s Second 
Book correspond to propositions in Aiithmetio and Algebra. 

The student will perceive that we speak of the square de- 
scribed on a straight line, when we refer to the geometrical figure, 
and of the square of a number when we refer to Arithmetic. The 
editors of Euclid generally use the words "square described 
wpon^ in I. 47 and I. 48, and afterwards speak of the square of 
a straight line. Euclid himself rettdns throughout the same form 
of expression, and we have imitated him. 

Some editors of Euclid have added Arithmetical or Alge- 
braical demonstrations of the propositions in the second book, 
founded on the connexion we have explained. We have thought 
it unnecessary to do this, because the student who is acquainted 
with the elements of Arithmetic and Algebra will find no diffi- 
culty in supplying such demonstrations himself, so far as they 
are usually given. We say «o far tu they are usually given^ 
because these demonstrations usually imply that the sides of 
rectangles can always be expressed eocacUy in terms of some unit 
of length; whereas the student will find hereafter that this is not 
the case, owing to the existence of what are technically called 
ineommeniurabli magnitudes. We do not enter on this subject 
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as it would lead us too far from Euclid's EUme/nU Cjf Qeometiy^ 
with which we are here occupied. 

The first ten propositions La the second book of Euclid may 
be arranged and enunciated in various ways; we will briefly 
indicate this, but we do not consider it of any importance to dis« 
tract the attention of a beginner witii these diversities. 

II. ^ and II. 3 are particular cases of II. i. 

II. 4 is very important; the following particular case of it 
should be noticed ; the square described on a straight line made up, 
of two equal straight Unes is equal to four times the square described 
an one of ike two equal straight lines, 

II. 5 and II. 6 may be included in one enunciation thus ; the 
rectangle under the sum and difference of two straight lines is equal 
to the difference of the squares described on those straight lines; 
or thuS; the rectangle contained by two straight lines together with 
the square described sn half their difference^ is equal to the square 
described on half their sum, 

II. 7 may be enunciated thus; th^ square described on a 
straight line which is the difference of two other straight line^ is less 
than the sum of the squares described on those straight lines by 
twice the rectangle contained by those straight lines. Then from this 
and II. 4 j and the second Axiom, we infer that (he square described 
en the sum of two straight lines, and the square described on 
their difference, are together double of the sum of the squares 
described on the straight lines; and this enunciation includes both 
II. 9 and n. lo, so that the demonstrations given of these pro- 
positions by Euclid might be superseded. 

II. 8 coincides with the second form of enunciation which we 
have given to II. 5 and II. 6, bearing in mind the particular case 
of II. 4 which we have noticed. 

n. II. When the student is acquainted with the elements of 
Algebra he should notice that H. 11 gives a geometrical con- 
struction for the solution of a particular quadratic equation. 

II. 11, II. 13. These are interesting in connexion with I. 47 ; 
and, as the student may see hereafter, they are of great import- 
ance in Trigonometry ; they are however not required in any of 
the parts of Euclid's Elements which are usually read. The 
converse of I. 47 is proved in I. 48; and we can easily shew that 
converses of II. 11 and II. 13 are larue. 

Take the following, which is the converse of II. 11; if the 
square described on one side of a triangle be greater than the sum 
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of ih€ tqmrti deicribed <m the other two $idet, (he angle oppotUe 
to the first side i$ obtuae. 

For the angle cannot be a right angle, Bince the square de-, 
gcribed on the first side would Uien be equal to the sum of the 
8quarea4^ribed on tiie otiier two sides, by I. 47 ; and the angle 
cannot ^"aCute^^ainMthe square described on the first side 
would then be lesstEuttllie-s«a.of the squares described on the 
other two sides, by II. 13 ; therefore the angle must be obtuse. 

Similarly we may demonstrate the following, which is the con- 
verse of II. 13 ; if the square described on one tide of a triangle 
be less than ihe sum of the squares described on the other two sideif 
the angle opposite to the first side is acute, 

IL 13. Euclid enunciates 11. 13 thus; in acute-angled «ri- 
a'ngUs, &c ; and he gives only the first case in the demonstration. 
But, as Simson observes, the proposition holds for any triangle; 
and accordingly Simson supplies the second and third cases. It 
has, however, been often noticed that the same demonstration is 
applicable to the first and second cases ; and it would be a great 
improvement as to brevity.and deameas to take these two cases 
together. Then the whole demonstration will be as follows. 

Let ABO be any triangle, and the angle at B one of 4t» 
acute angles ; and, if il(7 be not perpendicular to BC, let fall on 
BC, produced if necessary, the perpendicuLir AD from the 
opposite angle: the square on AC opposite to the angle B, shall 
be less than. the squfo^ on CBt BA, by twice the rectangle 
CB, BJ>. 

A A 





First, suppose AC not perpendicular to B0» 

The squares on CB, BD are equal to twice the leotaagle 
GBf BD, together with the square on CD, [II. 7. 

To each of these equals add the square on DA, 
Therefore the squares on OB, BD, DA are equal to twioe the 
rectangle OB, BD, together with the squares on OD, DA, 
But the square on AB is equal to the squares on BD^ DAp 
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and ihe square on il(7 is equal io the squares on OD^ DA, 
because the angle BDA is a right angle. [I. 47. 

Therefore the squares on CB^ BA are equal to the square on ACf, 
together with twice the rectangle CB, BD ; 
that is, the square on AO alone is less than the squares on 
CB, BAf by twice the rectangle OB, BD. 

Next, suppose AO perpendicular to BO. 
Then BO is the stnaght line intercepted be- 
tween the perpendicular and the acute angle 
at B. 

And the square on ilB is equal to the squares 
on AO, OB. [I. 47. 

Therefore the square oa AO U less than the 
squares on AB, BO, by twice the square on £0, 

U. 14. This is not required in any of the parts of Euclid's 
Elementt which are usually read; it is included in YI. 23. 



^— — THE THIRD BOOK. 

Thb third book of the Elements is devoted to properties of 
circles. 

Different opinions have been held as to what is, or should be, 
incladed in the third definition of the third book. One opinion 
is that the definition only means that the circles do not out in 
the neighbourhood of the point of contact, and that it must be 
shewn that they do not cut elsewhere. Another opinion is that 
the definition means that the circles do not cut at all; and this 
seems the correct opinion. The definition may therefore be pre* 
sented more distinctly thus. Two circles are said to touch inter- 
nally when their drcumferenoes have one or more common 
points, and when every point in one circle is within the other 
cbxde, except the common point or points. Two circles are sud 
to touch externally when their circumferences have one or more 
common points, and when every point in each cirde is without 
the other circle, except the common point or points. It is then 
shewn in the third Book that the circumferences of two circles 
which touch can have only one common point. 

A straight line which touches a circle is often called a tanr^ 
gent to the circle^ or briefly, a tangent. 

It is very convenient to have a word to denote a portion of 
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the bonndary of ft cirele, and accordingly we use the word arc. 
Euclid himself uses drcuwferenGe both for the whole boundary 
and for a portion of it. 

III. I. In the construction, DG is said to be produced te 
E \ this assumes that D is within the circle, which Euclid demon- 
Btrates in III. i, 

III. 3. This consists of two parts, each of which is the con- 
yerse of the other ; and the whole proposition is the conyerse of 
the corollary in III. i. 

III. 5 and III. 6 should haye been taken together. They 
amount to this, if the circumfet*ence8 of two circles meet at a point 
tkey cannot have the tame centre ^ so that circles which have the 
same centre and one point in their circumferences common, must 
coincide altogether. It would seem as if Euclid had made three 
oases, one in which the circles cut, one in which they touch 
internally, and one in which they touch externally, and had then 
omitted the last case as eyident. 

IIL 7, III. 8. It is obseryed by Professor De Morgan that 
in III. 7 it is owumec? that the angle FEB is greater than the 
angle FEC, the hypothesis being only that the angle DFB is 
greater than the angle DFO; and that in III. 8 it is aeeumed 
that K falls within the triangle DLAf, and E without the triangle 
DMF, He intimates that these assumptions may be established 
by means of the following two propositions which may be giyen 
in order after I. tu 

The perpendicular m the shortest straight line which can he 
drawn from a given poimt to a given straight line; and of others 
that which is nearer to the perpendicular is less than the more 
remote, and the converse j and not more than tvjo equal straight 
lines can he drawn from the given point to the given straight line, 
one on ea^ih side nf ike perpendicular. 

Every straight Une dravm from the vertex of a triangle to the 
hose is less than the greater of the two sides f or tlian either of them 
if they he equal. 

The following proposition is analogous to III. 7 and III. 8. 

If any point he taken on the circumference of a circle^ of aU 
the straight lines. which can he dravm from it to the circumference, 
the greatest is that in which the centre is ; and of any others, thai 
which is nearer to the straight Une which passes through the centre 
is always greater than one mare remote; and from the sam>e point 
there can h€ drawn to the ditumferenoe two straight lines, and 
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ctdff two, whkh an tqwd to (me anoiher, one on each dde of the 
ffreatetiUne, 

The first two partA of this proposition are contained in 
m. 15 ; all three parts might be demonstrated in the manner of 
HI. 7, and they should be demonstrated, for the third part is 
really required, as we shall see in the note on III. 10. 

III. 9. The point S might be supposed to fall within the 
angle AJ)C. It cannot then be shewn that DO is greater 
than DB, and DB greater than DA, but only that either DP 
or DA is less than DB ; this however is sufficient for establish- 
ing the proposition. 

Euclid has given two demonstrations of III. 9, of which 
Simson has chosen the second. Euclid's other demonstration is 
as follows. Join D with the middle point of the straight line 
AB; then it may be shewn that this straight line is at right 
angles to AB ; and therefore the centre of the circle must lie in 
this straight line, by III. i, Corollary. In the same manner it 
may be shewn that the centre of the circle must lie in the 
straight line which joins D with the middle point of the straight 
line BC. The centre of the circle must therefore be at D, 
because two straight lines cannot have more than one common 
point. 

III. la Euclid has ^ven two demonstrations of IIL 10, of 
wluch Simson has chosen the second. - Euclid's first demonstra- 
tion resembles his first demonstration of III. 9. He shews that 
the centre of each circle is on the straight line which joins K 
with the middle point of the straight line BG, and also on the 
straight line which joins K with the middle point of the straight 
line BIF; therefore K must be the centre of each circle. 

The demonstration which Simson has chosen requires some 
additions to make it complete. For the point K might be sup- 
posed to fall without the circle DBF, or on its circumference, or 
within it; and of tiiese three suppositions Euclid only considers 
the last. If the point K be supposed to fiUl wiihout the circle 
DBF we obtain a contradiction of III. 8 ; which is absurd. If 
the p<nnt K be supposed to fall on the circumference of the circle 
DBF we obtain a contradiction of the proposition which wa 
have enunciated at the end of the note on III. 7 and III. 8 ; 
which is absurd. 

What iM demonstrated in m. 10 is that the circumferences oi 
two circles cannot have more than two common points; there is 

18 
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nothing in the demonstrafion which assumes that the drcles Cfut <me 
another, but the, enunciation refers to this case only because 
it is shewn in III. 13 that if two oirdes touch one another, 
their circumferences cannot have more than one ooQuaon 
point. 

III. II, III. XI, The enunciations as given by Simson and 
others speaJc of the point of contact; it is however not shewn 
until III. 13 that there is only one point of contact. It ahould 
be observed that the demonstration in III. 1 1 will hold even if 
D and H be supposed to coincide, and that the denionstration 
in IIL 13 will hold even if C and D be supposed to coincide. 
We may combine III. 11 and IH. I3 in one enunciation thus. 

If two ciroUs touch one another their circumfereneeM cannot 
have a common point out of the direction of the straight line which 
Joins the centres, 

III. II may be deduced from III. 7. For GH is the least 
line that can be drawn from Gto the circumference of the circle 
whose centre is F, by III. 7^ Therefore OH is less than OA, 
that is, less than GJ) ; which is absurd. Similarly III. i « may 
be deduced from III. 8. 

III. 13* Simson observes, '^ Ab it is much easier to imagine 
that two circles may touch one another within in more points 
than one, upon the same side, than upon opposite sides, the 
figure of that case ought not to have been omitted j but the 
construction in the Greek text would not have suited with this 
figure so well, because the centres of the circles must have been 
placed near to the circumferences; on which account another 
construction and demonstration is given, which is the same with 
the second part of that which Oampanua has translated from the 
Arabic, where, without any reason, the demonstration is divided 
into two parts." 

It woidd not be. obvious from this note which figure Simson 
himself supplied, because it is uncertain what he means by the 
*' same side" and '' opposite sides." It is the left-hand figure 
In the first part of the demonstration. Euclid, however, seems 
to be quite correct in omitting this figure, because he has shewn 
in III. 1 1 that if two circles touch internally there cannot be a 
point of contact out of the direction of the straight line which 
joias the centres. Thus, in order to shew that there is only ono 
point of contact, it is sufficient to put the second supposed point 
of contact on the direction of the straight line which joii^i the 
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tmSxm, Aocordifigly in his own demon«ta»don EucUd con* 
&ie8 himself to the right-hand figure; and he shews that this 
case cannot exist, because the straight line BD woidd be a 
'diameter of both circles, and would therefore be bisected at two 
different points ; which is absurd. 

Euclid might have used a similar method for the second part 
t>f the proposition ; for as there cannot be a point of contact out 
of the straight line joining the centres, it it obtrunuly impoattbU 
that there can be a second point of contact when the drcles 
touch externallj. It is easy to see this ; but Euclid preferred a 
method in whidi there is more formal reasoning. 

We may observe that Euclid's mode of dealing with the 
contact of circles has often been censured by commentators, but 
apparently not always with good reason. For example. Walker 
£^ves another demonstration of III. 13; and says that Euclid^ 
is worth nothing, and that 6imson fedls ; for it is not proved that 
two circles which touch cannot have any arc common to both 
circumferences. But it is shewn in III. i-o that this is impos- 
dble; Walker appears to have supposed that HI. lo is limited to 
the case of circles which cut. See the note on III. 10.' 

III. 17. It is obvious from the construction in III. 17 that 
two straight lines can bo drawn from a given external point to 
touch a given circle ; and these two straight lines are equal in 
length and equally inclined to the straight line which joins the 
given external point with the centre of the given circle. 

After reading III. 31 the student will see that the problem 
in III. 17 may be solved in another way, as follows: describe a 
circle on AE as diameter ; then the points of intersection of this 
circle with the given circle will be the points of contact of the 
two straight lines which can be drawn from A to touch the given 
circle. 

III. 18. It does not appear that III. 18 adds anything 
to what we have abeady obtained in III. 16. For in III. 16 it 
is shewn, that there is only one straight lino 'which touches a 
given circle at a given point, and that the angle between this 
straight line and the radius drawn to the point of contact is a 
right angle. 

III. 20. There are two assumptions in the demonstration of 
m. 10. Suppose that A is double of B and {7 double of J); 
then in the first part it is assumed that thetmm of A and Ok 
double of the sum' of ^ and i>, and in the second part it is a»- 

18—2 
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gamed that the differenoe of A and C is double of the difference 
of B and i>. The foimer aasumption is a particnlar case of Y. if 
and the latter is a partionlar case of V. 5. 

An important extension may be given to III. 10 by intro- 
ducing angles greater than two right angles. For, in the first 
figure, suppose we draw the straight lines BF and CP. Then, 
the angle BEA is double of the angle BFA, and the angle €KA 
is double of the angle CFA \ therefore the sum of the angles 
BEA and CEA is double of the angle BFO. The sum of the 
angles BEA and CEA is greater than two right angles ; we will 
call the sum, the rt-enirant angle BECL Thus the re-entrant 
angle BEG is double of the angle BFO* (See note on L 3^). 
If this extension be used some of the demonstrations in the third 
book may be abbreviated. Thus III. %i lOAy be demonstrated 
without making two cases ; III. 33 will follow immediately from 
the fact that the sum of tiie angles at the centre is equal to four 
right angles; and III. 31 will follow immediately irom IIL 20. 

III. ^r. In III. 31 Euclid himself has given only the ^rst 
case; the second case has been added by Simson and others. 
In either of the figures of III. 3 1 if a point be taken on the same 
side of BD as A , the angle contained by the straight lines which 
join this point to the extremities of BD is grtater or less than the 
angle BAD, according as the point is teithin or mtkovi the circle 
BAD; this follows from I. -31. 

We shall have occasion to refer to lY. 5 in some of the 
remaining notes to the third Book ; and the student is accord- 
ingly recommended to read that proposition at the present 
stage. 

The following pn^KMition is very important. If any numher 
of triangles he conttructed on the tcmt base and on the same tide 
of it, toith equal vertical 'angles, the vertices wiU aU lie on the ctr* 
cumtference of a segment of a circle. 

For take any one of these triangles, and describe a circle 
round it, by lY. 5 ; then the vertex of any other of the triangles 
must be on the circumference of the segment containing the 
assumed vertex, since, by the former part of this note, the vertex 
cannot be without the circle or within the circle. 

III. 33. The converse of III. 33 is true and very im- 
portant; namely, if two opposite angles of a quadrilateral le 
together equal to two right angles, a circle may he cireumseriXfed 
ibout the quadrilateral, For, let A BOD denote the quadrila- 
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teral. Describe a circle round the triangle AhO^ by IV. 5. 
Take any paint E^ on the ciroiimfer«iOe of the segment cut off 
by ACy and on the same side of il(7 as 2> is. Then, the angles 
«t B and B are together equal to two right angles, by III. 49 ; 
and the angles at B and B are together eqiud to two right 
angles, by hypothesis. Therefore the angle at J? is equal to the 
angle at i>. Therefore, by the preceding note i> is on the di^ 
comference of the same segment as E. 

Ill* 33» The converse of IIL 33 is true and important; 
namely, if a ^ibmigki line meet a circle, avkd from the point of 
meciing a itnught line he drawn cutting the circle, and the a/ngU 
between the two ttraight linee be eqwU to the angle in the altemaU 
eegvMnt of the oirde, the tl^rmghl line which meete the drde ehatt 
touch ihe.cirde* 

This may be demonstrated indirectly. For, if possible^ sup- 
pose that the straight line which meets the circle does not toudh 
it. Draw through the pdnt of meeting a straight line to touch - 
the circle. Then, by III. 33 and the hypothesis, it will follow 
that two different straight lines pass through the same pointy and 
mako the same angle, on the same side, with a third straight 
line which also passes through that point; but this is impoe* 
Bible. 

III. 35, III. 36. The following proposition constitutes A 
large part of the demonstrations of III. 35 and III. 36. Jf anp . 
point be taken in the bate, or the bate produced, of an ieoecelei 
triangle, the rectangle contained by the eegmente of the bau it 
equal to the difference of the tquare on the ttraight Une joining 
ihit point to the vertex and the tquare on the tide of the triangle. 

This proposition is in fact demonstrated by Euclid, without 
using any property of the drole ; if it wero enunciated and de- 
monstrated before HI. 35 and IIL 36 the demonstrations of 
those two propositions might be shortened and simplified. 

The following oonyerse of III. 35 and the Oorollaiy of III. 36 
may be noticed. Jf two ttraight linet AB, CD intertect at O, and 
the rectangle AO, OB be equal to the rectangle CO, OD, the ctrcttin- 
ference of a circle will patt through the four pokUt A, B, G, D. 

For a circle may be described round the triangle ABC, by 
lY. 5 ; and then it may be shewn indirectly, by the aid of 
m. 35 or the Corollary of III. 36 that the oircuinference of this 
circle will also pass through Z>. 



278 NOTES ON 



THE FOURTH BOOK. 

Thb fourth Book of the EUements consists entirely of problemi. 
The first five propositions rehite to triangles of any kind ; the- 
Fsmaining propositions relate to polygons which haye all tiiieir 
sides equal and all their angles equal. A polygon which has all its 
sides equal and all its angles equal is called a regular polygon. 

lY. 4. By a process simiUur to that in IV. 4 we can describe 
» circle which shall touch one side of a triangle and the other 
two sides produced. Suppose, for example, that we wish to 
describe a circle which shall touch the side BC, and the sides 
AB and AC produced: bisect .the angle between AB produced 
and BOf and bisect the angle between AO produced and EG; 
then the point at which the bisecting straight lines meet will be the 
centre of the required circle. The demonstration will be similar 
to that in lY. 4. 

A cirole which touches one side of a triangle and the other 
two sides produced, is called an eacribed circle of the triangle. 

We can also describe a triangle equiangular to a given tri- 
angle, and such that one of its sides and the other two sides 
produced shall touch a given circle. For, in the figure of IV. 5 
suppose AK produced to meet the circle again ; and at the point 
of intersection draw a straight line touching the drde; this straight 
line with parts of NB and NO, will form a triangle, which will 
be equiangular to the triangle MLN, and therefore equiangular to 
the triangle EBF; and one of the sides of this triangle, and the 
other two sides produced, will touch the ^ven circle. 

lY. 5. Simson introduced into the demonstration of IV. 5 
the part which shews that JDF and EF will meet. It has also 
been proposed to shew this in the following way : join BE; then 
the angles EDF and BEF are together less than the angles 
ABF and AEF, that is, they are together less than two right 
angles; and therefore JDF and EF will meet, by Axiom 11. 
This assumes that ABE and AEB are acute angles ; it may how* 
ever be easily shewn that BE is parallel to BO, so that the 
triangle ABE is equiangular to the triangle ABC; and we must 
therefore select the two sides AB and AO such that ABO and 
A CB may be acute angles. 

lY. 10. The vertical angle of the triangle in lY. 10 is 
easily seen to be the fifth part of two right angles ; and as it 
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niAy be bisected^ we can thus diyide a right angle geometrically 
into five equal parts. 

It follows from what is given in the fourth Book of the 
£llements that the drcamference of a circle can be divided into 
^ 6y 13, 14, . • . . eqnal parts ; and also into 4, 8, 16, 33, • « . . 
equal parts ; and also into 5, 10, 20, 40, ... . equal parts; and 

also into 15, 30^ 60, 120, equal parts. Hence also 

regular polygons haviug as many sides as any of these numbers 
may be inscribed in a circle, or described about a circle. This 
however does not enable us to describe a regular polygon of any 
assigned number of sides ; for example, we do not know how to 
describe geometrically a regular polygon of 7 sides. 

It was first demonstrated by Gauss in i8or, in his Disqui- 
BiHones ArithmeHcoff that it is possible to describe geometrically 
a regular polygon of 3**+ 1 sides, provided 1*^+1 be a prime num- 
ber; the demonstration is not of an elementary character. As 
an example, it follows that a regular polygon of 17 sides can be- 
described geometrically ; this example is discussed in Catalan's 
-TMorimeB tt Proiflemes de QionUtrie JSlSmentaire, 

For an approximate construction of a regular heptagon see 
the PKihtopfdeal Magatrnt for February and for April, 1864. 

THE FIFTH BOOK. 

The fifth Book of the Elements is on Proportion, Much 
has been written respecting Euclid's treatment of this subject; 
besides the Commentaries on the Elements to which we have 
already referred, the student may consult the articles Hatio and 
Proportion in the English Cyclopcedia, and the tract on the 
Connexion of Number and Magmtvde by Professor De Morgan. 

The fifth Book relates not merely to length and space, but to 
any kind of magnitude of which we can form multiples. 

V, De/. I. The word part is used in two senses in Geometry. 
Sometimes the word denotes any magnitude which is less than 
another of the same kind, as in the axiom, ihe whole is greater 
than its part. In this sense the word has been used up to tha 
present point, but in the fifth Book Euclid confines the word to 
a more restricted sense. This restricted sense agrees with that 
which is given in Arithmetic and Algebra to the term aliquot 
part, or to the term submMltiple* 



280 KOTBS ON 

V. Drf, 3. Bimson considers that the definitions 3 iind 8 aTB 
^<DOt Eudid'Sy bat added by some unskilful editor." Other oom« 
mentators also have rejected these definitions as useless. The 
last word of the third definition should be quoaUupUtxtyf not 
guMiUUy; so tib^t the definition indicates that ratio refers to the 
nwmher of titnes which- one magnitude contains another. See De 
Morgan's Differential and InUgval Cdlculm, page 18. 

y. Def. 4. This definition amounts to saying that the quan- 
tities must be of the same hind, 

Y. Drf. 5. The fifth definition is the foundation of Euclid's 
doctrine of proportion. The student will find in works on Alge- 
bra a comparison of Euclid's definition of proportion with the 
simpler definitions which are employed in Arithmetic and Algebra. 
Euclid's definition is applicable to t»conim«n«ura&^ quantities, as 
well as to eommenmrahle quantities. 

We should recommend the student to read the first propo- 
sition of the sixth Book immediately after the fifth definition of 
the fifth Book ; he will there see how Euclid applies his defi- 
nition, and wiU thus obtain a better notion of its meaning and im- 
portance. 

Compoimd Satio. The definition of compound ratio was 
supplied by Simson. The Greek text does not give any defini- 
tion of compound ratio here, but gives one as the fifth definition 
of the sixth Book, which Simson rejects as absurd and useless. 

Y. Drfs, 18, 19, 20. The definitions 18, 19, 10 are not pre- 
sented by Simson precisely as they stand in the original. The 
last sentence in d€^iti(»i 18 was supplied by Simson. Eadid 
does not connect definitions 19 and 20 with definition 18. In 
19 he defines ordinate proportion^ and in 20 he defines perturbaU 
proportion, Nothing would be lost if Eudid's definition 18 were 
entirely omitted, and the term ex oequali never employed. Euclid 
employs such a term in the enunciations of Y. 20, 11, as, ^5; 
but it seems quite useless, and is accordingly neglected by Simson 
and others in their translations. 

The axioms given after the definitions of the fifth Book are 
not in Euclid; they were supplied by Simson. 

The propositions of the fifth Book nught be divided into four 
sections. Propositions i to 6 relate to the properties of equi- 
multiples. Propositions 7 to 10 and 13 and 14 connect the 
notion of the riUio of magnitudes with the ordinary notions of 
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grtakff eguai, ftad Ust. . J^poaUioiui I'l, i9, 15 and 16 may b« 
coDfiidered as introduced to shew that, ^ /nir ^KontdMt of thg 
same kind he, jsT^pprphndU they wiU aUo be propartUmak vhm 
taken altemaJUlg, The remainhig propontiona shew that mag- 
nltudea are proportional by eomposiHon, by divmon, and ex aqwk 

In this divisioii of the fifth Book propoaitionfl 13 and 14 are 
supposed to be placed immediately after propontion 10; and 
they might be taken in this order ^thout any change in Eadid's 
demonstrations. 

The propositions headed A, B, C, D, E were supplied by 
Simson. 

^* h ^i 3» hi ^* These are nmple proporations of Aiitbmetio^ 
though they are here expressed in terms vdiich make them ap* 
pear less familiar than they really are. For example, Y. i 
"states no more than that ten acres and ten roods make ten timeij 
as much as one acre and one rood/' De Morgan, 

Iti y. 5 Simson has substitated another construction for thaft 
giyen by Euclid, because EuoUd's construction assumes that we 
oan divide a giyen straight line into any assigned number 6f 
equal parts^ and this problem is not solyed until VI. 9. 

y. 18. This demonstration is Simson's. We viU give here 
£uclid*s demonstration^ 

Let ilj? be to ^J3 as C!F is to JPD: ^^ shall a 
be to ^j? as (72) is to i?jP. 
For, if not, ^^ will be to ^iT as (7i> is to some 
magnitude less than DF, or greater than DP, ] 

First, suppose that^ J3 is to ^j? as (7i> is to 
DQ, which is less than DP, 

Then, because i^ is to Pj? as (72) is to LO^ 
therefore ^j? is to ^^ as (X? is to QD, [Y. 17. 
But^^isto^J^asOPistojPi), [JET^ppoeAema j; 
thereforeC(?isto(?i>asaPistoJF'2>. [Y. 11. 
But CQ is greater than 0P\ [HypoliketU, 

therefore QD is greater than PD. [Y« 14. 

But QD is less than PD ; which is impossible. 

In the same manner it may be shewn that AB is not to BS 
as CD is to a magnitude greater than DP^ 
Thei^ore ^B is to J3j? as (71) is to i>JF'. 

The objection urged by Simson against Euclid's demonstra- 
tion is that ''it depends upon this hypothesis, that to any three 
magnitudes, two of which, at least, are of the same kin^ there 
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ma J be 4 fourih proportional: ••••.. Euclid does not demon'> 
■trate it^ nor does he shew how to find the fourth proportional 
Wore the iftth Proposition of the 5th Book. » • • •" 

The following demonstration is given by Austin in his ExcmU 
naJtion tf ih^finb tix loohs of Euclid'' » Blements, '^ 

Let AE h9 io EB M CF la to FJ) : AB shall 
beto^iTasC/DistoDjP. A 

For, because ^i^ is to ^^ as C^ is to PD, 
therefore, alternately, AE is to CF as EB is 
to FJ). [V. i5. E 

And as one of the antecedents is to its con- 
sequent so is the sum of the antecedents to the 
sum of the consequents ; [Y. i9. 

therefore aa^ EB ia ia FD so are AE and EB 
together to OF and FJ) together, B D 

that is, il J3 is to Ci> as ^B is to FD. 
Therefore, alternately, iljS is to ^B as (72) is to FD, [V. i5, 

Y» 45. The first step in the demonstration of this proposition 
is 'Uake AO equal to E and CiT equal to F** ; and here a refer- 
ence is sometimes given to I. 3. But the magnitudes in the 
proposition are not necessarily $traighi UneSf so that this refer- 
ence to I. 3 should not be given; it must however be assumed 
that we can perform on the magnitudes considered, an operation 
similar to that which is performed on straight lines in I. 3. Since 
the fifth Book of the Mements treats of magnitudes generally, 
and not merely of lengths, areas, and angles, there is no reference 
made in it to any proposition of &e first four Books. 

Simson adds four propositions relating to compound ratio^ 
which he distinguishes by the letters F, Oy H^ K; it seems, how- 
ever unnecessary to reproduce them as they are noW rarely read 
and never required. 



THE SIXTH BOOK. 

Thb sixth Book of the Elements consists of ^the application of 
the theory of proportion to establish propcoides of geometncal 
figures. 

YI. Drf, I. For an important remark bearing on the first 
definition, see the note on YI. 5. 

YI. Drf, 4. The second definition is useless^ for Euclid 
makes no mention of reciprocal figures. 
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YI. Dff. 4* The fourth definition is strictly only appUoable 
to a triangle, becaose no other figure has a point which can bft 
exdasiyely called its 'se^pUst. The altitude of a parallelogram ia 
the perpendicular drawn to the base from any point in the op- 
posite side. 

YI. 9. The enunciation of this important proposition is open 
to objection, for the manner in which the sides may be cut is not 
sufficiently limited. Suppose, for example, that ^i> is double of 
DjB, and CE double of EA ; the sides are then cut proportionally^ 
for ea(^ side is divided into two parts, one (tf which is double of 
the other; but DE is not parallel to BG, It should therefore 
be stated in the enunciation that tAe zegmmU terminated at the 
vertex of the triangle are to be homologout terms in the ratioe, thai 
is, are to he (he antecedents or the consequents of the ratios. 

It wiU be observed that there are three figures corresponding 
to three cases which may exist ; for the straight line drawn pa- 
rallel to one side may cut the other sides, or may cut the other« 
sides when they are produced through the extremities of the base^ 
or may cut the other sides when they are produced through the 
vertex. In all these cases the triangles which are shewn to be 
equal have their vertices at the extremities of the base of the 
given triangle, and have for their common base the straight Ime 
which is, either by hypothesis or by demonstration,' parallel to 
the base of the triangle. The trumgle with which these two 
triangles are compared has the same base as they have, and has 
its vertex coinciding with the vertex of the given triangle 

YI. A, This proposition was supplied by Simson. 

YI. 4. We have preferred to adopt the term "triangles 
which are equiangular to one another,'* instead of "equiangular 
triangles," when the words are used in the sense they bear in 
this proposition. Euclid himself does not use the term equian' 
guXar triangle in the sense in which the modem editors use it in 
the Corollary to I. 5, so that he is not prevented from .using the 
term in the sense it bears in the enunciation of YI. 4 and else- 
where ; but modem editors, having already employed the term in 
one sense ought to keep to that sense. In the demonstrations, 
where Euclid uses such language as *' the triangle ABG is equi- 
angular to the ^triangle DEF,^ the modem editors sometimes 
adopt it, and sometimes change it to "the triangles ABC and 
DBF are equiangular." ' 

In YI. 4 the manner in which the two triangles are to be 
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placed id very imperfectly described ; their bases are to be in the 
same straight line and contiguous, their vertices are to be on the 
same side of the base^ and each of the two angles which have a 
common vertex is to be equal to the remote angle of the other 
triangle. 

By superposition we might deduce YL 4 immediately from 
VI. a. 

YI. 5. The hypothesis in YI. 5 involves more than is di- 
rectly asserted ; the enunciation should be, '^ if the sides of two 
triangles, taken in order, about each of their angles .....;" 
that is, some restriction .equivalent to the words taken t» order 
should be introduced. It is qtdte possible that there should be 
two triangles ABG, BEF, such that ii^ is to ^C7 as Z>^ is to 
EP, and ^C7 to (71 as 2>jP is to ED, and therefore, by Y. 23. 
AB to 1C7 as DF is to EF\ in this case the sides of the triangles 
about each of their angles are proportionals^ but not in the same 
order, and the triangles are not necessarily equiangular to one 
another. For a numerical illustration we may suppose the sides 
of one triangle to be 3, 4 and 5 feet respectively, and those of 
another to be I3, 15 and 10 feet respectively. YfolkeT^ 

Each of the two propositions YI. 4 and YL 5 is tlie converse 
of the other. They shew that if two triangles have dther of the 
two properties involved in the definition of similar figures they 
will have the other also. This is a special property of triangles. 
In other figures either of the properties may exist alone, for 
example, any rectangle and a square have their angles equal, but 
not tiieir sides proportional; while a square and any. rhombus 
have their sides proportional, but not their angles equaL 

YI. 7. In YI. 7 the enunciation is imperfect ; it should be^ 
" if two triangles have one angle of the one equal to one angle of 
the other, and the sides about two other angles proportionals, so 
ihjat the tides tubtending the equal angUe are homohgout; then if 
each ....." The imperfection is of the same nature ae that 
which is pointed out in the note on YI. 5. Walker^ 

The proposition might be convenientiy broken up and the 
essential part of it presented thus : (f two triangla ha/ve two Met 
of th^ one proportional to two sides of the other, and the angUi 
opposite to one pair of homologous sides equal, the angles whidi are 
opposite to the otker potr of homologous sides shall iithet he equals 
or le together equal to two right angles. 

For, the angles indad^ by tiie proportional sides must be 
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lather eqtial or imeqnaL If they are equal, then ainoe the tri- 
angles have two angles of the one equal to two angles of the 
other, each to each, they are equiangular to one another. We 
have therefore only to consider the case in which the angles in- 
cluded by the proportional sides are unequal. 

Let tiie triangles ABO, DEP have the angle atil equal to 
the angle at 2>, and il^ to J9(7 as Z>i? is to EF^ hut the angle 
ABC not equal to the angle DEF\ the angles ACB and DFB 
shall be together equal to two right angles. 
For^ one of the angles ABG, 
DBF must be greater than 
the other; suppose ABC the 
greater ; and make the angle 
ABO equal to the angle DBF, 
Then it may be shewn, as in 
VL 7, that BO is equal to 
BC, and the angle BOA equal to the angle EFD, 
Therefore the angles ACB and DFB are together equal tO the 
angles BOO and A OB, that is, to two right angles. 

Then the results enunciated in VI. 7 will readily follow. For 
if the angles J[(7jB and DFB are both greater than a right angle, 
or both less than a right angle, or if one of them be a right 
angle, they must be equal. 

YT. 8. In the demonstration of YI. 8, as ^yen by Simson, 
it is inferred that two triangles which are similar to a third 
triangle are similar to each other; this is a particular case of 
YI. II, which the student should consult, in order to see the 
Yalidity of the inference. 

YI. 9. The word pari is here used in the restricted aense of 
the first definition of the fifth Book. YI. 9 is a particular oase 
of YI. 10. 

YI. 10. The most important case of this proposition is that 
in which a straight line is to be divided either vnUmally or tKr 
temally into two parts which shall be in a given ratio. 

The case in which the straight line is to 1)0 divided irUemaUy 
is given in the text ; suppose, for example, that the given ratio is 
that of AE to EC; then ii^ is divided at ^ in the given ratio. 

Suppose, however, that ^5 is to be divided extemaXLy in a 
given ratio; that is, suppose that il^ is to be produced so that 
the whole straight line made up of AB and iitd part produced 
inay be^to the part produced in a- given ratio. Let the given ratio 
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be that oiACUi €E, Join EB ; through C dntwa stnuglit lino 
parallel to EB\ then this straight line will meet AB, produced 
through B, at the required point. 

YL II. This is a particular case of YI. 12. 

YT. 14. The following is a full exhibition of the steps which 
lead to the result that FB and BQ are in one straight line. 

The angle BBF.ia equal to the angle QBE; [Hypotheni, 
add to each the angle FBE; 

therefore the angles DBF, FBE tixe together equal to tbe angles 
OBE, FBE, [Axiom «. 

But the angles DBF, FBE are together equal to two right 
angles; P» id- 

therefore the angles QBE, FBE are together equal to two right 
angles; [Axiom i. 

therefore FB and BO are in one straight line. [1. 14. 

YI. 15. This may be inferred from YL 14, since a triangle 
is half of a parallelogram with the same base and altitude. 

It is not difficult to establish a third proposition conversely 
connected with the two inyolved in YI. 14, and a third propo- 
sition similarly conversely connected with the two involved in 
YI. 15. These propositions are the follo^mng. 

Equal pardUelograms which have their sid^ reciprocaUy pro- 
portionalf have their angles equalf each to each, 

Egual triangles which have the sides about a pair of angU» 
reciprocally proportionalf have those angles equal or together equal 
to tipo right angles. 

We will take the latter proposition^ 

Let ABO, ADE be equal triangles; and let C7il be to AD 
as AE is to ABi either the angle BAG shall be equal to the 
angle DAE, or the angles ^J[C7 and DAE shall be together equal 
to two right angles. 

[The student can construct the figure for himself.] 

Hace the triangles so that CA and AD may be in one straight 
line; then if EA and AB ovq in one straight line the angle BAG 
is equal to the angle DAE, |1. 15. 

If EA and ^J? are not in one straight line^ produce BA through 
A to F, BO that AF may be equal to AE; join DF and EF, 

Then becaase CA ia to AD as AE is to AB, [Hypothesis, 
and AFia equal to ili^, [CoHstrucUon, 

therefore C!4 is to AD as AF wioAB, [Y. 9, Y. 1 1. 

Therefore the triangle DAF is equal to the triangle BA 0. [YI. 15. 



EUCLID'S ELEMENTS. 287 

But the triangle DAE is equal to the triangle BA C, [SffpotheM, 
Therefore the triangle DAB is equal to the triangle DAF, [Ax, f. 
Therefore JEF is parallel to AD, [I. 3^ 

Suppose now that the angle DAS ia greater than the angle 
DAF. 

Then the angle OAF la equfll to the angle AFF, [L 9^ 

and therefore the angle CAEla equal to the angle AFE^ [I. 5. 
and therefore the angle CAEia equal to the angle £A0. {I. 49. 
Therefore the angles BAO and DAE are together equal to two 
right angles. 

Similarly the proposition may be demonstrated if the angle 
DAE is less than the angle DAF, 

YI. 16. This is a partioular case of YI. 14. 

YI. 17. This is a particular case of YI. 16. 

YI. 72. There is a step in the second part of YI.^1 which 
requires examination. After it has been shewn that the figure 
SB is equal to the similar and similarly situated figure iV!^, it 
is added ''therefore FB is equal to OS,** In the Greek text 
reference is here made to a lemma which follows the proposition. 
The word lemma is occasionally used in mathematics to denote 
an auxiliary proposition. From the unusual ^rcumstance of a 
reference to something following, Simson probably concluded 
that tiie lemma could not be Eudid^s, and accordingly he takes 
no notice of it. 

The following is the substance of the lemma. 

If FB be not equal to Off, one of them must be greater than 
the other; suppose PJ2 greater than <?J71 

Then, because SB and Nff are similar figures^ PB la to PS 
as <?ir is to ON. [ YI. DtfiniUon i. 

But PB is greater than OH, [Hypothesis. 

therefore PS is greater than ON, [Y. 14. 

-Therefore the triangle BPS la greater than the triangle 
HON. p. 4, Axkm 9. 

But, because SB and NHaxe similar, figures, the triangle BPS l» 
equal to the triangle HON; [YI. 20. 

which is impossible. 
Therefore PB is equal to OH. 

YI. 93. In the figure of YL 33 suppoae BD and OE dr&wn. 
Then the triangle BCD is to the triangle OOE as the parallekh- 
gram AC is to the parallelogram OF, Hence the result m^^y be 
extended to triangles^ and we have., the. following theoren^ 
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kiangUt which ham one angle of the one egwd to one angle of the 
ether, ham to one another the raHo tohieh i$ compounded of the 
ratios of their eidee. 

Then VI. 19 is an immediate oonflequence of this theorem. 
For let ABO and DBF be similar triangles, so that AB laioBO 
as D^ is to BF; and therefore, alternately, il^ is to Di? as ^(7 
is to EF, Then, by the theorem, the triangle ABC has to the 
triangle DBF the ratio whioh is compounded of the ratios of AB 
to DB and of BO to BFy that is, the ratio which is compounded 
of the ratios of BO to EF and of BO to BF. And, from the 
definitions of duplicate ratio and of compound ratio, it follows 
that the ratio compounded of the ratios of BO to EF and of BC 
to EFh the duplicate ratio of BO to EF. 

YI. 15. It will be easy for the student to exhibit in detail 
the process of shewing that BO and OF are in one straight line, 
and also LB and EM ; the process is exactly the same as that in 
I* 45> ^7 which it is shewn that Klf and IfM are in one straight 
line, and also FO and OL. 

It seems that YI. 45 is out of plaoe, since it separates pro- 
positions so closely connected as YI. 94 and YI. 26. We may 
enunciate YI. 15 in familiar language thus: to make a figure 
which ehaU have the form of one figure and the tiee of another, 

YI. 36. This proposition is the converse of YI. 44 ; it 
might be extended to the case of two similar and similarly 
situated parallelograms which have a pair of angles vertically 
opposite. 

We have omitted in the sixth Book Propositions 27, 18, 3^ 
and the first solution whioh Euclid gives of Proposition 30^ as they 
appear now to be never required, and have been condemned as 
useless by various modem commentators; see Austin, Walker, 
and Lardner. Some idea of the nature of these propositions may 
be obtained from the following statement of the problem pro- 
posed by Euclid in YI. 29. ^1^ is a given straight line ; it lias 
to be produced through ^ to a point 0, and a parallelogram 
described on ^0 subject to the following conditions; the paral- 
lelogram is to be equal to a given rectilineal figure, and the 
parallelogram on the base BO which can be cut off by a 
straight line through B is to be similar to a given panJlelo- 
gram. 

YI. 31. This proposition seems of no use. Moreover the 
enunciation is hnperfect For suppose ED to be produced 
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through i) to a point F, such that DF is equal io VE ; and 
]om CP. Then thetriangle CDF wiU satisfy aU the conditions 
in Euclid's enunciation, as well as the triangle CJDE; but CF 
and CB are not in one straight line. It should be stated that 
the bases must lie on corresponding sides of both the parallels; 
the bases CF and BG do not lie on corresponding sides of the 
parallels AB and JD(7, and so the triangle CDF would jiot 
fulfil all the conditions, and would therefore be excluded. 

VI. 33« In VL 33 Euclid impUdtly gives up the restriction, 
which he seems to have adopted hitherto, that no angle is to be 
considered greater than two right angles. For in the demon- 
stration the angle BGL may be any multiple whatever of the 
angle BQC, and so may be greater than any number of rirfit 
angles. 

^^ ^9 O9 D, These propositions were introduced by 
Simson. The important proposition VI. D occurs in the M€7<iXi; 
SiWofw of Ptolemy. 



THE ELEVENTH BOOK. 

In addition to the first six Books of the Elements it is usual 
to read part of the eleventh Book. For an account of the 
contents of the other Books of the Elements the student ifl 
referred to the article EucUides in Dr Smith's Dictionary of 
Greek and Foman Biography, and to the article Irrational Quan- 
titles in the English Cyclopcedia. We may state briefly that 
Books VII, VIII, IX treat on Arithmetic, Book X on Irra- 
tional Quantities, and Books XI, XII on Solid Geometry. 

XT. Def, 10. This definition is omitted by Simson, and 
justly, because, as he shews, it is not true that solid figures 
contained by the same number of similar and equal plane figures 
are equal to one another. For, conceive two pyramids, which 
have tiieir bases similar and equal, but have different altitudes. 
Suppose one of these bases applied exactly on the other; then if 
the vertices be put on opposite sides of the base a certun solid is 
formed, and if the vertices be put on the same side of the base 
another solid is formed. The two solids thus formed are con- 
tained by the same number of similar and equal plane figures^ 
but they are not equal. 

It will be'observed that in this example one of the solids has 
a re-entrant solid angles see page 164. It ii however true that 

19 
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Iwo conveoR solid figures are equal if they are oontained by equjkl 
plane figures similarly arranged; see Catalan's ThioHma et 
ProbUmes de Qiom4trie EUmentaire. This result was first demon- 
strated by Cauohy, who turned his attention to the point at^the 
request of Legendre and Malus; see the Jowmai de VEcoU 
PolyUchnique^ Cahier i6. ^' 

^I. i>tf/. 26. The word tetrahedron is now often used to 
denote a solid bounded by any four triangular faces, that is, a 
pyrandd on a triangular base ; and when the tetrahedron is to 
be such as Euclid defines, it is called a regular tetrahedron. 

Two other definitions may conveniently be added. 

A straight line is said to be parallel to a plane when they do 
not meet if produced. 

The angle made by two straight lines which do not meet Is 
the angle contained by two straight lines parallel to them, drawn 
through any point. 

XI. II. In XI. II the first case only is g^yen in the ori- 
ginaL In the second case a certain condition must be intro- 
duced, or the proposition will not be true; the polygon BODEF 
must have no re-erUrant angle. See note on I. 33. 

The propositions in Euclid on Solid Greometry which are 
now not read, contain some very important results respecting the 
Yolumes of solids. We will state these results, as they are 
often of use; the demonstrations of them are now usually 
given as exi^ples of the Integral Calculus, 

We have already explained in the notes to the second Book 
how the area of a figure is measured by the number of square 
inches or square feet which it contains. In a similar manner the 
Yolume of a solid is measured by the number of cvbie inches or 
cubic feet which it contains ; a cubic inch is a cube in which each 
of the faces is a square inch, and a cubic fo<4 is similarly 
defined. 

The yolume of a prism is found by multiplying the number 
of square inches in its base by the number of inches in its 
altitude ; the yolume is thus expressed in cubic inches. Or we 
may multiply the number of square feet in the base by the 
number of feet in the altitude ; the volume is thus expressed in 
cubic feet. By the hose of a prism is meant either of the tvoo 
eqwUf similar, and parallel figures of XI. Definition 13; and the 
altitude of the prism is the perpendicular distance between these 
two planes. 
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Tlie rule for the Tolnme of a priim inyolyes the fMsi fluit 
prums on equal hata and between ike §ame pardUeU are equal in 
wohime, 

A parallelepiped ia a particular case of a prism. The ▼olnmo 
€i a pyramid is one third of the Tolune of a prion on the lame 
base and haying the same altitude. 

For an aoooont of what are called tiie Jhe regular tolide the 
student is referred to the ohapter on Polyhedront in the Treatise 
on Sjpherical Trigonometry, 

THE TWELFTH BOOK, 

Two propositions are given from the twelfth Book, as they 
are veiy important^ and are required In the Uniyersity Examina- 
tions. The Lemma is the first proposition of the tenth Book, 
and is required in the demonstration of the second proposition of 
the twelfth Book. 
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APPENDIX. 

This Appendix consists of a collection of important pro- 
positi<ms which will be found usefiil, both as affording 
geometrical exercises, and as exhibiting results which are 
often required in mathematical investigations. The student 
will have no difficulty in drawing for himself the requisite 
figures in the cases where they are not given. 



1. ITie sum qf the squares on the steles qf a triangle 
is equal to tudce the square on haifthe base^ together with 
ttoice the square on the straight line which joins the vertex 
to the middle point qfthe base. 

Let ABC be a triangle ; and lot D be the middle point 
of the base AB. Draw CE perpendicular to the base 





meeting it at E; then E may be either in AB or in AB, 
produced. 

First, let j^ coincide with D; then the proposition 
follows immediately from I. 47. 

NexL let E not coincide with D; then of the two 
angles ADC and BDC, one most be obtuse and one acute. 
Suppose the angle ADC obtuse. Then, by II. 12, the 
square on AC is equal to the squares on AD^ DC, toge- 
ther with twice the rectangle AD, DE\ and, by II. 18, the 
square on BC together with twice the rectangle BD, DE is 
equal to the squares on BD, DC. Therefore, by Axiom 2, 
the squares on ^C^ BC, together with twice the rectangle 
BDy DE are equal to the squares on AD^ DBy and twice 
the square on DC, together with twice the rectangle 
AD, I>B,' But^D.is equal ta2>^. ^erefore the squares 
on AC, BO are equal to twice the squares on AD, DC. 
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2. If two chorditnteneet within a eirdey the angle 
which they include ismeoiured by haHfthe sum qf the in- 
tercepted arcs. 

Let the chords AB and (7i> of a drde intersect at Bj 
jom AD, 

The angle AEG is eqnal to the 
angles ADE^ and DAE, by 
L 32; that is, to the angles 
standing on the arcs AC and 
BD. Thns the angle AEC is 
equal to an angle at the dr- 
cwmference of the circle stand* 
ing on the sum of the arcs AG 
and ^2> J and is therefore equal 
to an angle at the centre of the 
circle standing on half the sum of these arcs. 

Similarly the angle GEB is measured by half the sniii 
of the arcs OB and AD, 

3. If two chords produced intersect without a eirde^ 
the angle which they include is measured hy haXf the 
difference qfthe intercepted arcs. 

Let the chords AB and CD of a circle, produced* in* 
*tersect at E; join AD. 

The ande ADC is equal to the angles EAD and AED, 
bj I. 32. Thus the angle AEC is equal to the difference 
of the angles ADCmaBADi that is, to an an^le at the 
circun^ference of the circle stiuiding on an arc whidi Is the 





difference of AC and BD; and is therefore equal to an 
angle at the «0n^r» of the ckde standing on half the dtfTeiv 
enoe of these arcs. 
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4 To draw a itraight ting which ihall touch two 
given circles. 

Let A be the centre of the greater circle, and B the 
centra of the less circla With centre A, and radius equal 
to the difference of the radii of the given circles, describe 
a circle; from B draw a straight line touching the circle 




80 described at O. Join AC and produce it to meet thd 
circumference at 2>. Draw the nuuus BE parallel to AD^ 
and on the same side of AB ; and join DE. Then DE shall 
touch both circles. 

See I. 33, 1. 29, and III. 16 Corollary. 

Since two straight lines can be drawn from B to touch 
the described circle, two solutions can be obtained; and the 
two straight lines which are thus drawn to touch the two 

S'yen circles can be shewn to meet AB, produced through 
', at the same point. The construction is applicable when 
eaoh of the given circles is without the other, and also 
when they intersect. 

When eadi of the given drdes is without the other we 
can obtain two other solutions. For, describe a circle with 
^ as a centre and radius e<|^ual to the sum of tho radii of 
the given circles ; and contmue as before, except that BE 
and AD will now be on opposite sides of AB. The two 
straight lines which are thus drawn to touch the two given 
circles can be shewn to intersect AB at the same point 
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6. To describe a cirde which shall pass thrtyugh three 
given points not in the same straight line. 

This is solved in Euclid lY. 5. 

6. To describe a circle which shall pass through two 
given points on the same side of a given straight line, and 
touch that straight line. 

Let A and B be the given points ;^oin AB and pro* 
duce it to meet the given straight Une at (7. Make a 
square equal to the rectangle CA, CB (II. 14), and on the 




fiven straight line take CE equal to a side of this square, 
describe a circle through A^ By E (5); this will be the 
circle required (III. 37). 

Since j^can be taken on either side of Oy there are two 
solutions. 

The construction fails if ^J9 is parallel to the given 
straight line. In this case bisect AB at D^ and draw DG 
at right angles to AB, meeting the given straight line at C, 
Then describe a circle through Ay S, (7. 

7. To describe a circle which shall pass through a 
given point and touch two given straight lines. 

Let A be the given point ; produce the given straight 
lines to meet at B, and join AB. Through B draw a 
straight line, bisectmg that angle included by the given 
straight lines within which A lies; and in this bisecting 
straight line take any point C. From Cdrom a perpendici]iar 
on one of the given straight Unes, meeting it at i>; with 
centre C. and radius CD, describe a circle, meeting ABy 
produced if necessary, at E, Join CE\ and through A draw 
a straight line parallel to CE, meeting BGy produced if 
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necessary, at F. The circle described from the centre F^ 
with radios FA^ will touch the given straight lines. 

For, draw a perpendicular from F on the straight line 
J57>, meeting it at Q. Then C£r is to J^^ as J5(7 is to BF^ 
and CD is to FG as BG is to BF (VI. 4, V. 16). There- 
fore CE is to .P^ as OZ) is to 2^6? (V. 11). Therefore 
GE is to GD as ^^ is to FG (V. 16). But GE is equal 
to GB ; therefore jR4 is equal to FG (V. -4). 

If A is on the straight line BG we determine E as 
before ; then join ED^ and draw a straight line through A 
parallel to ED meeting BD produced if necessary at G\ 
from G draw a straight line at right angles to BG^ and the 
point of intersection of this straight line with BG^ produced 
if necessary, is the required centre. 

As the circle described from the centre (7, with the 
radius (72>, will meet AB at two points, there are two 
solutions. 

If A is on one of the given straight lines, draw from 
A a straight line at right angles to this ^y^xa straight 
line; tibe point of intersection of this straight line with 
either of the two straight lines which bisect the angles 
made by the given straight lines may be taken for tiie 
centre of the required circle. 

If the two i^iven straight lines are parallel, instead of 
drawing a straight line BO to bisect the angle between 
them, we must draw it parallel to them, and equidistant 
from them. 
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8. To describe a circle which $haU touch three 
given straigM lines, not more than two qf which are 
parallel. 

Proceed as in Euclid lY. 4. If the giren straight linea 
form a triangle, four circles can be described, namely, one 
as in Euclid, and three others each touching one siae of 
the triangle and the other two sides produced. If two 
of the given straight lines are parallel, two circles can be 
descriTOd^ namely, one on each side of the third given 
straight Ihie. 

9. To describe a circle which shall touch a given 
circle^ and touch a given straight Une €U a given point. 

Let ^ be the given point in the given straight line, 
and C be the centre of the given circle. Through C draw 
a straight line perpendiculsa* to the givea' stnught line^ 




and meeting the drcumferenoe of the drde at B and 2>, 
of which J> is the more remote from the given straight 
line* Join AD, meeting the circumference ca tiie circle at 
E, From A draw a straight line at right angles to the 

S'ven straight lin& meetm^g CE produced at F, Then i^shall 
) the oen&e of the required circle^ and PA its radius. 

For the angle AEF is equal to the angle CED (1. 16); 
and the angle EAP is equal to the angle ODE (I. 29); 
therefore tne angle AEP is equal to the angle EAP; 
therefore AP is equal to EP (1. 6). 
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In a similar maimer another solution may be obtomcd 
by jomiDg AB* If the given straight line falls without the 
given drda the circle obtamed by the first solution touches 
the given cirde externally, and the circle obtained by the 
second solution touches the given circle internally. If the 
given straight line cuts the given circle, both we drcleii 
obtained touch the given circle externally. 

10* To describe a cirde which shall pass through two 
given points and touch a given circle. 

Let A and B be the given points. Take anv point O 
on the circumference of the given cirde, and describe a 
circle through A, B, C. If tibis described circle touches 
the given drcle, it is the required circle. But if not, let D 




be the other point of intersection of the two drcles. Let 
-45 and CD be produced to meet at E] from E draw a 
straight line toudiing the given circle at F, Then a drdo 
described through A, B, F shall be the required drde. 
See IIL 35 andlll. 37. 

There are two solutions, because two straight lines can 
be drawn from i^to touch the given circle. 

If the straight line which bisects AB at right angles 
passes through the centre of the given drcle, the con« 
struction fails, for AB and CD are paralleL In this case 
F must be determined by drawing a straight line parallel 
\^AB so as to touch the given drde. 
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11. To describe a circle which ihaU touch two gii9&n 
Hraight lines and a given circle. 

Draw two straight lines parallel to the giyen straight 
lines, at a distance from them eqnal to tiie radius of the 
giyen circle, and on the sides of them remote from the 
centre of th^ given circle. Describe a circle touching the 
straight lines thus drawn, and i)assing through the centre 
of the given circle (7). A circle having the same centre as 
the circle thus described, and a radius equal to the excess 
of its radius over tiiat of the given circle, will be the re- 
quired circle. 

Two solutions will be obtained, because there are two 
solutions of the problem in 7 ; the circles thus obtained 
touch the given circle externally. 

We mav obtain two circles which touch the given circle 
internally, by drawing the straight lines parallel to the given 
straight Imes on the sides of them adjacent to the centre 
of the given circle. 



12. To describe a circle which shall pass through a 
given point and touch a given straight line and a given 
circle. 

We will suppose the given point and the given straight 
line without the circle; other cases of the problem may be 
treated in a similar manner. 

Let A be iihe given point, and B the centre of the 
given circle. From B draw a perpendicular to the given 
straight line, meeting it at (7, and meeting the drcam- 
ference of the given circle at D and Ey so that /> is be- 
tween B and C. Join EA and determine a point Fm EA, 
produced if necessary, sudi that the rectangle EA^ EF 
may be equal to the rectangle EG^ ED ; this can be done 
by describing a circle through Ay (7, jD, which will meet 
EA at the required point (III. 36, Corollary). Describe a 
<^le to pass through A and F and touch the given straight 
'tie (6) ; this shall be the required circle. 
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For, let the circle thns described touch the giyen 
straight line at Q ; join EG- meetmg the giyen circle at Hj 




and join DH. Then the triangles EHJO and ECG are 
similar; and therefore the rectangle EG, ED is equal to 
the rectangle EG, EH (III. 31, Yl. 4, VI. 16). Thug the 
rectangle EA, EF is equal to the rectangle EH, EG; and 
therefore JST is on the circumference of the described 
carde (III. 36, Corollary). Take K the centre of the 
described circle ; join XG, KH and BH Then it may 
be shewn that the angles KhG and EHB -are equsd 
(I. 29, I. 6). Therefore KHB is a straight line; and 
therefore the described circle touches the given circle. 

Two solutions will be obtained, because there are two 
solutions of thefnroblem in 6 ; the circles thus described 
touch the given circle externally. 

By joining DA instead of J^^ we can obtain two solu-* 
tions in which the circles described touch the given circle 
internally. 
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13. To describe a circle tthich ihaii touch a giten 
itraight line and two given circlef. 

Let ^ be the centre of the larger circle and B the 
centre of the smaller circle. Draw a straight line parall^ 
to the given straight line, at a distance from it equal to the 
radius of the smuler cirde, and on the side of it remote 
from A. Describe a circle with A as centre, and radius 
equal to the difference of the radii of the given drclea 
Describe a circle which shall pass through B, touch exter- 
nally the drdo just described^ and also touch the strai^t 
line which has been drawn parallel to the given stn%ht 
line (12). Then a drde having the same centre as the 
second aescribed circle, and a radius equal to the excess 
of its radius over the radius of the smaller given drde^ 
will be the required circle. 

Two solutions will be obtained, because there are two 
solutions of the problem in 12 ; the drdes tiius described 
touch the given circles externally. 

We may obtain in a similar manner drcles which toudi 
the given drdes internally, and also drcles which touch 
one of the given cirdos mtemally and the other exter-. 
nally. 



14. Let A he the centre (^ a circle^ and B the centre 
qf a larger circle ; let a straight line be dratcn touching 
the former drde at C and the latter circle at D, and 
meeting AB produced through A at T. From T draw 
any straight line meeting t/ie smaller circle ai K and L, 
and the larger circle at M and N ; so that the five letters 
Tf K, L, M, N are in this order. Then the straight lines 
AK, KC, GL, LA sliall be respectively parallel to the 
straight lines BM, MD, DN, NB; and the rectangle 
TK, TN shall be equal to the rectangle TL, TM, and 
equal to the rectangle TO, TD. 

Join AO, BD. Then the triangles 2!^C7and TBI> are 
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equiangular; and therefore 7U is to 7!5 as ilC is to BD 
(VI. 4, V. 16), that is, as 2lir is to BM. 




Therefore the triangles TAK and TBM are shnilar 

5^1. 7); therefore the angle TAK is equal to tiie angle 
BMi and therefore AK is parallel to BM. Similarly 
AL is parallel to BN. And because AK is ^u^el to 
BM and AG parallel to BD^ the angle CAK is equal 
to the angle DBM\ and therefore the angle CLK is equal 
to the angle DNM (III. 20) ; and therefore CL is parallel 
U>DN. Similarly OiT is paraUel to i>i/. 

Now T-af is to 77) as 77) is to TN (IIL 37, VI. 16); 
and TM\^ to T2> as TJT is to TO (VI. 4); therefore TK 
is to !r(7 as TD is to TiV; and therefore the rectaaoglo 
TK^ TNiA equal to the rectangle TC, TD, Similarly Uio 
rectangle TL, TM is equal to tiio rectangle TG^ TD. 

If each of the given circles is without the other we 
may suppose the straight lino which touches both circles 
to meet ^^ at T between A and B, and the above resufts 
will all hold, provided we interchange tho letters JT and L ; 
so that the nve letters are now to be in the following 
order, Z, jT, T, 3f, N. 

'Hie point T is called a centre qf similitude of the two 
circles. 
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15. To describe a eirde which shall pass through a 
given point and touch ttco given circles. 

Let A be the centre of the smaller circle and B the 
centre of the larger drde ; and let E be the given point. 




Draw a straight line touching the former circle at C and 
the latter at D, and meeting the straight line AB, pro- 
duced through Af at 21 Join TE and divide it at jT so 
tiiat the rectengle TE, TE may be equal to the rectangle 
TC, TD. Then describe a circle to pass through E and F 
and touch either of the given circles (10); this shall be the 
required circle. 
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For suppose that the circle is described so as to touch 
the smaller giren circle; let Q be the point of contact; we 
haye then to shew that the described circle will also 
touch the larger giyen circle. Join TG, and produce it 
to meet iJie laiger given circle at H. Then the rectangle 
TG, THis equal to the rectangle TC, TD (14) ; therefore 
the rectangle TG, TH is equalto the rectangle TJE, TF; 
and therefore the described circle passes through ff. 

Let be the centre of this circle, so that OGA is a 
straight line ; we have to shew that OHB is a straight 
line. 

Let IG^ intersect the smaller circle again at IT; then 
AK is parallel to BH (14) ; therefore the uigle AKT is 
equal to the angle BUG ; and the angle AKG is equal to the 
angle AG^", which is equal to the angle OG^^which is 
equal to the angle OHG. Therefore the angles BHG and 
OHG together are equal to A£^T and AKG together ; 
that is^ to two right angles. Therefore OHB is a straight 
line. 

Two solutions will be obtained, because there are two 
solutions of the problem in 10. Also, if each of the given 
circles is without tiiie other, two other solutions can be 
obtained by taJdng for T the point between A and B 
where a straight line touching the two given circles meets 
AB, The various solutions correspond to the circum- 
stance that the contact of drcles may be external or 
intomal. 

16. To deicribe a drole which ehaU touch three given 
circles. 

Let ^ be the centre of that circle which is not greater 
than either of the other circles; let B and O be tiie centres 
of the other circles. With centre -S, and radius equal to 
the excess of the radius of the circle with centre B over 
the radius of the circle with centre A, describe a circle. 
Also with centre C, and radius equal to the excess of the 
radius of the circle with centre O over the radius of the 
circle with centre A, describe a circle. Describe a circle 
to touch extomallythese two described circles and to pass 
through A (15). Then a circle having the same centre as 
the last diMcribed circle, and living a radius equal to 

20 
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the excess of its radios over the radios of the circle with 
centre A, will tooch externally the three given drdes. 

In a similar way we may describe a circle tooching 
internally the three given circles, or tooc^g one of them 
externally and the two others internally, or toodiing one of 
them internally and the two others externally. 

17. In a given ind^nUe straight line it is required 
to find a point 8V>ch that the 9um of its distances from, 
two given points on the same side of the straight line 
shall he the least possible. 




Let A and B be the two given points. From A draw 
a perpendicular to the given straight line meeting it at (7; 
and produce AC to Z> so that CD may be equfJ to AG, 
Join DB meeting the given straight line at E, Then E 
shall be the required point. 

For, let F be any other point in the given straight line. 
Then, because AC v^ equal to DC, and EC is common to 
the two triangles ACE^ DCE; and that the right angle 
ACE is equaTto the right angle DCE; therefore AE is 
equal to DE, Similarly, AF is equal to DF. And the 
sum of DF and FB is greater than BD (1. 20) : therefore 
the sum of AF and FJS is greater than BD; that is, the 
sum of AF and FB is greater than the sum of DE and 
EB; therefore the sum of AF and FB is greater than 
the sum of AE and EB, 
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la Thepmmeter qf an isosceles triangle is less than 
that qf any other triangle qf equal area standing on the 
same base. 

Let ABC be an Isosceles 
triangle; AQC any other tri- 
angle equal in area and stand- 
ing on me same base AC, 

Join ^Q ; then ^Q is paral- 
lel to -4(7(1. 39). 

And it will follow from 17 
that the snm of AQ and QG 
is greater than the sum of AB 
and BC. 

19. Jf a polygon he not equilateral a polygon may he 
found of the same number (fsidesj and equal %n area, hut 
having a less perimeter. 




] 




For, let CI>, DE be two a^'acent unequal sides of 
the polygon. Join CE. Through D draw a straight line 
parallel to CE. Bisect CE at L ; from L draw a straight 
une at right an^es to CE meeting the straight line drawn 
fhrough D at K, Then by removing from tiie given poly- 
gon the triangle CJDE and applying the triangle vKk^ 
we obtain a polygon having the same number of sides 
as the given pdygon, and eqnal to it in area, but having 
a less perimeter (18). . ... 

20—2 
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20. A andf B an0 tioo awen painU on the iome Me qf 
a given, Hraight line, ana AB produced meets the given 
itraigfU line at 0; qjraU points in the given straigM line 
on each side cf 0, it is required to determine that at 
which AB subtends the greatest angle. 

Describe a circle to pass througii A and B, and to 
touch the given straight Ime on that side of C which is to 
be considered (6). Let D be the point of contact: D 
shall be the required point 




For, take any other point E in the given straight line^ 
on the same side of (7 as 2> is ; draw SA^ EB ; &en one 
at least of these straight lines will cut the drcomference 
ADB. 

Suppose that BE cuts the circumference at F\ join AF, 
Then the angle AFB is equal to the angle ADB all. 21) ; 
and the angle AFB is greater than the ande ABB (1. 16) ; 
therefore the angle ADB is greater than the angle AEB. 



2L A and B are two aiven points within a drdef 
and AB is drawn and produced both ways so as to divide 
the whole drewmference into two ares; it is required to 
determine the point in each qf these arcs at which AB 
^uotends the greatest angle. 
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Bescribe a circle to pass through A and B and to touch 
the circumference considered (10) : the point of contact 
will be the required point The demonstration is similar 
to that in the preceding proposition. 



22. A and B ar€ two given points ttithout a given 
circle; it is required to determine the points on the cir- 
cumference of the given circle at which AB subtends t/te 
greatest and least angles. 

Suppose that neither AB nor AB produced cuts tho 
given circle. 

Describe two circles to pass through A and J9, and to 
touch the given circle (10): the point of contact of the 
circle which touches the given circle externally mil be the 
point where the angle is greatest, and the point of contact 
of the circle which touches the siven circle internally will 
be the pomt where the angle is least. The demonstration 
is similar to that in 20. 

If AB cuts tiie given circle, both the drcles obtained 
by 10 touch the given circle internally ; in this case the 
angle subtended by AB at a point of contact is less than 
the angle subtended at any other point of the circumference 
of the given circle which is on the same side of AB, Here 
the angle is greatest at the points where AB cuts the 
circle^ and is there equal to two right angles. 

If AB produced cuts tho given circle, both the circles 
obtamed by 10 touch the given circle externally ; in this 
case the angle subtended by AB at a pomt of contact is 
greater than the angle subtended at any other point of 
&» circumference of the given circle which is on the 
same side of AB. Here the angle is least' at the points 
where AB produced cuts tho circle, and is there zera 
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23. tf there he four nvagnitudes iueh that the firtt is 
to the Hcond as the third is to the fourth; then shaU the 
first together with the second he to the excess of the first 
above the second as the third together with the fourth is te 
the excess of the third above the fourth. 

For, the first together with the second is to the second 
as the third together with the fourth is to the fourth (Y. 18^. 
Thet^fore^ alternately, the first together with the second is 
to the third together with the fourth as the second is to 
the fourth (V. 16). 

Similarly, by Y . 17 and Y. 16, the excess of the first 
aboye the sec(md is to the excess of the third above the 
fourth as the second is to the fourth. 

Therefore, by Y. 11, the first together with the second is 
to the excess of ihe first aboTe the second as the third 
together with the fourth is to the excess of the third above 
tiie fourth. 

24. The straight lines drawn at right angles to the 
sides of a triangle from tJie points qf bisection qfthe sides 
meet at the same point. 

Let ABChe a triangle; bisect i3(7 at Z>, and bisect CA 
at E; from D draw a straight line at ri^ht angles to BC, 
and from E draw a straight Ihie at right angles to OA ; 




let these straight lines meet at (7 : we have then to shew 
that the straight line which bisects AB at right angles 
^so passes through G, From the triangles BDG and 
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CDG we can shew that BG iis equal to CG ; and from the 
triangles CEG and AEG we can shew that CG is eqnal to 
AG ; th^efore BG is equal to ^^. Then if we draw a 
straight line from G to the middle point of AB we 
can shew that this straight line is at ri^t angles to AB : 
that is, the line which bisects AB at nght angles passes 
through 6r. 

25. The straight lines drawn from the angles qf a 
triangle to ths points qf "bisection qf the opposite sides 
meet at the same point. 

Let ABG be a triangle ;, bisect BG at D, bisect CA at 
E, and bisect AB at F; ioinBE and CF meeting at G; 




join AG and GD: then AG and GJ) shall lie in a straight 
line. 

The triangle BEA is equal to the triangle BEG, and 
the triangle GEA is equal to the triangle GEC (I. 38) ; 
therefore, by the third Axiom, the triangle EGA is equal 
to the triangle BGG, 

Similarly, the triangle CGA is equal to the triangle CGB, 

Therefore the triangle BGA is equal to the triangle CGA. 
And the triangle BGD is equal to the triangle CGD (1. 38) ; 
therefore the triangles BGA and BGD together are equal 
to the triangles CGA and CGD together. Therefore the 
triangles BGA and BGD together are equal to half the 
triangle ABC, Therefore G must fall on the straight line 
AD; tiiat is, AG and GD lie in a straight line. 
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26. The straight lines which bisect the angles qf a 
triangle meet at the same points 

Let ABC be a triangle ; bisect the angles at B and C 




hj straight lines meeting at G ; Join AQi tlien AG idiall 
bisect the angle at A. 

• 

. From G draw GD perpendicular to BG^ G^^ perpen- 
dicular to CAy and G^^ perpendicular to AB, ,^ *^^^-^ 

From the triangles BGFttXid BGD we can sjiew that 
GF la equal to GD; and from the triangles CGE and 
CGD we can shew that GE\% equal to GDi therefore GF 
is equal to GE, Then from the triangles AFG and AEG 
we can shew that the angle FAG is equal to the anglo 
EAG. 

Tlie theorem may also be demonstrated thus. Produce 
AG to meet J^Cat H. Then AB is to BH as ^G^ is to 
GH, and ^(7 is to CS" as ^6? is to GH (VI. 3) ; there- 
fore AB is to BHzA ACis to OH{Y. 11) ; therefore AB 
is to ^Cas BH is to CH (V. 16); therefore the straight 
line Aff bisects the angle at A ( V 1. 3). 

27. I^t two sides qf a triangle he produced through 
the base; thsn the straight lines which bisect the two 
exterior angles thus formed^ and the straight line which 
bisects the vertical angle qf the triangle, meet at the same 
point. 

This may be shewn like 26 : if we adopt the second 
method we shall have to use VI. A^ 
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23. The perpendiculars drawn from the angles of a 
triangle on tne opposite sides meet at the same point. 

Let ABO be a triangle ; and first snppose that it is not 
obtuse angled. From B drAYr BE perpendicular to CA; 




from G draw CF perpendicular to AB ; let these perpen- 
diculars meet at (? ; join AG, and produce it to meet BG 
at 2>: then AD shall be perpendicular to BG, 

For a circle will go round AEGF(Note on III. 22j ; there- 
fore the angle FAG is equal to tiie angle FEG (ill. 21). 
And a circle will go round BGEF (Jll. 31, Note on III. 21) ; 
therefore the angle FEB is equal to the angle FGB, 
Therefore the angle BAD is equal to the angle BGF, And 
the angle at B is common to the two triangles BAD and 
BGF. Therefore the third angle BDA is equal to the 
thmi angle BFG {Note on L 32). But the angle BFG is 
a right angle, by construction ; therefore the angle BDA is 
a right angle. 

In the same way the theorem may be demonstrated 
when the triangle is obtuse angled. Or this case may bo 
deduced from what has been already shewn. For suppose 
the angle at A obtuse, and let the perpendicular from B 
on the opposite side meet that side produced at J^, and let 
the perpendicular from G on the opposite side meet that 
^de produced at F; and let BE and GF be produced to 
meet at G, Then in the triangle BGG the perpendiculars 
SF and GE meet at A ; therefore by the former case the 
straight line GA produced will be perpendicular to SO. 
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29. If from any point in the cireumferenee qf the 
circle described round a triangle perpendimlars be drawn 
to the sides of the triangle^ the three points of intersection 
are in the same straight line. 

Let ABC be a triangle, P any point on the circum- 
ference of the circmnscribing circle; from P draw P/>, 




E. PF perpendiculars to the sides BG, CA. AB respeo- 
tiyely : 1>,E,F shall be in the same straight Ima 

[We will suppose that P is on the arc cut off by AB, on 
the opposite side from C, and that E is on CA produced 
through A ; the demonstration will only have to be slightly 
modified for any other figure.] 

A drcle will go round PEAF {Note on III. 22) ; there- 
fore the angle PFE is eaual to the angle PAE (III. 21). 
But the angles PAE and PAC are together equal to two 
right angles (I. 13); and the angles PaC and PBC are 
together equal to two right angles (III. 22). Therefore 
the angle PAE is equal to the angle PBC; therefore the 
angle PFE is equal to the angle PBC, 

Again, a circle will go round PFDB {Note on III. 21) ; 
therefore the angles PFD and PBD are together equal 
to two right angles (III. 22). But the angle PBD has 
been shewn equal to the ande PFE. TTierefore the andes 
PFD and PFE are togeSier equal to two right an^es. 
Therefore EFvxadi PZ> are in the same straight Kue. 
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30. ABO t* a triangle, and O is the point qf inter- 
section of the perpendiculars from A, B, C on tha opposite 
sides of the triang?"*: the circle which passes through the 
middle points q/* OA, OB, 00 will pass through the feet 
of the perpendiculars and through the middle points qf 
the sides cfthe triangle. 

Let 2>. Ey F be the middle points of OA, OB, OC 
refipectirely ; let 6^ be the foot of the perpendicular from 
A on BC, and H the middle point of Bu. 




^ Then OBG is a right-angled triangle and E is the 
middle point of the hypotenuse OB ; therefore EQ- is equal 
to E0\ therefore the angle EGO is equal to the angle 
EOG, ^milarly, i^e angle FGO is equal to the angle 
FOG. Therefore the angle FGE is equal to the angle 
FOE. But the angles FOE and BAG are together equal 
to two right angles.; therefore the angles FGE and BAG 
are together equal to two right angles. And the angle BAG 
is equal to the angle EDF^ because ED, DF are parallel 
to BA, AC (VI. 2). Therefore the angles FGE and EDF 
are together equal to two right angles. Hence 6r is on the 
drcumferenoe of the circle which passes though D, E, F 
{Note on III. 22). 

Agam, FH is parallel to OB, and EH parallel to OCj 
therefore the angle EHF is equal to the angle EGF, 
Therefore H is also on the circumference of the circle. 
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Similarly, the two points in each of the other sides of 
the triangle ABG may be shewn to be on the circnm- 
ference of the circle. 

The circle which is thus shewn to pass through these 
nine points may be called the Nine points circle: it has 
some carious properties, of which we will now give two. . 

7%d radius qf the Nine points circle is haJf cf the 
radius qfthe circle described round the original triangle* 

'EoT the triangle DEF has its sides respectively halves 
of the sides of the triangle ABG, so that the triangles arc 
similar. Hence the radius of the circle described round 
DEF is half of the radius of the circle described round 
ABC. 

J[f ^ be the centre qf the circle described round the 
triangle ABC, the centre qf the Nine points circle is the 
middle point qfSO. 

For ^^S'is at right angles to BO, and therefore parallel 
to 00, Hence the straight line which bisects HG at right 
angles must bisect SO. And ^and G are on tiie circum- 
ference of the Nine points circle, so that the straight lino 
which bisects HG at right angles must pass through the 
centre of the Nine points circle. Similarly, from the othw 
sides of the triangle ABO two other straight lines can be 
obtained, which pass through the centre of the Nine points 
circle and also bisect SO* Hence the centre of the Nine 
points circle must coincide with the middle point of SO. 

We may state that the Nine points circle of any trian^lo 
touches the inscribed circle and the escribed circles of tlio 
triangle: a demonstration of this theorem will be found 
in the Plane Trigonometry^ Chapter xxiv. For the history 
of the theorem see the Nouvelles Annales de Maihema- 
tiques for 1863, page 562. 

31. If two straight lines bisecting ttco angles qfa tri' 
angle and terminated at the opposite sides be equal, the 
bisected angles shall be equak 

Let ABG be a triangle ; let the straight line BD bisect 
the angle at B, and be terminated at Uie side AG; and 
let the straight line GE bisect the angle at G, and be ter- 
minated at the side AB ; and let the straight line BD bo 
equal to the straight line GE : then the angle at B shall be 
^qual to the angle at C. 
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For, let BD and (T^meet at 0\ then if the angle OBO 
be not equal to the angle OCBy one of them mnst be 
greater than the other; let the angle OBC be the greater. 
Then, because CB and BD are equal to BC and C£, each 
to each; but the angle CBD is greater thali the angle 
BCEi therefore CD is greater than BE (I. 24). 

On the other side of the base BC make the triangle 
JSCTF equal to the triangle CBE, so that BF may be equal 
to CE, and (7F equal to BE (I. 22); and join DF. 

Hien because BF is equal to BD, the angle BFD is 
equal to the angle BDF, And the angle OCD is^ by hy- 
pothesis, less than the angle QBE ; and the angle C(>2> is 
equal to the angle BOE; therefore the an»e ODC ia 
greater than the angle OEB (I. 82), and therefore the 
angle ODC is greater than the angle BFC. 

Hence, by taking away the equal angles BDF and 
BFD, the angle FDC is greater than the angle DFC; 
and therefore uFis greater than CD (L 19) ; therefore BE 
is greater than CD, 

But it was shewn that CD is greater than BE; which 
is absurd. 

Therefore the angles OBC and OCB are not unequal, 
that is, they are equal; and therefore the angle ABO is 
equal to the angle ACB. 

[For the history of this theorem see Lad}f9 and Gen" 
#0man'f i)iary for 1869, page 88.] 
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32. J(f a qwidriUUeral figure does not admit^ of haif^ 
a eirde described round it, the sum of the rectangles conr 
tained by the opposite sides is greater than the rectangle 
contained by the diagonals. 

Let ABGD be a quadrilateral figure which does not 
admit of having a circle described round it; then the rect- 
angle AB, DCy together with the rectangle BC, AD^ shall 
be greater than the rectangle AC, BD. 




For, make the angle ABE equal to the angle DBC, 
and the angle BAE equal to the angle BDC; then the 
trismgle ABE is similar to the triangle BDC CVI. 4); 
therefore AB is to AE as DB is to DC ; and thererore the 
rectangle AB, DCia equal to the rectaogle AE, DB. 

Join EC Then, since the angle ABE is equal to the 
angle DBC, the angle CBE is equal to the angle DBA. 
And because the triangles ABE and DBC are similar, AB 
is to DB SiS BE IB to BC\ therefore the triangles ABD 
and EBC are similar (VI. 6) ; therefore CB is to O-ET as 
DB is to DA; and therefore the rectangle CB, DA is 
equal to the rectangle CE, DB, 

Therefore the rectangle AB, DC, together with the 
rectangle BC, AD is equal to the rectangle AE, BD 
together with the rectangle CE, BD ; that is, equal to the 
rectangle contained by BD and the sum of AE and EC 
But the sum of AE and EC is greater than AC (I. 20); 
therefore the rectangle AB, DC, together with the rect- 
angle BC, ADha greater than the rectangle AC, BD. 
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33. Jfthe rectangle contained by the diagonal qf a 
qttadrilateral be equal to the sum of the rectangles eon^ 
tained by the opposite sides, a circle can be described round 
the quadrilateral. 

This is the converse of YI. D; it can be demonstrated 
indirectly witii the aid of 32. 

34. It is required to find a point in a given straight 
line, such that the rectangle contained by its distances from 
two given points in the straight line may be equal to the 
rectangle contained by its distances from two other given 
points in the straight line. 

Let 4i B, Cf D be four given pomts in the same 
straight Une: it is required to find a point in the straight 




line, such that the rectangle contamed by its distances 
from A and B may be equal to the rectangle contained by 
its distances from G and D, 

On AD describe any triangle AED; and on CB de- 
scribe a similar triangle CFB, so that OF is parallel to 
AE, SLudBF to DE\ join EF, and let it meet the given 
strajght line at 0, Then shall bo the required point 

For, OE is to O^ as OF is to OC (VI. 4) ; therefore 
OES&ioOF as OA is to OG (V. 16). Similarly OE is to 
OFz:& 0/> is to OB, Therefore O^ is to 0C7 as 0/> is to 
OB (V. 11). Therefore the rectangle OA, OB is equal to 
the rectangle OG, OD, 
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The fignro will vary slightly accordiiig to the dtaation 
of the four given points^ bat corresponding to an assi^ed 
situation there will be only one pomt sucn as is roqmred. 
For suppose there could be sucn a point P, besides the 
point U which is determined by the construction given 
above ; and that the points are in the order A, Cy D, B^ OyP. 
Join PEy and let it meet CF^ produced at & ; join bQ. 
Then, the rectangle PA, PB is, by hypothesis2equal to the 
rectangle PC, PD; and therefore P^ is to PC^as PD ia 
to P-B. ButP^istoPaasPJ^istoPGt(VI.2);thOTe- 
fore P2> is to PJ? as Pis' is to PQ' (V. 11); therefore B& 
is parallel to DE. 

But, by the construction, BF is parallel to ED; there- 
fore BO and BF are themselves p£U!^el (I. 30); which ia 
absurd. Therefore P is not such a point as is required. 

ON GEOMETRICAL ANALYSIS. 

35. The substantives cmalysis and iyrUhesU, and the 
corresponding adjectives ancUyticcU and synthetical, are of 
frequent occurrence in mathematics. In general analysis 
means decomposition, or the separating a whole into its 
parts, and synthesis means composition, or making a whole 
out of its parts. In Qoometry however these words are 
used in a more special sens& in synthesis we begin with 
results already established, and end with some new result ; 
thus, by tlie aid of theorems already demonstrated, and 
problems already solved, we demonstrate some new theo- 
rem, or solve some new problem. In analysis we begin 
with assuming the truth of some theorem or the solution of 
some problem, and we deduce from the assumption con- 
sej^uences which we can compare with results already esta- 
blished, and thus test the vahdity of oiur assumption. 

36. The propositions in Euclid's Elements are all ex- 
hibited synthetically; the student is only emploved in ex- 
amining the soundness of the reasoning by which each 
successive addition is made to the collection of geometrical 
truths already obtained ; and ^ere is no hint given as to 
the manner in which the propositions were originally dis- 
covered. Some of the constructions and demonstrations 
appear rather artificial^ and we are thus naturally induced 
to enquire whether anV rules can be discovered by which 
we may be guided easily and naturally to the investigatioB 
^f new propositions. 
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37. Geometrical analysis has sometimes been described 
in language which xnight lead to the expectation that 
directions conld be given which wonld, enable a student 
to proceed to the demonstration of any proposed theorem, 
or the solution of any proposed problem, with confidence of 
success ; but no such directions can be given. We will 
state the exact extent of these directions. Suppose that a 
new theorem is proposed for investigation, or a new; 
problem for trial Assume the truth of Sie theorem or the 
solution of the problem, and deduce consequences from 
this assumption combined with results which have been 
already established. If a consequence can be deduced 
which contradicts some result aJready established, this 
amounts to a demonstration that our assumption is inad- 
missible ; that is, the theorem is not true, or the problem 
cannot be solv^ If a consequence can be deduced which 
coincides with some result already established, we cannot 
say that the assumption is inadmissible ; and it may happen 
that by starting from the consequence which we deduced, 
and retracing our steps, we can succeed in giving a syn- 
thetical demonstration of the theorem, or solution of the 
problem. TTiese (Sections however are very vague, be- 
cause no certain rule can be prescribed by which we are to 
combine our, assumption with results already established ; 
and moreover no tost exists by which we can ascertain 
whether a valid consequence which we have drawn from 
an assumption will enable us to establish the assumption 
itsel£ That a proposition may be false and yet famish 
consequences which are true, can be seen from a simple 
example. Suppose a theorem were proposed for investi- 
gation in the following words ; one angle of a tHangle is to 
another as the side opposite to the first angle is to the side 
opposite to the other. If this be assimied to be true we 
can immediately deduce Euclid's result in I. 19 ; but from 
Euclid's result in I. 19 we cannot retrace our steps and 
establish the proposed theorem, and in fact the proposed 
theorem is falsa 

Thus the only definite statement in the directions 
respecting Geometrical analysis is, that if a consequence 
can be deduced from an assumed proposition which con- 
tradicts a result already establishec^ that assumed propo? 

sition must be false. 

21 
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38. We may mention, in particular, that a conseqnenee 
would contradict results already established, if we could 
shew that it would lead to the solution of a problem 
alr^y given up as impossible. There are three fieunous 
problems which are now admitted to be beyond the power 
of Geometry ; namely, to find a straight line equal in length 
to the drcuniference of a given circle, to trisect any given 
angle, and to find two mean proportionals between two 
given straight lines. The grounds on which the geometrical 
solution of these problems is admitted to be impossible 
cannot be explamed without a knowledge of the higher 

Earts of mathematics ; the student of the Elements may 
owever be content with the fact that innumerable attempts 
have been made to obtain solutions, and that these attempts 
have been made in vain. 

The first of these problems is usually referred to as 
the QiMdrature of ths Circle. For the history of it the 
student shoidd consult the article in the English Oydo- 
pcedia under that head, and also a series of papers in the 
AthmoBum for 1863 and subsequent years, entitled a 
Budget qfParadoxeSf by Professor De Morgan. 

For approximate solutions of the problem we may 
refer to t)avies*s edition of Hutton*s Course of Mathe- 
maticSf Vol i. page 400, the Lady^s and Gentleman^s 
Diary for 1865, page 86, and the Philosophical Magazine 
for April, 1862. 

The third of the three problems is often referred to as 
the Duplication qf the Cube. See the note on VI. 13 in 
Lardner's Euelid, and a dissertation by C. H. Biering en- 
titled Historia Problematis Cubi Duplicandi...B.axndBd, 
1844. 

We will now give some examples of Geometrical ana- 
lysis. 

39. from two given points it is required to draw to 
the same point in a given straight line,^ two straight lines 

• equally inclined to the given straight line. 

Let A and B be the given points, and CD the given 
straight line. 

Suppose AE and EB to be the two straight lines 
equally inclined to CD, Draw BF perpendicular to (7Z>, 
and produce AE and BF to meet at G. Then the angle 
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BED is equal to the angle AEC, by hypothesis ; and the 
angle AEG is equal to the angle DEG (L 15). Hence the 




triangles BEF and GEF are equal in all respects (1. 26) ; 
therefore FG is equal to FB, 

This result shews how we may synthetically solve the 
problem. Draw BF perpendicular to GDy and produce 
it to G^, so that FG may be equal to FB\ then join AG^ 
and AG will intersect GD at the required point. 

40. To divide a given straight line into two parts 
such that the difference qfthe squares on the parts may he 
equal to a given square. 

Let AB be the given straight 

line, and suppose G the required ^ « 1^ 

point ^ OB 

Then the difference of the 
squares on ^C7 and BG is to be equal to a given square. 
But the difference of the squares on AG and BG is equal 
to the rectangle contained oy their sum and difference; 
therefore this rectangle must be equal to the given square. 
Hence we have the following svnthetical solution. On AB 
describe a rectangle equal to the ^ven square (1. 45); then 
the difference of ^C^and GB will be equal to the side 
of the rectangle adjacent to AB, and is therefore known. 
And the sum of ^0' and GB is known. Thus AG and GB 
are known. 

It is obvious that the given square must not exceed the 
square on AB, in order that the problem may be possible. 

There are two positions of (7, if it is not specified which 
of the two segments AG and GB is to be greater than the 
other; but only one position, if it is spedfiecL 

21—2 
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In like manner we may solve the problem, to produce 
a given straight line so that the sqtmre on the whole 
straight line made up of the given straight line and the 
part produced^ may exceed the square on the part pro- 
duced by a given square, which is not less than the square 
on the given straight line. 

The two problems may be combined in one enmidation 
thus, to divide a given straight line internally or exter- 
nally so that the difference of the squares on the segments 
may he equai to a given square, 

41. To find a point in the circumference of a given 
segment of a- circle^ so that the straight lines which join 
the point to the extremities of the straight line on which 
the segment stands may be together equal to a given 
straight line. 




Let ACB be the circumference of the given s^;ment, 
and suppose C the required point, so that the sum of AG 
and CB is equal to a given straight line. 

Produce AG io D m that GD may be equal to GB\ 
and join DB, 

Then AD is equal to the given straight line. And the 
angle AGB is equal to the sum of the angles CDB and 
GBD (I. 32), that is, to twice the angle GDB (1. 6). There- 
fore the angle ADB is half of the angle in uie given seg- 
ment. Hence we have the following synthetical solution. 
Describe on AB a segment of a circle containing an angle 
equal to half the angle in the given segment With A as 
centre, and a radius equal to the given straight line, 
describe a circle. Join A with a point of intersection of 
this circle and ti^e segment which has been described; this 



APPENDIX. ^ 325 

joining straight line will cut the circumference of the 
given segment at a point which solves the problem. 

The given straight line must exceed AB and it must 
not exceed a certain straight line which we will now deter- 
mine. Suppose the circumference of the given segment 
bisected at E\ join AE, and produce it 'to meet tiie cir- 
cnmference of the described segment at F, Then AE is 
equal to EB (III. 28}, and EB is equal to EF for the 
same reason that CB is equal to CD, Thus EA, EB, EF 
are all equal ; and therefore E is the centre of the circle 
of which ADB is a sep^ent ^IIL 9). Hence AF is the 
longest straight line which can be drawn from A to the cir- 
cumference of the described se^^ment; so that the given 
straight line must not exceed twice AE* 

42. To describe an isosceles triangle having each of 
the angles at ths base double of the third angle. 

This problem is solved in IV. 10 ; we may suppose the 
solution to have been discovered by such an analysis as the 
following. 

Suppose the triangle ABD such a 
triangle as is required, so that each of 
the angles at B and D is double of the 
angle at A. 

Bisect the angle at D by the straight 

line DC, Then the angle ADC is equal 

to the angle at A ; therefore GA is 

equal to CD, The angle CBD is equal 

to the angle ADB, by hypothesis ; the angle CDB is equal 

to the angle at A ; therefore the third angle BCD is equal 

to the third angle ABD (I. 32). Therefore BD is equal 

to CD (I. 6); and therefore BD is equal to AG. 

Since the angle BDG is equal to the angle at A, the 
straight line BD will touch at D the circle described 
round the triangle AGD {Note cm III. 32). Therefore the 
rectangle AB, BG is equal to the sc^uare on BD (III. 36). 
Therefore the rectangle AB, BG is equal to the square 
qvlAG. 

Therefore AB is divided at C7 in the manner required 
in II. II. 

Hence the synthetical solution of the problem is evident. 
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43. To imeribe a square in a given triangle. 

Let^J?Obethe 
given triangle, and 
suppose DMFG the 
required square. 

Draw AH perpen- 
dicular to BC^ and 
-4JrparaIleltoJ?(7; 
and let -5i^ produc- 
ed meet AK at K. 

Then BG is to GF 

aa ^^1 is to u4^, and ^(? is to 6^2> as J?-4 is to ^iy (VI. 4). 

But GFi& equal to GD, by hypothesis. 

Therefore BA is to AK as 5J[ is to AH (V. 7, V. 11). 

Therefore AH is equal to AKiy. 7). 

Hence we have the following synthetical solution. Draw 
AK parallel to BC, and equal to AH\ and join BK, Then 
BK meets ^(7 at one of the comers of the required square, 
and the solution can be completed. 

44. Through a given point between two given straight 
linesy it is required to draw a straight line, such that the 
rectangle contained by the parts between th^ given point and 
the given straight lines may be equM to a given rectangle. 

Let P be the given point, 
and AB and AC the given 
straight lines ; suppose mPN 
the required straight line, so 
that the rectangle MP, PN 
is equal to a given rectangle. 

Produce AP to Q, so that 
the rectangle AP, PQ may 
be equal to the given rect- 
angle. Then the rectangle 
MP, PN is equal to the 

rectangle AP, PQ. Therefore a circle will go round 
AMQN (Note on III. 35). Therefore the angle PNQ is 
cjqual to the an^e PAM (III. 21). 

Hence we have the following synthetical solution. Pro- 
duce AP to Q, so that the rectanrie AP, PQ may be 
equal to ihe given rectangle; describe on PQ a segment 
of a circle containing an angle equal to the angle PAM; 
join P with a point of intersection of this circle and AC; 
the straight line thus drawn solves the problem. 
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45. In a given circle it is required to imeribe a tri- 
angle 80 thai two sides may pass through two given points^ 
ana the third side be parallel to a given straight line, 

C J> 




Let A and B be the given points, and CD the given 
straight line. Suppose PmN to be the required triangle 
inscnbed in the given drcle. 

Draw iV^ parallel to AB*, join EM^ and produce it if 
necessary to meet AB at F. 

If the point F were known the problem might be con* 
sidered solved. For ENM is a known angle, and therefore 
the chord EM is known in ma^ituda And then, since F 
18 a known point, and EM is a Known magnitude^ the posi» 
tion of M becomes known. 

We have then only to shew how i^ is to be determined. 
The angle MEN is equal to the angle MFA (I. 29). The 
angle MEN is equal to the angle MPNilll, 21)l Hence 
mAF and BAP are similar triai^les ( Vl. 4). Therefore 
MA is to AF as BA is to AP» Tlierefore the rectangle 
MAy AP is eqLual to the rectangle BA. AF (Yl. 16). But 
since Ji is a given point the rectangle mA, AP is known; 
and AB is known; thus AF is determined. 
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46. In a given circle it is required to inscribe a tri- 
angle so that the sides may pass through three given 
points. 

Let A, B,C he the three given pomts. Suppose PMN 
to be the required triangle inscribed in the given circle. 




Draw NE parallel to AB, and determine the point F 
as in the preceding problem. We shall then have to de- 
scribe in tne given circle a triangle EMN so that two of 
its sides may pass through given points, F and (7, and the 
third side be parallel to a given straight line AB, This 
can bo done by the preceding problem. 

Thic example and the preceding are taken from the 
work of Catalan already cited. The present problem is 
sometimes called Castillon^s and sometimes Cramer^ s; the 
history of the general researches to which it has given rise 
will bo found in a series of papers in the Mathematician^ 
Vol. III. by the late T. S. Davies. 

ON LOCI. 

47. A locus consists of all the points which satisfy cer- 
tain conditions and of those points alone. Thus, for exam- 
ple, the locus of the points which are at a given distance 
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from a given point is the surface of the sphere described 
from the given point as centre, with the given distance as 
radius; for all the points on this surface, and no other 
points, are at the given distance from the given point. If 
we restrict ourselves to all the points in a fixed plane which 
are at a given distance from a given point, the focus is the 
circumfermice of the circle described from the given point 
as centre, with the given distance as radius. In future we 
shall restrict ourselves to loci which are situated in a fixed 
plane, and which are properly called plane loci. 

Several of the propositions in Euclid furnish ffood exam- 
ples of loci Thus the locus of the vertices of all triangles 
which are on the same base and on the same side of it, and 
which have the same area, is a straight line parallel to the 
base; this is shewn in I. 37 and I. 39. 

Again, the locus of the vertices of all triangles which 
are on the same base and on the same side of it, and which 
have the same vertical angle, is a segment of a circle de- 
scribed on the base ; for it is shewn in III. 21, that all the 
points thus determined satisfy the assifi^ned conditions, and 
it is easily shewn that no other points da 

We will now give some examples. In each example we 
ought to shew not onlv that all the points which we indi- 
cate as the locus do fulfil the assigned conditions, but that 
no other points do. This second part however we leave to 
the student in all the examples except the last two; in 
these, which are more difilcult, we have given the complete 
investigation. 

48. Required the locus qf points which are equidis- 
tant from two given points. 

Let A and B be the two given points; join AB; and 
draw a straight line through the middle point of AB at 
right angles to AB; then it may be easily shewn that this 
straight line is the required locus. 

49. Required t?ie locus qf the vertices of all triangles 
on a given base AB, such t?iat the squa/re on the side ter- 
minated at A m^y exceed the square on the side termi- 
nated at B, by a given square. 

Suppose C to denote a point on the required locos ; from 
G draw a perpendicular on the given base, meeting it, pro- 



330 APPENDIX, 

dnced if necessary, at i>. Then the square onAC\& eqaaX 
to the squares on ^Z> and CD, and the square on Bu is 
equal to the squares on BD and CD (I. 47) ; therefore the 
square on ^C7 exceeds the square on BC by as mudi as the 
square on AD exceeds the square on BD, Hence 2> is a 
fixed point either in AB or in AB produced through B, (40i 
And the required locus is the straight line drawn througii 
i>, at right angles to AB. 

60. Required the loctu qf a point stick that the straight 
lines dravm from it to touch tteo given circles may be 
equal. 

Let A be the centre of the greater circle, B the centre 
of a smaller circle ; and let P <&note any point on the re- 
quired locus. Since the straight lines dmwn from P to 
touch the given circles are equal, the squares on these 
straight lines are equal. But the squares on PA and PB 
exceed these equal squares by the squares on the radii of 
the respective circles. Hence the square on PA exceeds 
the square on PB, by a known square, namely a square 
equal to the excess of the squar^^ on the radius of the circle 
of which A is the centre over the square on the radius of 
the circle of which B is the centre. Hence^ the required 
locus is a certain straight line which is at right angles to 
AB (49). 

This straight line is called the radical axis of the two 
circles. 

If the given circles intersect, it follows from III. 36, 
that the straight line which is the locus coincides with the 
produced paits of the common chord of the two circles. 

61. Required the locus qf the middle points qf aU 
the chords of a circle which pass through a fixed point. 

Let A be the centre of the given circle; B the fixed 
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Soint; let any chord of the circle be drawn so thai^ pro- 
uced if necessary, it may pass throug:h B, Let P be the 
middle point of this chord, so that P is a point on the re- 
quired locus. 

The straight line AP is at right angles to the chord of 
which P is the middle point (III. 3) ; therefore P is on the 
circumference of a circle of which AB is a diameter. 
Hence if ^ be within the given circle the locus is tJie cir- 
cumference of the circle described on AB as diameter ; if 
B be without the given circle the locus is that part of the 
circumference of uie circle described on .^^ as diameter, 
which is within the given circle. 

52. O is a fixed point from which any straight line 
is drawn meeting a fixed straight line at P ; in OP a 
point Q is taken such thai 0(i is to OP in a fixed ratio: 
determine the locus qfQ, 

We shall shew that the locus of Q is a straight line. 

For draw a perpendicular from on the fixed straight 
line, meeting it at (7 ; in 00 take a point D such that OB 
is to 00 in the fixed ratio ; draw from O any straight line 
OP meeting the fixed straight line at P, and in OP take a 
point Q such that OQ is to OP in the fixed ratio; join 




QD. The triangles OBQ and OOP are similar (VI. 6) ; 
tiiierefore the angle ODQ is equal to the ansfle OOP, and is 
therefore a right angle. Hence Q lies in the straight line 
drawn through I) at right angles to OB, 
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63. U a fixed point from which any straight lins 
is drawn meeting the circumference of a fixed circle at P ; 
in OP a point Q is taken stcch that OQ is to OP in a fixed 
ratio: determine the lociis of Q. 

We shall shew that the locus is the circumference of a 
circle. 




For let C be the centre of the fixed circle ; in OG take 
a point D such that OD is to OG in the fixed ratio, and 
draw any radius GP of the fixed circle ; draw DQ parallel 
to GP meeting OPy produced if necessary, at Q, Then the 
triangles OGP and ODQ are similar (VI, 4), and therefore 
OQ is to OP as OD is to OG, that is, in the fixed ratio. 
Therefore Q is a point on the locus. And DQ is to GP 
in the fixed ratio, so that DQ is of constant length. Hence 
the locus is the circumference of a circle of which D is the 
centre. 

64. There are four given points A, B, C, D in a 
straight line; reauired the loctis cf a point at which AB 
and CD stibtend equal angles. 

Find a point in the straight line, such that the rect- 
angle OAy OD may be equal to the rectangle OB, OG (34), 
and take OK such that the square on OK may be equal to 
either of these rectangles (II. 14) : the circumference of the 
circle described from as centre, with radius OK, shall be 
the required locus. 

[We will take the case in which the points are in the 
following order, 0, A, B, G, i>.] 

For let P be any point on the drcimifereQce of this 
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drele. Describe a circle round PAD^ and also a circle 




round PBC\ then OP touches each of these circles (III. 37) ; 
therefore the angle OP A is equal to the angle PDA^ 
and the angle OPb is equal to the angle PCB (III. 32). 
But the angle OPB is equal to the angles OP A and APB 
together, and the angle PCB is equal to the angles CPD 
and PDA together (I. 32). Therefore the angles OP A 
and APB together are equal to the angles CPD and 
PDA together; and the angle OP A has been shewn equal 
to the angle PDA ; therefore the angle APB is equal to 
the angle CPD, 

We have thus shewn that any point on the circumference of 
the circle satisfies the assigned conditions; we shall now 
shew that any point which satisfies the assigned conditions 
is on the circumference of the circle. 

For take an^ point Q which satisfies the required con- 
ditions. Describe a circle round QADy and also a circle 
round QBC These circles will touch the same straight 
line at Q\ for the angles AQB and CQD are equal, and 
the converse of III. 32 is true. Let this straight line which 
touches both circles at Q bo drawn ; and let it meet the 
straight line containing tibe four given points at R. Then 
the rectangle RA, RD is equal to the rectangle RB, RC; 
for each is equal to the square on RQ (III. 36). Therefore 
R must coincide with (34) ; and therefore RQ must be 
equal to OK, Thus Q must be on the circumference of the 
circle of which O is the centre, and OKihe radius. 
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55. Bequiredi the loeus of the verticeg of aU the trU 
angles ABO which stand on a given hose AB, and ham 
the side AQ to the side BO in a constant ratio. 

If the sides AC and BG are to be equal, the locus is 




the straight line which bisects AB at right angles. We 
will suppose that the ratio is greater than a ratio of equal- 
ity; so flmt -4 C' is to be the greater side. 

Divide AB at 2> so that AD is to DB in the given ratio 
(VI. 10) ; and produce AB to B, so that AE is to EB in 
the given ratio. Let P be any point in the required locus ; 
join PD and PE, Then PD bisects the angle APBy and 
PE bisects the angle between BP and AP produced. 
Therefore the angle DPE is a right ande. Therefore P is 
on the circumference of a circle described on DE as dia- 
meter. 

We have thus shewn that any point which satisfies the 
assigned conditions is on the circumference of the circle 
described on DE as diameter ; we shall now shew that any 
point on the circumference of this circle satisfies the as- 
signed conditions. 

Let Q be any point on the circumference of this circle^ 
QA shall be to QB in the assigned ratio. For, take the 
centre of the circle ; and join QO, Then, by construction, 
AE is to EB as AD is to DB, and therefore, alternately, 
AEJBio AD as EB is to DB; therefore the sum of AE 
and AD is to their difference as the sum of EB and DB is 
to their difference (23) ; that is, twice ^O is to twice DO as 
ice DO is to twice BO ; therefore AO is to DO as DO is 



APPENDIX, 835 

to B0\ that is, ^0 is to OQ as CO is to OB. Therefore 
the triangles AOQ and QOB are similar triangles (VI. 6); 
and therefore ^Q is to QB as QO is to BO, This shews 
that the ratio of ^Q to BQ is constant; we have still to 
shew that this ratio is the same as the assigned ratio. 

We have already shewn that -40 is to DO as DO is to 
B0\ therefore, the difference of ^O and DO is to DO as 
the difference of DO and ^O is to BO (V. 17); that is, 
AD is to i>0 as BD is to j50; therefore AD is to BD as 
DO is to B0\ that is. AD is to 2>^ as QO is to BO. 
This shews that the ratio of QO to BO is the same as the 
assigned ratio. 



ON MODERN GEOMETRY. 

66. We have hitherto restricted onrselvefl to Euclid's 
Elements, and propositions which can be demonstrated 
by strict adherence to Euclid's methods. In modem times 
various other methods have been introduced, and have 
led to numerous and important results. These methods 
mav be called semi-geometrical, as they are not confined 
within the limits of the ancient pure geometry; in fact 
the power of the modem methods is obtained chiefly by 
combining arithmetic and algebra with geometry. Tlie 
student who desires to cultivate this part of mathematics 
may consult Townsend's Chapters on the Modem Geo- 
metry of the Point, Line, and Circle. 

We will give as specimens some important theorems, 
taken from miat is called the theory of transversals. 

Any line, straight or curved, which cuts a system of 
other fines is called a transversal; in the examples which 
we shall give, the lines will be straight lines, and the sys- 
tem will consist of three straight lines forming a triangle. 

We will give a brief enunciation of the theorem which 
we are about to prove, for the sake of assisting the memory 
in retaining the result j but the enunciation will not be 
flilly comprehended until the demonstration is completed. 
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67. If a straight line cut the sides, or the sides pro- 
duced, of a triangle, the product qf three segments in 
order is equal to the product of the other three segments. 

Let ABC be a triangle, and let a straight line be drawn 
catting the side BC at D, the side CA at E, and the side 
AB produced throijigh B at F. Then BD and DC are 




called segments of the side BC, and CE and EA are called 
segments of the side CA, and also AF and FB are called 
segments of the side AB, 

Through A draw a straight line parallel to BC, meeting 
2>i^ produced at H. 

Then the triangles CED and EAH are equiangular to one 
another; therefore ^^is to CD as AE is to EC (VI. 4). 

Therefore the rectangle AH, EC is equal to the rectangle 
CD,AE{yi.\^). 

Again, the triangles FAHwidi FBD are equiangular to 
one another ; therefore AHhA to BD as FA is to FB (VI. 4). 

Therefore the rectangle AH, FB is equal to the rectangle 
BD, FA (VI. 16). 

J^ow suppose the straight lines represented by numbers 
in the manner explained in the notes 'to the second Book of 
the Elements. We have then two results which we can ex- 
press arithmetically : namely, the product AH, EC is equal 
to the product CD.AE\ wAihe product AH. FB is equal 
to the product BD,FA, 

Therefore, by the principles of arithmetic, the product 
AH,EC,BD,FA is equal to the product -4-S".jF!5.(72>. -4^, 
and therefore, by the printnples of arithmetic, the product 
BD . CE. AF is equal to the product DC. EA . FB. 

This is the result intended by the enunciation given 
aboye. Each product is made by Oaee sogments, one from 
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every side of the triangle : and the two segments which ter< 
minated at any angular point of the triangle are never in tiie 
same product Thus if we begin one x>rcNduct with tiie seg- 
ment j&2>, the other segment of the side BGy namely DG, 
occurs in the other product ; then the segment CE occurs 
in i^e first product, so that the two segments CD and CE^ 
which termmate at C^ do not occur in the same product; 
and so on. 

The student should for exercise draw another fi^pre 
for the case in which the transversal meets all the sides 
produced, and obtain the same result. 

68. Conversely, it may be shewn by an indirect proof 
that if the product BD.CE, AF be equal to tiie product 
DC.EA.FBy the three pomts D^ E, F lie. in the same 
straight line. 

59. If three 9ira%ght lines he dramm through the 
angular points qf a triangle to the opposite sides, and 
meet at the scmie pointy the product qf three segments in 
order is equal to the product of the o^r three segments^ 

Let ABC be a triangle. From the angular points to 
the opposite sides let the straight lines AOD, BOE, COP 
be <£*awn, which meet at the point 0: the product 
AF.BD.CEshBli be equal to the product FB.DCEA. 

For the triangle ABD is cut by the transversal FOO, 
and therefore by the theorem in 57 the following products 
are equal, AF.BCDO, and FB.CD.OA. 




Again, the triangle ACD is cut by the transversal 
EOB, and therefore by the theorem in 57 the following 
products are equal, AO.DB. CE and OD.BC.EA, 

22 
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Therefore, by the principles of arithmetic, the following 
OToducts are equal, AF. BC , DO . AO . DB . CE and 
EB.CD.OA.OD.BO. EA. Therefore the followmg 




products are equal, AF,BD,CE bxA FB.DG.EA. 

We have supposed the point to be witliin the triangle ; 
if O be without the triangle two of the points 2?, E, F will 
fall on the sides produced. 

60. Conversely, it may be shewn by an indhrect proof 
that if the product AF. BD . CE be equal to the product 
FB.DG. EA, the three straight Imes AD, BE, CFmoei 
at the same point. 

61.^ We may remark that in geometrical problems the 
following terms sometimes occur, used in the same sense as 
in arithmetic ; namely arithmetical progressioUy geometri- 
eal progression, and harmonical progression. A proposi' 
tion respecting harmonical progression, which deserres 
notice, will now be giyen. 

62. Let ABC be a triangle; let the angle A be bisected 
by a straight line which meets BC at D, and let the ex^ 
terior angle at A be bisected by a straight line which meets 
BC^ produced through Cat E: then BD, BC, BE shall 
be %n harmonical progression. 
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For BD is to DC as BA is to ^(7 (VI. 3) ; and BE is 
to j&Cas ^^ is to -4 (7 (VI. A). Therefore ^2> is to 2>(7 
as BE is to J^C ( V. 1 1). Thierefore J?2> is to BE as Z)(7 is 
to EG{Y. 16). Thus of the three straight lines BB.BC, 
BEy the first is to the third as the excess of the second 
over the first is to the excess of the tiiird over the second. 
Therefore BD, BG, BE are in harmonica! progression. 

This result is sometimes expressed by saying that BE 
is divided harmonically at D and CI 
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EXERCISES IN EUCLID. 



I. 1 to 15. 

1. Ok a given straight line describe an isosceles tri- 
angle haying each of the sides equal to a given straight 
line. 

2. In the figure of I. 2 if the diameter of the smaller 
circle is the radius of the larger, shew where the given 
point and the vertex of the constructed triangle wul be 
situated. 

3. If two straight lines bisect each other at right an- 
gles, anj point in either of them is equidistant from the 
extremities of the other. 

4. If the angles ABC and ACB at the base of an 
isosceles triangle be bisected by iJie straight lines BD^ 
CD, shew that DBG will be an isosceles triangle. 

5. BAGh a triangle having the angle B double of the 
angle A, If BD bisects the angle B and meets AG2X D, 
shew that BD is equal to AD. 

6. In the figure of I. 5 if FG and BG meet at H 
shew that ^jETand Gffsjce equal. 

7. In the figure of I. 6 if FG and BG meet at II, 
shew that ^1^ bisects the angle BAG 

8. The sides AB, AD of a quadrilateral ABGD are 
equal, and tlie diagonal ^(7 bisects the angle BAD: shew 
that the sides GB and GD are equal, and £at the diagonal 
AG bisects the an^e BGD, 

9. AGB, ADb are two triandes on the same side of 
AB, such that AG \% equal to Bn, and AD is equal to 
j5(7,and AD and BG intersect at 0: shew that tne tri- 
angle AOB is isosceles. 

10. The opposite angles of a rhombus are equal 

11. A diagonal of a rhombus bisects each ofthe angles 
through which it passes. 
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12. If two isosceles triangles are on the same base the 
straight line joining their vertices, or that sti*aight line 
produced, mil bisect the base at right angles. 

13. Find a point in a given straight line such that its 
distances from two given points may be equal 

14. Through two given points on opposite sides of a 
given straightiine draw two straight lined which shall meet 
in that given straight line, and include an angle bisected 
by that given strai^t lina 

15. A given angle BAC is bisected ; if CA is produced 
to G and the angle BAG bisected, the two bisectmg lines 
are at right angles. 

16. If four straight lines meet at a point so that the 
opposite angles are equal, these straight lines are two and 
two in the same straight line. 



I. 16 to 26. 

17. ABC is a triangle and the angle A is bisected by 
a straight hne which meets BG at D ; shew that BA is 
greater than BD, and CA greater than CD, 

18. In the figure of I. 17 shew that ABC and ACB 
are top^ether less than two right angles, by joining A to any 
point in BC 

19. ABCD is a quadrilateral of which AD is the 
longest side and BC tne shortest ; shew that the angle 
^^C' is greater than the angle ADC, and the angle BCD 
greater dian tJie angle BAD. 

20. If a straight line be drawn through A one of the 
angular points of a square, cutting^ one of the opposite sides, 
and meeting the other produced at F, shew that AF is 
greater than the diagonal of tho square. 

21. The perpendicular is the^ shortest straight line 
that can be drawn from a given point to a given straight 
line; and of others, that miich is nearer to the perpen- 
dicidar is less than tho more remote; and two, and only 
two, equal straight lines can be drawn from the given point 
to the given straight line, one on each side of the perpen- 
dicular. 

22. The sum of the distances of any point from the 
three angles of a triangle is greater than ludf the sum of 
the sides of the triangle. 
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23. Tlie four sides of any qoadrilatoral are together 
greater than the two diagonals together. ^ 

24. The two sides of a triangle are together greater 
than twice the straig^ht line drawn from the vertex to the 
middle point of the base. 

25. If one angle of a triangle is equal to the sum of 
the other two, the triangle can be diyided into two isosceles 
triangles. 

26. If the angle (7 of a triangle is equal to the sum 
of the angles A and B, the side ^^ is equal to twice the 
straight line joining C to the middle point of AB. 

27. Construct a triangle, having given the base, one of 
the angles at the base, and uie sum of the sides. 

28. The perpendiculars let fall on two sides of a tri- 
angle from any point in the straight line bisecting the angle 
between them are equal to each other. 

29. In a given straight line find a pjoint such that tlte 
perpendiculars drawn from it to two given straight lines 
which intersect shall be equal. 

30. Through a given, point draw a straight line such 
that iiie perpendiculars on it from two given points may be 
on opposite sides of it and equal to each other. 

31. A straight line bisects the angle ^ of a triangle 
ABC; from B a perpNendicular is drawn to this bisectinep 
straight line, meeting it at D, and BD is produced to me^ 
AC or -4(7 produced at E : shew that BD is equal to DE. 

32. ABjACore any two straight lines meeting at A : 
through any point P draw a straight line meeting them at E 
and F, such that AE may be equal to AF. 

33. Two right-angled triangles have their hypotenuses 
equal, and a side of one equal U> a side of the ouier : shew 
that they are equal in all respects. 



I. 27 to 31. 

34. Any straight line parallel to the base of an iso- 
sceles triangle makes equal angles with the sides. 

35. If two straight lines A and B are respectively 
parallel to two others C and 2>, shew that the inclination <^ 
A to Bis equal to that ofCto D» 

36. A straight line is drawn terminated by two parallel 
straight lines ; through its middle point any straight line is 
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drawn and tenninated by the parallel straight lines. Shew 
that tiie second straight line is bisected at the middle point 
of the first. 

37. If throngh any point equidistant from two parallel 
strakht lines, two straignt lines be drawn cutting the pa* 
raUel straight lines, they will intercept equal portions of 
these parallel straight lines. 

38. If the straight line bisecting the exterior angle of 
a triangle be parallel to the base, shew tiiat the triangle is 
isosceles. 

39. Find a point j5 in a given straight line CD, such 
that if AB be drawn to B from a given point A^ the angle 
ABC will be equal to a given angle. 

40. If a straight line be £aTm bisecting one of the 
angles of a triangle to meet the opjposite side, the straight 
Ihies drawn from the point of section parallel to the other 
sides, and terminatea by these sides, will be equal. 

41. The side BC of a triangle ABC is produced to a 
point 2); the angle ACB is bisected by the straight line 
CE which meets AB at E, A straight line is drawn 
tluroueh E parallel to BC^ meeting AG 2it F^ and the 
straight line oisecting the exterior angle ACD at G, Shew 
that JEFis equal to FG. 

42. AB is the hypotenuse of a right-angled triangle 
ABC: find a point D m AB such that DB may bo equal 
to the perpendicular from DonAC 

43. ABC is an isosceles triangle : find points D, Eia 
the equal sides AB, AC such that BD, DEy EC may fdl 
be equal. 

44. A straight line drawn at right angles to BC 
the base of an isosceles triangle ABC cuts the side AB at 
2> and CA produced at E\ shew that AED is an isosceleii 
triangle. 

I. 82. 

45. From the extremities of the base of an isosceles 
triangle straight lines are drawn perpendicular to the sides; 
shew that the angles made bv them with the base are each 
equal to half the vertical angle. 

46. On the sides of any triangle ABC equilateral tri* 
angles BCD^ CAE, ABF bto described, all external: shew 
that tiie straight lines AD, BE, CFare all equal 
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47. What is the magnitude of an angle of a regular 
octagon) 

48. Through two given points draw two straight lines 
forming with a straight line given in position an equilateral 
triangle. 

49. If the straight lines bisecting the angles at the 
base of an isosceles triangle be produced to meet, they will 
contain an angle equal to an exterior angle of ^e triangle. 

60. A is the vertex of an isosceles triande ABCy and 
BA is produced to 2>, so that ^^ is equal to BA ; and 
DCi& drawn : shew that BCD is a right angle. 

51. ABC is a triangle, and the exterior angles at B 
and C are bisected by the straight lines BD, CD respec- 
tively, meethig at D : shew that the angle BDC together 
with naif the angle BAC make up a right angle. 

52. Shew i£at any angle of a triangle is obtuse, right, 
or acute, according as it is greater than, equal to, or less 
than the other two angles of the triangle taken together. 

53. Construct an isosceles triangle having the vertical 
angle four times each of the an&^les at the base. 

54. In the triangle ABC the side BC is bisected at E 
and AB at G ; AE is produced to jP so that EF is eaual 
to AEj and CO is prodiiced to j^" so that GH is equal to 
CO : shew that FB and HB are in one straight line. 

55. Construct an isosceles triangle which shall have 
one-third of each angle at the base equal to half the vertical 
angle. 

56. AB, AC are two straight lines given in position: 
it is required to find in them two points P and Q, sudi 
that, PQ bein^ joined, AP and PQ may together be equal 
to a given straight line, and may contain an angle equal to 
a given angle. 

57. Straight lines are drawn tliroi^h the extremities of 
the base of an isosceles triangle, makmg angles with it on 
the side remote from the vertex, each equal to one-third of 
one of the equal angles of the triangle and meeting the 
sides produced: shew that three of the triangles thus 
formed are isosceles. 

58. AEB, CED are two straight lines mtersectmg at 
E ; straight lines AC^ DB are drawn forming two triangles 
ACEy BED; the angles ACE, DBE are bisected by the 
straight Imes CF, BF, meetmg at F. Shew that the angle 
OFB is equal to half the sum of the angles EAC, EDB. 



V 
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59. The straight line joining the middle point of the 
hypotenuse of a right-&ngled triangle to the right angle is 
equal to half the hypotenuaa 

60. Prom the angle ^ of a triangle ABC a perpen- 
dicular is drawn to the opposite side, meeting it, produced 
if necessary, at D ; from the angle B a perpendicular is 
drawn to tne opposite side, meeting it, produced if neces- 
sary, at E\ shew that the straight lines which join D and 
E to the middle point of AB are equal. 

61. From the angles at the base of a triangle perpen- 
diculars are drawn to the opposite sides, produced if neces- 
sary : shew that the straight line joining tne points of inter- 
section will be bisected by a perpendicular drawn to it from 
the middle point of the base. 

62. In the figure of 1. 1, if (7 and H be the points of 
intersection of the circles, and AB be produced to meet 
one of the circles at K, shew that CHK is an equilateral 
triangle. 

63. The straight lines bisecting the angles at the base 
of an isosceles triangle meet the sides at D and E: shew 
that DE is parallel to the base. 

64. AB, ACstre two given straight lines, and P is a 
^yen point in tiie former : it is reqmred to draw through 
P a straight line to meet ACut Q, so that the angle APQ 
may be three times the angle AQP, 

65. Construct a right-angled triangle, having given the 
hypotemise and the sum of the sides. 

66. Construct a right-angled triangle, having given the 
hypotenuse and the difference of the sides. 

67. Construct a right^ngled triangle, having given the 
hypotenuse and the perpendicular from the right angle 
on it. 

68. Construct a right-angled triangle, having given the 
perimeter and an angle. 

69. Trisect a right angle. 

70. Trisect a given finite straight line. 

71. Prom a given point it is reqmred to draw to two 
parallel straight lines, two equal straight lines at right 
angles to each other. 

72. Describe a triangle of given perimeter, having its 
angles equal to those of a given triai^e. 
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I. 33, 34. 

73. If a quadrilateral have two of its oppoBite sides 
parallel, and the two others equal but not parallel, any two 
of its opposite angles are together equal to two right 
angles. 

74. If a straight line which joins the extremities of two 
equal straight lines, not parallel, make the angles on the 
same side of it equal to each other, the straight line which 
joins the other extremities will be parallel to the first. 

•• 75. No two straight lines drawn from the extremities 
of the base of a triangle to the opposite sides can possibly 
bisect each other. 

76. If the opposite sides of a quadrilateral are equal it 
is a pardlelogram. 

77. If the opposite angles of a quadrilateral are equal 
it is a parallelogcam. 

"^ 78. The diagonals of a parallelogram bisect each other. 

79. If the diagonals of a quadrilateral bisect each other 
it is a paraUelogram. 

80. If the straight line joining two opposite angles of 
a parallelogram bisect the angles the four sides of the pa- 
rallelogram are equal. 

81. Draw a straight line through a given point such 
that the part of it int^cepted between two given parallel 
straight lines may be of given length. 

82. Straight lines bisecting two adjacent angles of a 
parallelogram intersect at right angles. 

^ 83. Straight lines bisecting two opposite angles of a 
parallelogram are either parallel or coincident. * 

84. If the diagonals of a parallelogram are equal all its 
angles are eaual. 

85. Find a point such that the perpendiculars let fall 
from it on two given strai^^ht lines shall be respectively 
equal to two given straight lines. How many sucn points 
are there? 

86. It is required to draw a straight line which shall 
be e(]Ual to one straight lino and parallel to another, and be 
terminated bv two given stra%ht lines. 

87. On the sides AB, BV^ and CD of a parallelogram 
ABGD three equilateral triangles are descnbed, that on 
BG towards the same parts as the parallelogram, and those 
on AB, CD towards the opposite parts: shew that the 
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distances of the yertices of the triangles on AB, CD from 
that on BC are respectively equal to the two diagonals of 
the parallelogram. 

88. If the angle between two adjacent sides of a panLk 
lelogram be increased, while their lengths do not alter, the 
diagonal through their point of intersection wiU diminish. 

89. Af By C are three points in a straight line, such 
that AB is equal to BG: shew that the sum of the perpen- 
diculars from A and C on any straight line which does not 
pass between A and C is double the perpendicular from B 
on the samo straight line. 

90. If straight lines be drawn from the angles of any 
parallelogram perpendicular to any straight line which is 
outside the paralleiogi*am, the sum of those from one pair 
of opposite angles is equal to the sum of those from the 
other pair of opposite angles. 

91. If a six-sided pmne rectilineal figure have its op- 
posite sides e^ual and parallel, the three stra^ht lines join- 
ing the opposite angles will meet at a point. 

92. A By AG are two given straight lines; through a 
given point E between them it is required to draw a straight 
une GEH such that the intercepted portion GH shall be 
bisected at the point E, 

93. Inscribe a rhombus within a given parallelogranL 
so that one of the angular points of the rhombus may oe at 
a given point in a side of tne parsdlelogram. 

94. ABGD is a parallelogram, and Ey Fy the middle 
points of AD and BG respectively ; shew that BE and DF 
will trisect the diagonal AC, 
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95. ABGD is a quadrilateral having BG parallel to 
AD ; shew that its area is the samo as that of the parallelo- 
gram which can be formed by drawing through the middle 
point of DC a straight line parallel to AB» 

96. ABGD is a quadrilateral having BG parallel to 
ADy E is the middle point of DC\ shew that the triangle 
AEB is half the quadrilateral 

97. Shew that any straight line passing through the 
middle point of the diameter of a parallelogram and termi- 
nated by two opposite sides, bisects the parallelogram. 
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98. Bisect a {parallelogram by a sia^ht line drawn 
thi'ough a given point within it. 

99. Construct a rhombus equal to a given parallelo- 
g^ram. 

100. If two triangles have two sides of the one equal 
I to two sides of the other, each to each, and the sum of the 

two angles contained by these sides equal to two right an- 
gles, the triangles are equal in area. 

101. A straight line is drawn bisecting a parallelogram 
ABCD and meeting AD at E and BC at F: shew that 
the triangles EBF and CED are equal. 

102. Shew that the four triangles into which a paral- 
lelogram is divided by its diagonals are equal in area. 

103. Two straight lines AB and CD intersect at E, 
and tiie triangle AEC is equal to the triangle BED : ahew 
that BCiB p^ullel to AD. 

104. ABCD is a parallelogram ; from any point P in 
the diagonal BD the straight lines PA, PC are drawn. 
Shew that the triangles PAB and PCB are equal in area. 

105. If a triangle is described having two of its sides 
equal to the diagonals of any quadrilateral, and the in- 
cluded angle equal to either of the anp^les between tiiese 
diagonals, then the area of the triangle is equal to the area 
of uie quadrilateral. 

106. The straight line which joins the middle points of 
two sides of any triangle is parallel to the base. 

107. Straight lines joining the middle points of ad- 
jacent sides of a quadrilateral form a parallelogram. ^ 

108. 2>, E are the middle points of the sides AB, AC 
of a triangle, and (7i>, BE intersect at F: shew that the 
triangle BFC is equal to the quadrilateral ADFE. 

109. The straight line wmch bisects two sides of any 
triangle is half the base. 

110. In the base AC of & triangle take any point D; 
bisect AD, DC, AB, BC at the points E, F, G, H respec- 
tively: shew that EG is equal and parallel to FH, 

111.. Given the middle points of the sides of a triangle, 
construct the triangle. 

1 12. If the middle points of any two sides of a triangle 
be joined, the triangle so cut off is one quarter of the whole. 

113. The sides AB, AC of o, given triangle ABC are 
bisected at the ^ints E, F; a perpendicular is drawn from 
'I to the opposite side, meeting it at D. Shew that the 
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angle FDE is equal to the angle BAC, Shew also that 
AFDE is half the triangle ABC 

114. Two triangles of equal area stand on the same 
base and on opijosite sides: shew that the straight line 
joining their yertices is bisected by the base or tne base 
produced. » 

115. Three paraUelograms which are equal in all re- 
spects are placed with their equal bases in the same straight 
line and contiguous ; the extremities of the base of the £*st 
are joined with the extremities of the side opposite to the 
base of the third, towards the same parts : shew that the 
portion of the new parallelogram cut off by the second is 
one half the area of any one of them. 

116. ABCD is a parallelogram; from D draw any 
straight line DFG meeting BC at F and AB produced at 
G\ draw AF and CG: shew that the triangles ABF, 
CFG are equal. 

117. ABC is a given triangle: construct a triangle of 
equal area, haying for its base a giyen straight line AD, 
coinciding in position with AB, 

118. ABC is a giyen triangle: construct a triangle of 
equal area, having its vertex at a given point in BC and its 
base in the same straight line as AB. 

119. ABCD is a given quadrilateral: construct ano- 
ther quadrilateral of equal area haying AB for one side, 
and for another a straight line drawn through a given point 
in CD parallel to AB. 

120. ABCD is a given quadrilateral : construct a tri- 
angle whose base shall be in the same straight line as AB, 
vertex at a given point P in CDy and area equal to that of 
the given quadrilateral. 

121. ABC is a given triangle: construct a triangle of 
equal area, having its base in the same straight line bsAB, 
and its vertex in a given straight line. 

122. Bisect a given triangle by a straight line drawn 
through a given point in a side. 

123. Bisect a given quadrilateral by a straight line 
drawn through a given angular point. 

124 If through the point within a parallelogram 
ABCD two straight lines are drawn parallel to the sides, 
and the parallelogranis OB and CD are equal, the point 
is in the diagonal AC. 
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I. 46 to 4a 

126. On the sides ACy EC of a triangle ABG^ squares 
ACDEy BCFH are described: shew that the straight 
lines AF and BD are equal 

126. The square on the side subtending an acute an- 
gle of a triangle is less than the squares on the sides 
containing the acute angle. 

127. The square on the side subtending an obtuse an- 
gle of a triangle is greater than tiie squares on the sides 
containing the obtuse angle. 

128. If the square on one side of a triangle be less 
than the squares on the other two sides^ the angle contained 
by these sides is an acute angle; if greater, an obtuse 
angle. 

129. A straight line is drawn intersecting the two sides 
of a right-angled triangle, and each of the acute angles is 
joined with the points where this straight line intersects 
the sides respectiyely opposite to them: shew that the 
squares on the joining straight lines are together equal to 
the square on the hypotenuse and the square on the straight 
line orawn parallel to it. 

130. If any point P be joined to A^ B, C, 2>, the an- 
gular points of a rectangle, the squares on PA and PC aire 
together equal to the squares on PB and PD. 

131. In a right-anded triangle if the square on one oi 
the sides contaming the right an^le be three times the 
square on the other, and from the right angle two straight 
lines be drawn, one to bisect the opposite side, and the 
other perpendicular to that side, these straight lines diyide 
the right ai^le into three equal parts. 

132. If ABC be a triangle whose angle ^ is a riffht 
angle, and BE^ CF be drawn bisecting the opposito sides 
respectiyely, shew that four times the sum of the squares 
on BE and CF is equal to five times the s<^uare on Sc 

133. On the hypotenuse BQ^ and the sides CA^ AB of 
a right-angled triangle ABO^ squares BDEG, AF. and 
AG are described: shew that the squares on DG and EF 
are together equal te five times IJie square on BC, 
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11. 1 to 11. 

134. A straight line is divided into two parts; shew 
that if twice the rectangle of the oarts is equal to the sum 
of the squares described on the parts, the straight line is 
bisected. 

135. Divide a given straight line into two parts such 
that the rectangle contained by them shall be the greatest 
possible. 

136. Construct a rectangle equal to the difference of 
two given squares. 

'- 137. Divide a given straight line into two parts such 
that the sum of the squares on the two parts may be the 
least possible. 

138. Shew that the square on the sum of two straight 
lines together with the square on their difference is doiible 
the squares on the two straight lines. 

139. Divide a given straight line into two parts such 
that the sum of their squares shall be equal to a given 
sqi gre.^_^ 

' T40. Divide a given straight line into two parts such 
Miat the square on one of them may be double the square 
on the other. 

141. In the figure of II. 11 if CHhe produced to meet 
BFsit Ly shew that GL is at right angles to BF. 

142. In the figure of II. 11 if BE and CH meet at 0, 
shew that j40 is at right angles to CH, 

143. Shew that in a straight line divided as in II. 11 
the rectangle contained by the sum and difference of the 
parts is equal to the rectiangle contained by the parts. 

^"^ II. 12 to 14. 

144. The square on the base of an isosceles triangle is 
equal to twice the rectangle contained by either side and 
by the straight line intercepted between the perpendicular 
let fall on it from the opposite angle and the extremity of 
the base. 

145. In any triangle the sum of the squares on the 
sides is equal to twice the square on half the base together 
with twice the square on the straight line draWn from the 
vertex to the middle point of tiie base. 
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146. ABC is a triangle haying the sides AB and AC 
eqnal ; if AB is produoc^d beyond the base to 2> so that 
BD is equal to ABy shew that the square on CD is equal 
to the square on AB^ together with twice the square 
on BC. 

147. The sum of the squares on the sides of a paral- 
lelogram is equal to the sum of the squares on the 
diagonals. 

148. The base of a triangle is given and is bisected by 
the centre of a given circle : if the vertex be at any point 
of the circumference, shew that the sum of the squares on 
the two sides of the triangle is invariable. 

149. In any quadrilateral the squares on the diagonals 
are together equal te twice the sum of the squares on the 
straight lines joining the middle points of opposite sides. 

150. If a circle DC described round the point of inter- 
section of the diameters of a parallelogram as a centre, 
shew that the sum of the squares on the straight lines 
drawn from any point in its circumference to the four an- 
gular points of the parallelogram is constant 

151. The squares on the sides of a quadrilateral are 
together greater than the squares on its diagonals by four 
times the square on the straight line joining the middle 
points of its diagonals. 

152. In ^^ the diameter of a circle take two points C 
and D equally disrtant from the centre, and from any point 
E in the circumference draw ECy ED: shew tliat the 
squares on EG and ED are together equal to the squares 
on ^(7 and AD, 

153. In BC the base of a triangle take D such that 
the squares on AB and BD are together equal to the 
squares on ^(7 and CD, then the middle point oi AD will 

,be equally distant from B and C 

154. The square on any straight line drawn from the 
vertex of an isosceles triangle te the base is less than the 
square on a side of the triangle by the rectangle contained 
by the segments of the base. 

155. A square BDEG is described on the hypotenuse 
BC of a right-angled triangle ABCx ^hew that the squares 
on DA and ACstxe together equal to the squares on EA 
and AB. 

156. ABC is a triangle in which (7 is a right angle, 
^d DE is drawn firom a point D m AC perpendicular to 
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AB: shew that the rectangle AB, AE is equal to the 
rectangle -4(7, AD, 

157. If a straight line be- drawn through one of the 
angles of an equilateral triangle to meet the opposite side 
produced, so that the rectangle contained by the whole 
straight line thus produced and the part of it produced is 
equal to the square on the side of the triangle, shew that 
the square on the straight line so drawn will be double l^e 
square on a side of the triangle. 

158. In a triangle whoso vertical angle is a right angle 
a straight line is drawn from the vertex perpendicular 
to the base : shew that the square on this perpendicvdar is 
equal to the rectangle contained by the segments of tho 
base. 

159. In a triangle whose vertical angle is a right angle 
a straight line is drawn from the vertex perpenmcular to 
the base: shew that the square on either of the sides adja- 
cent to the right angle is equal to the rectangle contained 
by the base and the segment of it adjacent to that side. 

160. In a triangle ABO the angles B and C are acute : 
if E and F be the points where perpendiculars from tho 
opposite angles meet the sides AC, ^j9, shew. that the 
square on BG is equal to the rectangle ABy BE, together 
with the rectangle AC, GE, 

161. Divide a ^ven straight line into two parts so that 
the rectangle contamed by them may be equal to tho square 
described on a given straight line which is less than half 
the straight line to be divided. 

III. 1 to 15. 

162. Describe a circle with a given centre cutting a 
given circle at the extremities of a diameter. 

163. Shew that the straight lines drawn at ri^ht angles 
to the sides of a quadrilateral inscribed in a circle from 
their middle points intersect at a fixed point. - 

164. If two circles cut each other, any two parallel 
straight lines drawn through the points of section to cut 
the drcles are equal. 

165. Two circles whose centres are A and B intersect 
at G; through G two chords DGE and EGG are drawn 
equally inclined to AB and terminated by the circles: 
shew that DE and EG are equaL 

23 
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166. Through either of the points of intergection of 
two given circles draw the greatest possible straight lina 
terminated both ways by the two circumferences. 

167. If from any point in the diameter of a circle 
straight lines are drawn to the extremities of a parallel 
chord, the squares on these straight lines are together equal 
to the squares on the segments into which the diameter is 
diyided. 

168. A and B are two fixed points without a circle 
PQR ; it is required to find a point P in the drcumfer- 
ence, so that the sum of the squares described on ^P and 
BP may be the least possible. 

169. If in any two given circles which touch one an-. 
other, there be drawn two parallel diameters, an extremitj 
of each diameter, and the point of contact, shall lie in the 
same straight line. 

170. A circle is described on the radius of another 
circle as diameter, and two chords of the larger circle am 
drawn, one through the centre of the less at right angles to 
the common diameter, and the other at right angles to the 
first through the point where it cuts the less circle. Shew 
that these two chords have the segments of the one equal 
to tiie segments of the other, each to each. 

171. Through a given point withm a circle draw iho 
shortest chord. 

172. is the centre of a circle, P is any point in ita 
drcumferenoe, PN a perpendicular on a fixea diameter: 
shew that the straight line which bisects the angle OPN 
always passes through one or the other of two fixed points. 

173. Three circles touch one another externally at the 
points A, B, G\ from A^ the straight lines AB^ AC are 
produced to cu^ the circle BC at 2> and E\ shew that DE 
IS a diameter of BC^ and is parallel to the strait line 
joining the centres of the other circles. 

174. Circles are described on the sides of a quadri- 
lateral as diameters : shew that the common chord of any 
adjacent two is parallel to the common chord of the other 
two. 

175. Describe a circle which shall touch a given circle^ 
have its centre in a given straight line, and pass through a 
given point in the given straight line. 
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III. 16 to 19. 

176. Shew that two tangents can be drawn to a circle 
from a giren external poin^ and that they are of equal 
length. 

177. Draw parallel to a given straight line a straight 
tine to touch a given circle. 

' 178. Draw perpendicular to a given straight line a 
straight line to touch a given circle. 

179. In the diameter of a circle produced, determine 
a point so that the tangent drawn from it to the circum- 
ference shall be of given length. 

180. Two circles have tne same centre: shew that all 
chords of the outer circle which touch the inner circle are 
equal. 

181. Through a given point draw a straight line so that 
the part intercepted oy the circumference of a given circle 
shall be equal to a given straight line not greater than the 
diameter. 

182. Two tangents are drawn to a circle at the oppo- 
site extremities of a diameter, and cut off from a tnird 
tuigent a portion AB: if (7 be the centre of the circle 
shew that ACB is a ri^ht angle. 

183. Describe a arcle that shall have a given radius 
and touch a ^ven circle and a given straight line. 

184. A circle is drawn to touch a given circle and a 
given straight line. Shew that the points of contact are 
always in Uie same straight line with a fixed point in the 
circumference of the given circle. 

185. Draw a straight line to touch each of two given 
circles. 

186. Draw a straight line to touch one given circle so 
that the pcui of it contained by another given circle shall 
be equsd to a given straight line not greater than the dia- 
meter of the latter circle. 

187. Draw a straight line cutting two given circles so 
that the chords intercepted within the ciraes shall have 
g^ven lengths. 

188. A quadrilateral is described so that its sides 
touch a circle : shew that two of its sides are together 
eqiuJ to the other two sides. 

189. Shew that no parallelogram can be described 
about a circle except a rhombus. 

23-2 
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190. ABD, ACE are two straight lines touching a 
circle at B and C, and if DE be joined DE is equal to BD 
and GE together : shew that DE touches the circle. 

191. If a quadrilateral be described about a circle the 
angles subtended at the centre of the circle by any two 
opposite sides of the figure are together equal to two 
ri^t angles. 

192. Two radii of a circle at right angles to each other 
when produced are cut by a straight line which touches the 
circle: shew that the tangents drawn from the points of 
section are parallel to each other. 

193. A straight line is drawn touching two circles: 
shew that the chords are parallel which join the points of 
contact and the points where the straight line through the 
centres meets the circumferences. 

194. If two circles can be described so that each 
touches the other and three of the sides of a quadrilateral 
figure, then the difference between the sums of the opposite 
sides is double the common tangent drawn across the quad- 
rilateral. 

195. AB is the diameter and G the centre of a semi- 
circle : shew that the centre of any circle inscribed in 
the semicircle is equidistant from C and from the tangent 
to the semicircle parallel to AB. 

196. If from any point without a circle straight lines 
be drawn touching it, the angle contained bv the taiigents 
is double the angle contained by the straight line joining 
the points of contact and the diameter drawn through one 
of tnem. 

197. A quadrilateral is bounded by the diameter of a 
circle, the tangents at its extremities, and a third tangent: 
shew that its area is equal to half that of the rectangle con- 
tained by the diameter and the side opposite to it. 

198. If a quadrilateral, having two of its sides parallel, 
be described about a circle, a straight line drawn through 
the centre of the circle, parallel to either of the two paral- 
lel sides, and terminated by the other two sides, shall be 
equal to a fourth part of the perimeter of the figure. 

199. A series of circles touch a fixed straight line at 
a fixed point : shew that the tangents at the points where 
^gy cut a parallel fixed straight line all touch a fixed circle. 

^''^^200. Of all straight lines which can be drawn from two 
vgiren points to meet in the convex circmnference of a 
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given circle, the sum of the two is least which make equal 
angles with the tangent at the point of concourse. 

201. C is the centre of a given circle, CA a radius, B 
a point on a radius at right angles to CA ; join AB and 
produce it to meet the circle again at i>, and let the tan- 
gent at D meet CB produced at E\ shew that BDE is an 
isosceles triangle. 

202, Let the diameter BA of a circle be produced to 
Py SO that AP equals the radius ; through A draw the 
tangent AED, and from P draw PEC touching the circle 
at V and meeting the former tangent at E; join BC and 
produce it to meet AED at D : then will the triangle 
DEC be equilateral. ^ 



III. 20 to 22. 

203. Two tangents AB, AC are drawn to a drcle ; 
i) is any point on the circumference outside of the triangle 
ABC: shew that the sum of the angles ABD and AuD 
is constant 

204. Pj Q are any points in the circumferences of two 
segments described on the same straight line AB, and on 
the same side of it ; the angles PA Q, PBQ are bisected 
by the straight lines AB, BB meeting at R : shew that the 
angle ARB is constant. 

205. Two segments of a circle are on the same base 
AB, and P is any point in the circumference of one of tiie 
segments ; the straight lines APD, BPC are drawn meet- 
ing the circumference of the other segment at D and (7; 
AC and BD are drawn intersecting at Q, Shew that the 
angle AQB is constant. 

206. APB is a fixed chord passing through P a point 
of intersection of two circles AQP, PBR; and QPR is 
any other chord of the circles passing through P: shew 
tliat AQ a^d RB when produced meet at a constant 
angle, y 

207. AOB is a triangle; C snd D are points in BO 
and AG respectively, such that the angle ODC is equal to 
the angle DBA : shew that a circle may be described 
round the quadrilateral ABCD. 
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208. ABCD is a qnadrilateral inscribed in a circle^ and 
the sides AB, DC when produced meet at O : shew that 
the triangle AOC is equiangular to the triangle BOD, 

209. Shew that no paiuUelogram except a rectangle 
can be inscribed in a circle. 

210. A triangle is inscribed in a circle : shew that the 
sum of the angles in the three segments exterior to the 
triangle is equal to four right angles. 

211. A quadrilateral is inscribed in a circle: shew 
that the sum of the angles in the four segments of the circle 
exterior to the quadrikteral is equal to six right angles. 

212. Divide a circle into two parts so wat the angle 
contained in one segment shall be equal to twice the angle 
contained in the other. 

213. Divide a circle into two parts so that the angle 
contained in one segment shall be equal to five times uie 
angle contained in the other. 

214. If the an^le contained bv anv side of a quadri- 
lateral and the adjacent side produceo, be equal to the 
opposite angle of the quadrilateral, shew that any side of 
the quadrilateral will subtend equal angles at the opposite 
angles of the quadrilatersd. 

215. If any two consecutive sides of a hexagon inscribed 
in a circle be respectively pandlel to their opposite sides, 
the remaining sides are parallel to each other. 

216. Aj By Cf D are four points taken in order on the 
circumference of a circle ; the straight lines AB, CD pro- 
duced intersect at P, and AD, BC at Q : shew that the 
straight lines which respectively bisect the angles APC, 
AQusire perpendicular to each other. 

217. If a quadrilateral be inscribed in a circle, and a 
straight line be drawn making equal andes with one pair 
of opposite sides, it will make equal angles with the otiier 
pair. 

218. A quadrilateral can have one cirde inscribed in 
it and another circumscribed about it: shew that the 
straight lines joining the opposite points of contact of the 
inscribed circle are perpendicular to each other. 

. III. 23 to 30. 

• 219. The straight lines joining the extremities of the 
ords of two equal arcs of a cirde, towards the same parts 
parallel to each oUier. 
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220. The straight lines in a circle which join the ex- 
tremities of two parallel chords are equal to eacli other. 

221. AB is a common chord of two circles ; through G 
Buy point of one circumference straight lines CAI>,VBE 
are drawn terminated by the other circumference : shew 
that the arc DE is invariable. 

222. Through a point C in the circumference of a circle 
two straight lines AGB^ DGE are drawn cutting Uie circle 
at B and E : shew that the straight line which Disects the 
angles ACE^ DCB meets the circle at a point equidistant 
from B and E. 

223.^ The straight lines bisecting any angle of a quadri- 
lateral inscribed in a circle and the opposite exterior angle^ 
meet in the circumference of the circle. 

224. AB is a diameter of a cirde, and 2) is a given 
point on the circumference, such that the arc DB is less 
than half the arc DA : draw a chord DE on one side of 
AB RO that the arc EA may be three times the arc BD, 

225. From A and B two of the angular points of a 
triangle ABC, straight lines are drawn so as to meet the 
opposite sides at P and Q in given equal angles: shew 
that the straight line joining P and Q will bo of the same 
length in aU triangles on the same base AB, and having 
vemcal angles eqiml to C 

. 226. K two equal circles cut each other, and if through 
one of the points of intersection a straight line^ be drawn 
terminated by the circles, the straight lines joining its 
extremities with the other point of intersection are equal 

227. OA, OBf OG are three chords of a circle; the 
angle AOB is equal to the angle BOG, and OA is nearer 
to the centre than OB. From B a perpendicular is drawn 
on OA, meeting it at P, and a perpendicular on OG pro- 
duced, meeting it at Q : shew that AP \a equal to GQ, 

228. AB is a given finite straight line; through 
A two indefinite straight lines are drawn equally inclined 
to AB ; any circle passing through A and E meets these 
straight lines at L and M» Shew that if AB be between 
AL and AM the sum of AL and AM is constant ; if AB 
be not between AL and ^itf the difference of AL and AM 
is constant. 

229. A OB and COD are diameters of a circle at right 
angles to eadi other; j& is a point in the arc AG, and 
EPG is a chord meeting COD at F, and drawn in such a 
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direction that EF is equal to the radios. Shew that the 
arc BG is equal to three times the arc AE, 

230. The straight lines which bisect the vertical angle? 
of all triangles on the same base and on the same side of 
it, and having equal yertical angles, all intersect at the 
same point. 

231. If two circles touch each other internally, any 
chord of the greater circle which touches the less shall 
be divided at the point of its contact into segments which 
subtend equal angles at the point of contact of the two 
circles. 



III. 31. 

232. Right-angled triangles are described on the same 
hypotenuse: shew that the angular points opposite the 
hypotenuse all lie on a circle described on the hypotenuse 
as diameter. 

233. The circles described on the equal sides of an 
isosceles triangle as diameters, will intersect at the middle 
point of the base. 

234. The greatest rectangle which can be inscribed in 
a circle is a square. 

235. The hypotenuse AB of a right-angled triangle 
ABC is bisected at i>, and EDF is di*awn at right angles 
to A By and DE and DF are cut off each equal to Sa ; 
CE and GF are joined: shew that the last two straight 
lines will bisect uie^ angle C and its supplement respec- 
tively. 

236. On the side AB of any triangle ABC as diameter 
a circle is described; EF is a diameter parallel to BC-. 
shew that the straight lines EB and FB bisect the interior 
and exterior angles at B. 

237. It AD, CE he drawn perpendicular to the sides 
BC, AB of a triangle ABC, and DE be joined, E^ew that 
the angles ADE and ACE are equal to each other. 

238. If two circles ABC, ABD intersect at A and B, 
and AC, AD be two diameters, shew that the straight 
line CD will pass through B, 

239.^ If O be the centre of a circle and OA a radius 
"Jid a circle be described on OA as diameter, the circiini- 
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ference of tbis circle will bisect any chord drawn through 
it from A to meet the exterior circle, 

240. Describe a circle touching a given straight line at 
a given poini^ such that the tangents £:%wn to it from two 
given points in the straight line may be parallel. 

241. Describe a circle with a given radius touching a 
given straight line, such that the tangents drawn to it 
from two given points in the straight line may be parallel. 

242. If from the angles at the base of any triangle 
perpendiculars are drawn to the opposite sides, produced 
if necessary, the straight line joining the points of inter- 
section will be bisected by a perpendicular drawn to it from 
the centre of the base. 

243. AD is a diameter of a circle ; B and (7 are points 
on the circumference on the same side of -4Z>; a perpen- 
dicular from D on BC produced through (7, meets it at ^ : 
shew that the square on ylZ> is greater than the sum of the 
squares on AB, BC, CD, by twice the rectangle BC, CE, 

244. AB is the diameter of a semicircle, P is a point 
on the circumference, PM is perpendicular to AB\ on 
AM, BM as diameters two semicircles are described, and 
AP^ BP meet these latter circumferences at Q, iS: shew 
that QR will be a conmion tangent to theuL 

245. AB^ A C are two straight lines, B and C are given 
points in the same; BD is drawn perpendicular \jq AC, 
and DE perpendicular to AB ; in like manner CF is drawn 
perpendicular to AB, and FG to -4(7. Shew that EC is 
parallel to BC 

246. Two circles intersect at the points A and B, from 
which are drawn chords to a point (7 in one of the circum- 
ferences, and these chords, produced if necessary, cut the 
other circumference at D and E\ shew that the straight 
line DE cuts at right angles that diameter of the circle 
ABC which passes through C 

247. If squares be described on the sides and hy- 
potenuse of a right-angled triangle, the straight line joining 
the intersection of the diagonal of the latter square with 
the right angle is perpendicular to the straight line joining 
the intersections of the diagonsJs of the two former. 

248. C is the centre of a given circle, CA a straight 
line less than the radius ; find the point of the circum- 
ference at which CA subtends the greatest angle. 
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249. AB is the diameter of a semicirdey D and E are 
any two points in its circumference. Shew that if the 
diords joining A and B with D and E each way intersect 
at F and G, wen FO produced is at right angles to AB. 

250. Two equal circles touch one another externally, 
and through the point of contact chords are drawn, one 
to each circle, at right angles to each other : shew that 
the straiglit line joining the other extremities of these 
chords is equal and parallel to the straight line joining the 
centres of the circles. 

251. A circle is described on the shorter diagonal of a 
rhombus as a diameter, and cuts the sides ; and the points 
of intersection are joined crosswise with the extremities of 
that diagonal: shew that the parallelogram thus formed 
is a rhombus with angles equal to those of the first. 

252. If two chords of a circle meet at a right angle 
within or without a circle, the squares on their segments 
are together equal, to the squares on the diameter. 



III. 32 to 34. 

253. B is a poinb in the circumference oi a circle, whoso 
centre is C\ PA^ a tangent at any point P, meets GB 
produced at A^ and PD is drawn perpendicular to CB: 
shew that the straight line PB bisects we angle APD, 

254. If two circles touch each other, any straight line 
drawn through the point of contact will cut off similar s^- 
ments. 

255. .^^ is any chord, and ^2> is a tangent to a circle 
at A, DPQ is any straight line parallel to AB, meeting 
the circumference at P and Q, Shew that the triangle 
PAD is equiangular to the triangle QAB. 

256. Two cirdes ABDH, ABG, intersect each other 
at the points A, B ; from B a straight line BD is drawn in 
tiie one to touch the other; and from A any chord what- 
eyer is drawn cutting the circles at G and H\ shew that 
BG is parallel to DH, 

257. Two circles intersect at A and B, At A the 
tangents AC^ AD are drawn to each circle and terminated 
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by the circumference of the other. If CB, BD be joined 
shew that AB or AB produced, if necessary, bisects the 
angle CBD. 

268. Two drcles intersect at A and B, and through 
P any point in the circumference of one of them the 
chords PA and PB are drawn to cut the other circle at 
(7 and Z>; shew that CD is parallel to the tangent at P. 

259. If from any point in the circumference of a circle 
a chord and tangent be drawn, the perpendiculars dl-opped 
on them from the middle point of the subtended arc are 
equal to one another. 

260. AB is any chord of a circle, P any point on the 
circumference of the circle ; PM is a perpendicular on AB 
and is produced to meet the circle at Q ; and AN is drawn 
perpendicular to the tangent at P : shew that the triangle 
Nam is equiangular to the triangle PAQ, 

261. Two diameters AOB, COD of a circle are at 
right angles to each other; P is a point in the circum- 
ference; the tangent at P meets COD produced at Q, 
and AP, BP meet the same line at B, S respectively: 
shew that RQ is equal to SQ 

262. Construct a triangle, having given the base, the 
vertical angle, and the pomt in the base on which the per- 
pendicular falls. 

263. Construct a triangle, having given the base, the 
vertical angle, and the altitude. 

264. Construct a triangle, having given the base, the 
vertical angle, and the length of the straight line drawn 
from the vertex to the middle point of the base. 

265. Having given the base and the vertical angle of a 
triangle, shew that the triangle will be greatest when it is 
isosceles. 

266. Prom a given point A without a circle whose 
centre is draw a straight line cutting the circle at the 
points B and C, so that the area BOG may be the greatest 
possible. 

267. Two straight lines containing a constant angle 
always pass through two fixed points, ttieir position being 
otherwise unrestricted: shew that the straignt line bisect- 
ing the angle always pajises through one or other of two 
fixed points. 

968. Giv0& one angle of a triangle, the side opposite 
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it, and the sum of the other two sidesi oonstract the 
triangla 

III. 36 to 37. 

269. If two circles cut one another, the tangents drawn 
to the two circles from any point in the common chord 
produced are equal 

270. Two circles intersect at A and B : shew that AB 
produced bisects their common tangent. 

271. li AD, CEaxe drawn perpendicular to the sides 
BCf AB of a triangle ABC, shew that the rectangle con- 
tained by BC and BD is equal to Uie rectangle contained 
by BA and BE. 

272. If through any point in the common chord of two 
circles which intersect one another, there be drawn any two 
other chords, one in each circle, tiieir four ext>remities shall 
all lie in the circumference of a circle. 

273. From a given point as centre describe a circle 
cutting a given straight line in two points, so that the rect- 
angle contained by their distances from a fixed point in the 
straight line may be equal to a given square. 

274i Two circles ABCD, EBCF, having the common 
tangents AE and DF, cut one another at B and C, and 
the chord BC is produced to cut the tangents at G and Hi 
shew that the square on OH exceeds the square on AE or 
DF by the square on BC. 

275. A series of circles intersect each other, and are 
such that the tangents to them from a fixed point are 
equal : shew that the straight lines joining the two points 
of intersection of each pair will pass througn this point. 

276. ABC ia a right-angled triangle ; fi*om any point 
D in the hypotenuse jd(7 a straight line is drawn at right 
angles to BCj meeting CA at E and BA produced at Fi 
shew that the square on DE is equal to the difference of 
the rectangles BD, DCsmd AE, JSC; and that the square 
on DF is equal to the sum of the rectangles BD, DC and 
AF, FB. 

277. It is rec^uired to find a point in the straight line 
which touches a circle at the end of a given diameter, such 
that whex$ a straight line is drawn from this point to the 
other extremity of the diameter, the rectangle contained 



i 
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by the part of it without the circle and the part within the 
circle may be eqnal to a given square not greater than that 
on the diameter. 



IV. 1 to 4. 

278. In lY. 3 shew that the straight lines drawn 
through A and B to touch the circle will meet. 

279. In lY. 4 shew that the straight lines which bisect 
the angles B and G will meet. 

280. In lY. 4 shew that the straight line DA will 
bisect the angle at A. 

281. If the circle inscribed in a triangle ABC touch 
the sides AB^ AC Q,t the points Z>, E, and a straight line 
be drawn from A to the centre of the circle meeting the 
circumference at Gy shew that the point G is the centre of 
the circle inscribed in the triangle ADE, 

282. Shew that the straight linos joining the centres of 
the circles touching one side of a triangle and the others 
produced, pass through the angular points of the triangle. 

283. A circle touches the side j9C of a triangle ABC 
and the other two sides produced : shew that the distance 
between the points of contact of the side BC with this 
circle and with the inscribed circle, is equal to the differ- 
ence between the sides AB and AC. 

284. A circle is inscribed in a triangle ABC, and a 
triangle is cut off at each angle by a tangent to the circle. 
Shew that the sides of the three triangles so cut off are 
together equal to the sides of ABC. 

285. D is the centre of the circle inscribed in a tri- 
angle BAC, and AD is produced to meet the straight line 
drawn through B at right angles to BD at : show that O 
is the centre of tho circle which touches the side BC and 
the sides AB,AC produced. 

286. Three circles are described, each of which touches 
one side of a triangle ABC, and the other two sides pro- 
duced. If D be the point of contact of the side BC, E that 
of AC, and F that of AB, shew that AE is equal to BD, 
BF to CE, md CD to AF, 

287* Describe a circle which shall touch a given circle 
and two given straight lines which themselves touch the 
given circle. 
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288. If the three points be joined in which the drcle 
inscribed in a triangle meets the sides, shew that the re- 
sulting triangle is acute angled. 

289. Two opposite sides of a quadrilateral are toge- 
ther equal to the other two, and each of the angles is less 
than two right angles. Shew that a circle can be inscribed 
in the quadrilateiial. 

290. Two circles HPL, KPMy that touch each other 
externally, have the common tangents HK^ LM\ HL and 
KM being joined, shew that a circle may be inscribed in 
the quadrilateral HKML, 

291. Straight lines are drawn from the andes of a 
triangle to the centres of the opposite escribed circles : 
shew that these straight lines intersect at the centre of the 
inscribed circle. 

292. Two sides of a triangle whose perimeter is con- 
stant are given in position: shew that the third side 
always touches a certain circle. 

293. Given the bas& the vertical angle, and the radius 
of the inscribed circle era triangle, construct it 

» 

IV. 6 to 9. 

294. In lY. 5 shew that the perpendicular from P on 
jB^wfll bisect 5(7. 

295. If BE be drawn parallel to the base EC oi a 
triangle ABG^ shew that the circles described about the 
triangles ABu and ADE have a common tsmgent. 

296. If the inscribed and circumscribed circles of a 
triangle be concentric, shew that the triangle must be 
equilateral. 

297* Shew that if the straight line joining the centres 
of the inscribed and circumscribed circles of a triangle 
passes through one of its angular points, the triangle is 
isosceles. 

298. The common chord of two circles is produced to 
any point P ; PA touches one of the circles at A, PBC is 
any chord of the other. Shew that the circle which passes 
through Aj B, and C touches the circle to which PA is 
a tangent. 

299. A quadrilateral ABCD is inscribed in a circle, 
and AD, 5Cf are produced to meet at E\ shew that the 
circle described about the triangle ECD will have the 

angent at i? parallel to ^^. 
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300. Describe a circle which shall touch a giyen straight 
line, and pass through two giyen points. 

301. Describe a circle which shall pass through two 
giyen points and cut off from a giyen straight line a chord 
of giyen length. 

302. Descnbe a circle which shall haye its centre in a 
ffiyen straight .line, and cut off from two giyen straight 
Qnes chords of equal giyen length. 

303. Two triangles haye equal bases and eqpil yertical 
angles: shew that the radius of the circumscnbing circle 
of one triangle is equal to that of the other. 

304* Describe a circle which shall pass through two 
giyen points, so that the tangent drawn to it from another 
giyen point may be of a giyen length. 

306. C is the centre of a circle; CA, CB are two 
radii at right angles; from B any chord BP is drawn 
cutting GA at N\ a circle being described round ANP, 
shew that it will be touched by BA. 

306. AB and CD are parallel straight lines, and the 
straight lines which join their extremities intersect at E: 
shew that the circles described round the triangles ABE, 
CDE touch one aQother. 

307. Find the centre of a circle catting off three equal 
chords from the sides of a triangle. 

308. If be the centre of the circle inscribed in the 
triangle ABC, and AG he produced to meet the circum- 
scribed circle at F, shew that FB^ FG, and FC are all 
equal. 

309. The opposite sides of a quadrilateral inscribed in 
a circle are produced to meet at P and Q, and about the 
triangles so formed without the quadrilatend, circles are 
described meeting again at R : shew that P, R, Q are in 
one straight line. 

310. The angle ACB of any triangle is bisected, and 
the base AB is bisected at right angles, by straight lines 
which intersect at D: shew tJ^t the angles ACJSy AD3 
are together equal to two right angles. 

311. ACDB is a semicircle, AB being the diameter, 
and the two chords AD, BG intersect at E\ shew that ii 
a circle be described round CDE it will cut the former at 
right angles. 
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312. The diagonals of a giyen quadrilateral A BCD 
intersect at 0: ^ew that the centres of the circles de- 
scribed about the triangles GAB, OBC, OCD, ODA, will 
lie in the angular points of a parallelogram. 

313. A circle is described round the triangle ABC] 
the tangent at C meets AB produced at D ; the circle 
whose centre is D and radius DC cuts AB at E\ shew 
that EC bisects the angle ACB. 

314. AB, AC&TQ two straight lines given in position; 
BC is a straight line of given length ; D, E are the middle 
points ofAB, AC; DFy EFare drawn at right angles to 
ABy ^(7 respectively. Shew that -4^^111 be constant for 
all positions of BC* 

315. A circle is described about an isosceles triangle 
ABC in which AB ia equal to AC; from A a straight 
line is drawn meeting the base at D and the circle at E: 
shew that the circle which passes through By Dy and E, 
touches AB, 

31G. AC ia B. chord of a given circle ; B and D are 
two given jpoints in the chord, both within or both without 
the circle : if a circle be described to pass through B and 
Dy and touch the given circle, shew that AB and CD 
4ubtend equal angles at the point of contact 

317. A and B are two points within a circle : find the 
point P in the circumference such that if PAHy PBK be 
drawn meeting the circle at H and K^ the chord HK shall 
be the greatest possible. 

318. The centre of a given circle is equidistant from 
two given straight lines : describe another circle which shall 
touch these two straight lines and shall cut off from the 
given circle a segment containing an angle equal to a given 
angle. 

319. O is the centre of the circle circumscribing a 
triangle ^^(7; Dy i^, ^the feet of the perpendiculars from 
Ay By C on the opposite sides : shew that 0-4, OBy OC are 
respectively perpendicular to EF^ FDy DE, 

320. If from any point in the drcumferenoe of a given 
circle straight lines be drawn to the four angular points 
of an inscribed square, the sum of the squares on the four 
straight lines is dotible tiie square on the diameter. 
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321. Shew that no rectangle except a square can be 
described about a circle. 

322. Describe a circle about a giyen rectangle. 

323. If tangents be drawn through the extremities of 
two diameters of a circle the parallelogram thul^- formed 
will be a rhombus. 



IV. 10. 

324. Shew that the ande ACD in the figure of lY. 10 
is equal to three times tiae angle at tiie v^iex of the 
triangle. 

325. Shew that in the figure of IV. 10 there are two 
triangles which possess the required property: shew tiiat 
there is also an isosceles triangle whose equal angles are 
each one third part of the third angle. 

326. Shew that the base of the triangle in IV. 10 is 
equal to the side of a regular pentagon inscribed in the 
smaller circle of the figure. 

327. On a given straight line as base describe an isos- 
celes triangle having the third angle treble of each of tiie 
angles at the base. 

328. In the figure of IV. 10 suppose, the two circles to 
cut again at E: then DE is equal to DC, 

329. If A be the vertex and BD the base of tho con- 
structed triangle in IV. 10, D being one of the two points 
of intersection of the two circles employed in the construc- 
tion, and E the other, and AE he drawn meeting BD pro- 
duced at Gy shew that GAB is another isosceles triangle 
of the same kind. 

330. In the figure of IV. 10 if the two equal chords 
of the smaller circle be produced to cut the larger, and 
these points of section be joined, another triangle will be 
formed having the property required by the proposition. 

331. In the fi^re of IV. 10 suppose the two circles to 
cut again at E\ join AE, CE, and produce AE^ BD to 
meet at G : then CDGE is a parallelogram. 

332. Shew that the smaller of the two circles employed 
in the figure of IV. 10 is equal to the circle described 
round the required triangle. 

24 
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333. In the figure of lY. 10 if AF\)e the diameter of 
the smaller circle, DF is equal to a radius of the circle 
which circumscribes the triangle BOD, 



IV. 11 to 16. 

334. The straight lines which connect the angulai 
points of a regular pentagon which are not adjacent inter- 
sect at the angular points of another regular i>entagon. 

335. ABODE is a regular pentagon ; join AC and 
BEy and let BE meet AO^i F\ shew that AC\& equal to 
the sum of AB and BF, 

336. Shew that each of the triangles made by joining 
the extremities of acUoining sides of a regular pentagon is 
less than a third and greater than a fourth of the whole 
area of the pentagon. 

337. Shew how to derive a regular hexagon from an 
equilateral triangle inscribed in a curcle, and from the con- 
struction shew that the side of the hexagon eauals the 
radius of the drcle, and that the hexagon is double of the 
triangla 

338. In a given circle inscribe a triangle whose angles 
are as the numbers 2, 5, 8. 

339. If ABODEF is a regular hexagon, and ACy BD, 
CE, DFy EAf FB be joined, another regular hexagon is 
formed whose area is one third of that of the former. 

340. Any equilateral figure which is inscribed in a 
circle is lUso equiangular. 



VI. 1,2. 

341. Shew that one of the triangles in the figure of 
IV. 10 is a mean proportional between the other two. 

342. Through 2>, any point in the base of a triangle 
ABO, straight lines DE, DF are drawn parallel to me 
sides ABfAOy and meeting the sides at E, F: shew that 
the triangle AEF is a mean proportional between the tri- 
angles FBDy EDO. 
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343. Perpendiculars are drawn from any point within 
an e<|uilateral triangle on the three sides : shevv that their 
sum IS inyariable. 

344. Find a pomt within a triangle such that if straight 
lines be drawn from it to the three angular points the tri- 
angle will be divided into three equal triangles. 

345. From a point E in the common Base of two tri- 
angles ACB, ADBf straight lines are drawn parallel to 
AC, AD, meeting BC, BD 2A,F,G: shew that FG is par- 
allel to CD, 

346. From any point in the base of a triangle straight 
lines are drawn parallel to the sides : shew that the inter- 
section of the diagonals of every parallelogram so formed 
lies in a certain straight line. 

347. In a triangle ABC, a straight line AD is drawn 
perpendicular to the straight line iD which bisects the 
angle B : shew that a straight line drawn from D parallel 
**^C7will bisect ^(7. 

348. ABC is a triangle ; any straight line parallel to 
.8(7 meets AB at D and -4(7 at j&; join BEwl^l CD meet- 
ing at F: shew that the triangle ADF is equal to the 
triangle AEF, 

349. ABC is a triangle; any straight line parallel to 
BC meets AB at D and AC2X E) join BE and CD meet- 
ing at F: shew that if ^jPbe produced it will bisect BC. 

350. If two sides of a quadrilateral figure be parallel 
to each other, any straight line drawn parcSlel to them will 
cut the other sides, or those sides produced, proportion- 
ally. 

351. ABC is a triangle ; it is required to draw from 
a given point P, in the side AB, or AB produced, a straight 
line i^ AC^ or AC produced, so that it may be bisected by 
BC 



VI. 3, A. 

352. The side BC of a triangle ABC is bisected at D. 
and the angles ADB, ADC are bisected by the straight 
lines DE, DF, meeting AB, AC at E, F respectively: 
shew that EF is parallel to BC 

353. AB ia Sk diameter of a circle, CD is a chord at 
right angles to it, and E is any point in CD ; AE and BE 

24—3 
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are drawn and produced to cut the circle at F and G: 
E^ew i^t the quadrilateral CFDG has any two of its 
adjacent sides in the same ratio as the remaining two. 

354. Apply VI. 3 to solye the problem of the triseo- 
tion of a fimte straight line. 

355. In the circumference of *4he circle of which AB is 
a diameter, take any point P; and draw PCy PD on 
opposite sides of AP^ and equally inclined to it, meeting 
AB at (7 and Z> : shew that AC\% to BC2i& AD is to BD. 

356. AB is a straight line, and D is any point in it : 
determine a point P in AB produced such that PA is to 
PB as 2>2l is to DB, 

357. From the same point A straight lines are drawn 
making the angles BAC, GAD^ DAE each equal to half a 
right angle, and they are cut by a straight line BCDEy 
which niakes BAE an isosceles triangle : shew that ^C7or 
DE is a mean proportional between BE and CD, 

358. The angle ^ of a triangle ABC is bisected by 
AD which cuts the base at 2>, and is the middle point 
of BC: shew tiiat CD bears the same ratio to GB that the 
difference of the sides bears to their sum. 

359. AD and AE bisect the interior and exterior 
angles at ^ of a triangle ABC, and meet the base at 
D and ^; and G is the middle point of BC: shew that 
GB is a mean proportional between CD and GE, 

360. Three points 2>, ^, i^ in tiie sides of a triangle 
ABChemg joined form a second triangle, such that any 
two sides make equal angles with the side of the former at 
which they meet : shew that AD, BE, CF are at right 
angles to BC, CA, AB respectively. 



VI. 4 to 6. 

361. If two triangles be on equal bases and between 
the same parallels, any straight line parallel to their bases 
will cut off equal areas from the two triangles. 

362. AB and CD are two parallel straight lines ; E is 
the middle point of CD ; AC and BE meet at F, and AE 
and BD meet at G : shew that FG is parallel to AB. 

363. A,B,C are three fixed pointe in a straight line ; 
any straight line is drawn througn (7; shew that the per- 

endiculars on it from A and i? a^e in a constont ratia 
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364. If tiie perpendiculars from two fixed points on a 
straight line passing between them be in a given ratio, the 
straight line must pass through a third fixed point. 

365. Find a straight line such that the perpendiculars 
on it from three giyen points shall be in a given ratio to 
each other. 

366. Through a given point draw a straight line, so 
that the parts of it intercepted between that point and 
perpendiculars drawn to the straight line from two other 
given points may have a given ratio. 

367. A tangent to a circle at the ^int A intersects 
two parallel tangents at B, C, the pomts of contact of 
which with the circle are 2), E respectively ; and BE^ CD 
intersect at F: shew that AF is parallel to the tangents 
BD, CE. 

368. P and Q are fixed points ; AB and CD are fixed 
parallel straight lines ; any straight line is drawn from P 
to meet AB at M, and a straight line is drawn from Q 
parallel to PM meeting CD at N\ shew that the ratio of 
PMi^ QNis constant, and thence shew that the straight 
line through iHf and iV passes through a fixed i)oini 

369. Shew that the diagonals of a quadrilateral, two 
of whose sides are parallel and one of them double of the 
other, cut one another at a point of trisection. 

370. A and B are two points on the circumference of a 
circle of which C is the centre ; draw tangents at A and B 
meeting at T; and from A draw AN perpendicular to 
CB : shew that BT]a to BCsaBNia to NA, 

371. In the sides AB, AC of a triangle ABC are 
taken two points 2>, E, such that BD is equal to CE; 
DE, BC are produced to meet at jP: shew that AB is to 
ACBsEFiaioDF 

372. If through the vertex and the extremities of the 
base of a triangle two circles be described intersecting 
each other in the base or base produced, their diameters 
are proportional to the sides of the triangle. 

373. Find a point the perpendiculars from which on 
the sides of a given triangle shall be in a given ratio. 

374. On ABy AC, two adjacent sides of a rectangle, 
two similar triangles are constructed, and perpendiculara 
are drawn to AB, AC from the angles which they subtend, 
intersectmg at the point P. If AB, AC he homologous 
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sides, shew that P is in all cases in one of the diagonals of 
the rectangle. 

376. In the figure of I. 43 shew that if EG and FH 
be produced they will meet on -4 (7 produced. 

376. APB and CQD are parallel straight lines di- 
rected towards the same parts ; and ^P is to PB as CQ 
is to QD: shew that the straight lines PQ, AC, BDy 
when produced will meet at a point. 

377. ACB is a triangle, and the side AC \& produced 
to Z> BO that CD is equal \Xi AC, and BD is jomed : if any 
straight line drawn parallel to AB cuts the sides AC, CB, 
and from tho points of section straight lines be drawn 
parallel to DB, shew that these straight lines will meet 
AB at points equidistant from its extremities. 

378. If a circle be described touching externally two 
giyen circles^ the straight line passing through the points 
of contact will intersect the straight line passing through 
the centres of the given circles at a fixed ^int. 

379. D is the middle point of the side BC of a tri- 
angle ABCy and P is any point in AD ; through P the 
straight lines BPE, CPF are drawn meeting the other 
sides at iS> jP: shew that EF\& parallel to BC 

380. AB is the diameter of a circle, E the middle 
point of the radius OB ; on AE, EB as diameters circles 
are described ; PQL is a common tangent meeting the 
circles at P and Q, and AB produced at L : shew that 
BL is equal to the radius of the smaller circle. 

381. ABCDE is a regular pentagon, and AD^ BE 
intersect at : shew that a side of the pentagon is a mean 
proportional between AG and AD. 

382. ABCD is a parallelogram ; P and Q are points 
in a straight line parallel to AB ; PA and QB meet at 
B, and PD and QC meet at S\ shew that RS is parallel 
to^Z). 

383. A and B are two giyen points ; -4C and BD are 
perpendicular to a given straight line CD ; AD and BC 
intersect at E, and EF\a perpendicular to CD : shew that 
AF and BF make equal angles with CD, . 

384. From the angular points of a parallelogram ABCD 
perpendiculars arc dra^vn on the diagonals meeting them at 
E, I^y G, H respectively : shew that EFGH is a parallelo- 
gram similar to ABCD* 
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385. If at a given point two circles intersect^ and their 
centres lie on two fixeil straight lines which pass through 
that point, shew that whateyer be the magnitude of the 
circles their common tangents will always meet in one of 
two fixed straight lines wMch pass through the giyen point. 



VI. 7 to 18. 

386. If two circles touch. each other, and also touch 
a given straight line, the part of the straight line between 
the pointe of contact is a mean proportional between the 
diameters of the circles. 

387. Divide a given arc of a circle into two parts, so 
that the chords of these parts shall be to each other in a 
given ratio. 

388. In a gjven triangle draw a straight line parallel 
to one of the sides, so that it may be a mean proportional 
between the segments of the base. 

389. ABC is a triangle, and a perpendicular is drawn 
from A to the opposite side, meetmg it at D between B 
and' (7: shew that if ^2> is a mean proportional between 
BD and CD the angle BACis a right angle. 

390. ABC is a triangle, and a perpendicular is drawn 
from A on the opposite side, meeting it at D between 
B and C: shew that if BA is a mean proportional between 
BD and BC, the angle B AC is a right angle. 

391. Cia the centre of a circle, and A any point within 
it ; CA is produced through ^ to a point B such that the 
radius is a mean pro^rtional between CA and CB : shew 
that if P be any pomt on the circumference, the angles 
CPA and CBP are equal. 

392. O is a fixed point in a given straight line OA^ 
and a circle of ^ven radius moves so as dways to be 
touched by OA ; a tangent OP is drawn from O to the 
circle, and in OP produced PQ is taken a third projpor- 
tionsJ to OP and the radius: shew that as the circle 
moves along OA, the point Q will move in a straight 
line. 

393. Two given parallel straight lines touch a circle, 
and SPT is another tangent cutting the two former tan- 
gents at S and T, and meeting the circle at P: shew 
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that the rectangle SPy PT is constant for aU positioxis 
of P. 

394. Find a point in a side of a triaiigle, from which 
two straight lines drawn, one to the opposite angle, and the 
other panJlel to the base, shall cut off towards the yertex 
and towards the base^ equal triangles. 

395. ACB is a triangle having a right angle at C; from 
A a straight Ime is drawn at right angles Ui AB, cutting 
BC produced at E ; from B a straight line is drawn at 
right angles to AB, cutting AG produced at D : shew that 
the triangle ECD is equal to the triangle ACB* 

396. The straight line bisecting the angle ABC of 
the triangle ABC meets the straight lines drawn through 
A and C, parallel to BC and AB respectively, at E and F: 
shew that the triangles CBE, ABFsre equal. 

397. Shew that the diagonals of any quadrilateral 
figure inscribed in a circle £vide the quadimteral into 
four triangles which are similar two and two ; and deduce 
the theorem of III. 35. 

398. AB, CD are any two chords of a circle passing 
through a point ; EF is any chord parallel to 0£ ; join 
CE, Z^jP meeting AB at the points G and II, and DE, CF 
meeting AB at the points K and L : shew that the rect- 
angle OG, OH is equal to the rectangle OJT, OL, 

399. ABCD is a quadrilateral in a circle ; the straight 
lines CE, DEwhich bisect the angles ACB, ADB cut BD 
and AC&t Fsmd G respectively : shew that EF is to EO 
BA ED is to EC. 

400. From an angle of a triangle two straight lines are 
drawn, one to any point in the side opposite to the an^le, 
and the other to the circumference of the circumscribmg 
circle, so as to cut from it a segment containing an angle 
equal to the angle contained by the first drawn line and 
the side which it meets: shew that the rectangle con- 
tained by the sides of the triangle is equal to tiie rectangle 
contained by the straight lines uius drawn. 

401. The vertical angle (7 of a triangle is bisected by a 
straight line which meets the base at D, and is produced 
to a point E, such that the rectangle contained by CD and 
CE 18 equal to the rectangle contained hy AC and CB: 
shew that if the base and vertical angle be given, the posir 

inoS E is invariable. 
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402. A square is inscribed in a right-angled triangle 
ABC, one side DE of the square coinciding with the hypo- 
tenuse AB of the triangle: shew that the area of the 
square is equal to the rectangle AD, BE, 

403. ABCD is a parallelogram; from B a straight 
line is drawn cutting the diagonal AG ^XF, the side DC 
at G, and the side AD produced at E\ shew that the 
rectangle EF, FG is equal to the square on BF, 

404. If a straight line drawn from the vertex of an 
isosceles triangle to the base, be produced to meet the 
circumference of a circle describea about the triangle, 
the rectangle contained by the whole line so produced, 
and the part of it between tiie yertex and the base shall 
be equal to the square on either of the equal sides of the 
triangle. 

405. Two straight lines are drawn from a point A to 
touch a circle of which the centre is E\ the points of con- 
tact are joined by a straight line which cuts EA at H; and 
onHA as diameter a circle is described: shew that the 
straight lines drawn through E to touch this circle will 
meet it on the circumference of the given circle. 



VI. 19 to D. 

406. An isosceles triande is described having each 
of the angles at the base double of the third angle: if the 
angles at the base be bisected, and the points where the 
lines bisecting them meet the opposite sides be joined^ 
the triangle will be divided into two parts in the proportion 
of the base to the side of the triangle. 

407. Any regular polygon inscribed in a circle is a 
mean proportional between the inscribed and circumscribed 
regular polygons of half the number of sides. 

408. In the figure of VI. 24 shew that EG and Kff 
are parallel. 

409. Divide a triangle into two equal parts by a 
straight line at right angles to one of the sides. 

410. If two isosceles triangles are to one another in 
the duplicate ratio of their bases, shew that the triangles 
are similar. 
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411. Through a given point draw a chord in a given 
circle so that it shall be divided at the point in a given 
ratio. 

412. From a point without a circle draw a straight 
line cutting the circle, so that the two segments shall be 
equal to each other. 

413. In the figure of II. 11 shew that four other 
straight lines, besides the given straight line are divided 
in the required manner. 

414. Construct a triangle, having given the base, the 
vertical angle, and the rectangle contained by the sides* 

415. A circle is described round an equilateral triangle, 
and from any point in the circumference straight lines 
are drawn to the angular points of the triangle: shew 
that one of these straight lines is equal to the other two 
together. 

416. From the extremities B, C of the base of an 
isosceles triangle ABC^ straight lines are drawn at right 
angles to AB^ AC respectively, and intersecting at D: 
shew that the rectangle BC, AD is double of the rectangle 
AB, DB. 

417. ABC is an isosceles triangle, the side AB being 
equal to ^C7; ^Pis the middle point of BC; on any straight 
line through A perpendiculars FG and CE are drawn : 
shew that the rectangle AC, EF is equal to the sum of the 
rectangles FC, EQ and FAy FG. 



XL 1 to 12. 

418. Shew that equal straight lines drawn from a given 
point to a given plane are equally inclined to the plane. 

419. If two straight lines in one plane be equally in- 
clined to another plane, they will be equally inclined to the 
common section of these planes. 

420. From a point A a perpendicular is drawn to a 
plane meeting it at ^ ; from B a perpendicular is drawn 
on a straight line in the plane meeting it at (7: shew that 
AC is perpendicular to the straight line in the plane. 

421. ABC is a triangle ; the perpendiculars from A 
and B on the opposite sides meet at D ; through D a 
straight line is arawn perpendicular to the plane of the 
triangle, and E is any point in this straight line : shew that 
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the straight line joining E to any angular point of the tri- 
angle is at right angles to the straight line drawn through 
that angular point parallel to the opposite s^e of the tri^ 
angle. 

422. Straight lines are drawn from two given points 
without a given plane meeting each other in that plane : 
find when their sum is the least possibla 

423. Three straight lines not in the same plane meet 
at a pointy and a plane cuts these straight lines at equal 
distances from the point of intersection: shew that the 
perpendicular from that point on the plane will meet it at 
the centre of the circle described about the triangle formed 
by the portion of the plane intercepted by the planes pass- 
ing through the straight Imes. 

424. Give a geometrical construction for drawing a 
straight line whidi shall be equally inclined to three 
straight lines meeting at a point. 

425. From a point E draw EC, ED peroendicular to 
two planes CAB, DAB which intersect in AB^ and from 
D draw DF perpendicular to the plane CAB meeting it at 
F\ shew that the straight line CF, produced if necessary, 
is perpendicular to AB, 

426. Perpendiculars are drawn from a point to a plane, 
and to a straight line in that plane : shew that the straight 
line joining the feet of the perpendiculars is perpendicular 
to the former straight line. 



XL 13 to 21. 

427. BCD is the common base of two pyramids, whose 
vertices A and J^ lie in a plane passing through BC\ and 
AByAC 2XQ respectively perpendicular to the faces BED, 
CED : shew that one of tlie angles at A together with the 
angles at E make up four right angles, supposing A and E 
to be on opposite sides of BC, 

428. Within the area of a given triangle is inscribed 
another triangle: shew that the sum of the angles sub- 
tended by the sides of the interior triangle at any point 
not in the plane of the triangles is less than the sum of the 
angles subtended at the same point by the sides of the ex- 
tenor angle. 

429. From the extremities of the two parallel straight 
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lines AB, CD parallel straight lines A<i, Bb, Ce, Dd are 
drawn meeting a plane at o^ 6, <;, €^ : shew that AB is to 
CD as a& to cd, 

430. Shew that the perpendicular drawn from the vw- 
tex of a regular tetrahedron on the opi>osite face is three 
times that £^wn from its own foot on any of the other faces. 

431. A triangular pyramid stands on an equilateral 
base and the angles at the vertex are right angles : shew 
that the sum of the perpendiculars on the faces from any 
point of the base is constant. 

432. Three straight lines not in the same ^lane inter- 
sect at a point, and through their point of intersection 
another straight line is drawn within the solid angle formed 
by them: sbew that the angles which this straight line 
makes with the first three are together less than the sum, 
but greater than half the sum, of the angles which the first 
three make with each other. 

433. Three straight lines which do not all lie in one 
plane, are cut in tho same ratio by three planes, two of which 
are parallel: shew that the third will be parallel to the 
other two, if its intersections with the three straight lines 
are not all in the same straight hne. 

434. Draw two' parallel planes, one through one straight 
line, and the other through anotiier straight Ime which does 
not meet the former. 

435. If two planes which are not parallel be cut by two 
parallel planes, the lines of section of the first two by the 
mst two will contain equal angles. 

436. From a point A in one of two planes are drawn 
AB at right angles to the first plane, and A C perpendicular 
to tho second plane, and meeting the second plane at jB, (7: 
shew that BG is perpendicular to the line of mtersection of 
the two planes. 

437. Polygons formed by cutting a prism by parallel 
planes are eqim. 

438. Polygons formed by cutting a pyramid by parallel 
planes are simuar. 

439. The straij^ht Ime PBbp cuts two parallel planes 
at B, h, and the points P, p are equidistant from the planes ; 
PAa, pcC are other straight lines drawn from P, ^ to cut 
the planes : shew that the triangles ABd abc are equal. 

440. Perpendiculars AE, BF are drawn to a plane 
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from two Doints A, B above it; a plane is drawn through 
A perpenoiciilar to AB\ shew that its line of intersection 
witn the given plane is perpendicular to EF. 



I. 1 to 48. 

441. ABC is a triande, and P is any point within it: 
shew that the sum of PA, PBy PC is less than the sum of 
the sides of the triangle. 

442. From the centres A and B of two circles parallel 
radii AP, BQ are drawn ; the straight line PQ meets the 
circumferences again at B and S: snew that^i^ispandld 
to BS. 

443. If any point be taken within a parallelogram the 
sum of the triangles formed by joining the point with the 
extremities of a pair of opposite sides is half the parallelo- 
gram. 

444. If a quadrilateral fi^re be bisected by one dia- 
gonal the second diagonal is bisected by the first. 

445. Any quadrilateral figure which is bisected by 
both of its diagonals is a parallelogram. 

446. In the figure of I. 5 if the equal sides of the tri- 
angle be produced upwards through tne vertex, instead of 
downwards through the base, a demonstration of I. 15 may 
be obtained without assuming any proposition beyond I. 5. 

447. ^ is a given point, and ^ is a given point in a 
given straight line : it is required to draw from A to the 
given straight line, a straight line AP, such that the sum 
of AP and PB may be equal to a given length. 
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448. Shew that by superposition the first case of I. 26 
may be immediately demonstrated, and also the second 
case with the aid of 1. 16. 

449. A straight line is drawn terminated by one of the 
sides of an isosceles triangle, and by the other side pro- 
duced, and bisected by the base : shew that the straight 
lines thus intercepted between the vertex of the isosceles 
triangle and this straight line, are together equal to the 
two equal sides of the triangle. 

450. Through the middle point M of the base BG of a 
triangle a straight line DME is drawn, so as to cut off 
equal parts from the sides AB, AC^ produced if necessary : 
shew mat BD is equal to CE, 

451. Of all pamllelograms which can be formed with 
diameters of given lengths the rhombus is the greatest 

452. Shew from I. 18 and I. 32 that if the hypote- 
nuse BCoi a right-angled triangle ABC be bisected at 2>, 
then -4Z>, BD^ CD are all equal.. 

453. If two equal straight lines intersect each other 
any where at right angles, the quadrilateral formed by 
joining their extremities is equal to half the square on 
either straight line. 

454. Inscribe a parallelogram in a given triangle, in 
such a manner that its diagonals shall intersect at a given 
point within the triangle. 

455. Construct a triangle of given area, and having two 
of its sides of given lengths. 

456. Construct a triangle, having given the base, the 
difference of the sides, and the difference of the angles at 
the base. 

457. AB, AC are two given straight lines: it is re- 
quired to find in ^-5 a point P, such that if PQ be drawn 
perpendicular to -4(7, the sum of AP and AQ may be equal 
to a given strai|^ht line. 

468. The distance of the vertex of a triangle from the 
bisection of its base, is equal to, greater than, or less than 
half of the base, according as the vertical angle is a rights 
an acute, or an obtuse angles 

459. If in the sides of a given square, at equal distances 
from the four angular points, four other points be taken, 
one on each side, the figure contained by the straight lines 
"'hich join them, shall also be a square. 
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460. On a giyen straight line as base, construct a tri- 
angle, having given the difference of the sides and a point 
through which one of the sides is to pass. 

461. ABC is a triangle in which BA is greater than 
CA ; the angle A is bisected by a straight line which meets 
BCtA D; shew that BD is greater than CD. 

462. If one angle of a triangle be triple another the 
triangle may be divided into two isosceles triangles. 

463. If one angle of a triangle be double another, an 
isosceles triangle ma^ be added to it so as to form toge- 
ther with it a single isosceles triangle. 

464. Let one of the equal sides of an isosceles triangle 
be bisected at D, and let it also be doubled by being pro- 
duced through the extremity of the base to E, then the 
distance of the other extremity of the base from E is double 
its (^stance from D. 

465. Determine the locus of a point whose distance 
from one given point is double its distance from another 
given point 

466. A straight line AB is bisected at C, and on AC 
and CB as diagonals any two parallelograms ADCE and 
CFBG are described; let the parallelogram whose adja- 
cent sides are CD and CF be completed, and also that 
whose adjacent sides are CE and CG : shew that the diago- 
nals of these latter parallelograms are in the same straight 
line. 

467. A BCD is a recftangle of which Aj C are opposite 
angles ; E is any point in BC and F is any point m CD : 
shew that twice the area of the triangle AEF^ together 
with the rectangle BE^ DF is equal to the rectangle 
ABCD. 

468. ABCi DBC are two triangles on the same base, 
and ABC has the side AB equal to the side AC; 9, circle 
passing through C and D has its centre E on CAy produced 
if necessary; a circle passing through B and D has its 
centre F on BA, produced if necessary : shew that the 
quadrilateral AEDF has the sum of two of its sides equal 
U} the sum of the other two. 

469. Two straight lines AB, ACaro given in position: 
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it is required to find in AB a point P, such that a perpen- 
dicular being drawn from it to AC, the straight Ime AP 
may exceed this perpendicular by a proposed length. 

470. Shew that the opposite sides of any equiangular 
hexagon areparallel,andthatany two sides which are adiacent 
are together equal to the two to which they are paraUeL 

471. From D and E, the comers of the square BDEC 
described on the hypotenuse BCoi a right-angled triangle 
ABC, perpendiculars DM, EN are let fall on AG, AB 
respectiyely: shew tiiat AM is equal to AB, and AN 
eqiml to AC 

472. AB and AC B,re two given straight lines, and 
P is a given point : it is required to draw through P a 
straight line which shall form with AB and AC the least 
possible triangle. 

473. ABC is a triande in which (7 is a right angle : 
shew how to draw a straight line parallel to a given straight 
line, so as to be terminated by CA and CB, and bisected 
hjAB. 

474. ABC is an isosceles triangle having the angle at 
B four times either of the other angles ; AB is produced 
to 2> so that BD is equal to twice AB, and CD is joined : 
shew that the triangles ACD and ABC are equiangular to 
one another. 

476. Through a point iT within a parallelogram ABCD 
straight lines are orawn parallel to the sides : shew that 
the (fiflference of the parallelograms of which E'A and KO 
are diagonals is equal to twice the triangle BED. 

476. Construct a right-angled triangle, having given 
one side and the difference between the other side and the 
hypotenuse. 

477. The straight lines AD, BE bisecting the sides 
BC, AC of Sk triangle intersect at G: shew that AG is 
double of GD. 

478. B AC 18 a right^ngled triangle; one straight line 
is drawn bisecting the right ande A, and another bisecting 
the base BC at right angles ; these straight lines intersect 
at E:if D he the middle point of BC, shew that DE is 
equal to DA, 

479. On -4 C the diagonal of a square ABCD, a rhom- 
bus AEFC is described of the same area as the square, 
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and having its acute angle at ^ : if AF be joined, shew 
that the angle BAG is divided into three equal angles. 

480. AB, AG are two fixed straight lines at right 
angles \J> is any point in AB, and E is any point in AG \ 
on DE as diagonal a half square is described with its 
vertex at G : shew tlmt the locus of 6^ is the straight line 
which bisects the angle BAG, 

481. Shew that a square is greater than any other par- 
allelogram of the same perimeter. 

482. Inscribe a square of given magnitude in a given ' 
square. 

483. ABC is a triangle ; AD is a third of AB, and 
AE is a third of AG; CD and BE intersect at F: shew 
that the triangle BFG is half the triangle BAG, and that 
the quadrilateral ADFE is equal to either of the triangles 
CFE or BDF 

484. ABC is a triangle, having the angle G a right 
angle; the angle A is bisected by a straight line wmch 
meets BG at 3, and the angle B is bisected by a straight 
line which meets AG BiE; AD and BE intersect at : 
shew that l^e triangle AOB is half the quadrilateral 
ABDE. 

485. Shew that a scalene triangle cannot be divided 
by a straight line into two parts which will coincide. 

486. ABGDf AGED are parallelograms on equal bases 
BG, GE, and between the same parallels AD, BE; the 
straight lines BD and AE intersect at F: shew that BF 
is equal to twice DF, 

487. Parallelograms AFGG, GBE^H are described on 
AG, BG outside the triangle ABC ; FG and KH meet at 
Z', ZG is joined, and through A and B straight lines AD 
and BE are drawn, both parallel to ZG, and meeting F& 
and KH at D and E respectively : shew that the figure 
ADEB is a parallelogram, and that it is equal to the sum 
of the parallelograms FC, GK, 

488. If a quadrilateral have two of its sides parallel 
shew that the straight line drawn parallel to these sides 
through the intersection of the diagonals is bisected at that 
point. 

489. Two triangles are on equal bases and between 
the same parallels : shew that the sides of the triangles in- 
tercept equal lengths of any straight line which is parallel 
to thdr basea 

25 
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490. In a right-angled triangle, right-angled at Ay if 
the side AG he doable of the side AB, the angle B is more 
than double of the angle (7. 

491. Trisect a parallelogram by straight linos drawn 
through one of its angular points. 

492. AHK is an ecjuilateral triang^le ; ABCD is a 
rhombus, a side of which is equal to a side of the triangle, 
and the sides BG and GD of which pass throue;h H and 
K respectively : shew that the angle A of the rhombus ia 
ten-ninths of a rig^t angle. 

493. Trisect a given triangle by straight lines drawn 
from a given point in one of its sides. 

494. In the figure of I. 35 if two diagonals be drawn 
to the two paraHelograms respectively, one from each ex- 
tremity of tne base, and the intersection of the diagonals be 
joined with the intersection of the sides (or sides produced) 
m the figure, shew that the joinmg straight line will bisect 
the base. 

11. ltol4. 

495. Produce one side of a given triangle so that the 
rectangle contained by this side and the produced part 
may be equal to the difference of the squares on the other 
two sides. 

496. Produce a given straight line so that the sum of 
the squares on the given straight Une and on the part 
produced may be equal to twice the rectangle contained by 
the whole straight line thus produced and the part pro- 
duced. 

497. Produce a given straight line so that the sum of 
the squares on the given straight line and on the whole 
straight Hue thus produced may be eaual to twice tiie 
rectangle contained by the whole straight line thus pro- 
duced and the part produced. 

498. Produce a given straight line so that the rectangle 
contained by the whole straight line thus produced and Uie 
part produced may be equid to the square on the given 
straight line. 

499. Describe an isosceles obtuse-angled triangle such 
that the square on the largest side maybe equal to three 
times the square on cither of the equal sides. 

500. Find the obtuse angle of a triangle when the 
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square on the side opposite to the obtuse angle is greater 
tnan the sum of the squares on the sides containing it^ by 
the rectangle of the sides. 

dOI. Construct a rectangle equal to a given square 
when the sum of two adjacent sides of the rectai^ie is 
equal to a given quantity. 

502. Construct a rectande equal to a given square 
when the difference of two adjacent sides of the rectangle 
is equal to a given quantity. 

503. The least square which can be inscribed in a 
given square is that which is half of the given square. 

504. Divide a given straight line into two parts so that 
the squares on the whole Hue and on one of the parts 
may be together double of the square on the other part. 

505. Two rectangles have equal areas and equal peri- 
meters: shew that they are equal in all respects. 

506. ABGD is a rectangle ; P is a point such that 
the sum of PA and PG is equal to the sum of PB and 
PD : shew that the locus of P consists of the two straight 
lines through the centre of the rectangle parallel to its 
sides. 



III. Ito37. 

507. Describe a circle which ^diall pass through a given 
point and touch a given straight line at a given point 

508. Describe a circle which shall pass through a given 
point and touch a given circle at a given point. 

509. Describe a circle which shall touch a given circle 
at a given point and touch a given straight line. 

510. AD^ BE are perpendiculars from the angles 
A and B of a triangle on the opposite sides ; BP is per- 
pendicular to ED or ED produced : shew that the angle 
FBD is equal to the angle EBA. 

511. It ABC be a triangle, and BE, CF the perpen- 
diculars from the angles on the opposite sides, and A the 
middle point of the third side, shew that the angles FEK^ 
EFK are each equal to A, 

512. AB is a diameter of a circle ; AC and AD are 
two chords meeting the tangent at ^ at J^ and F re- 
spectively: shew &at the angles FCE and FDE are 
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519. Shew that the four straigfat lines biseotmgr the 
aagleff of anjr quadrilateral form a quadrilateral whidi can 
be inscribed in a circle. 

514. Find the shortest distance between two circles 
which do not meet 

515. Two circles cut one another at a point ^ : it is 
required to draw through A a straight line so that the 
extreme length of it intercepted by the two circles may be 
equal to that of a given straigfat line. 

516. If a polygon of an even number of sides be in- 
scribed in a circle, the sum of the alternate angles together 
with two right angles is equal to as many right angles 
as the figure has sides. 

517. Draw from a given point in the circumference of a 
circle, a chord which shall be bisected by its point of inter- 
section with a given chord of the circle. 

518. When an equilateral polygon is described about 
a circle it must necessarily be equiangular if the number 
of sides be odd, but not otaerwise. 

519. AB is the diameter of a circle whose centre is C^ 
and DCE is a sector having the arc DE constant ; join 
AEy BD mtersecting at P; shew that the angle .u1Pj9 is 
coostoat 

520. If any number of triangles on the same base BC, 
and on the same side of it have their vertical angles equal, 
and perpendiculars^ intersecting at i>, be drawn from B 
and C^on the opposite aides, find the locus of i> ; and shew 
that all the straight lines which bisect the imgle BDC 
pa^s tlut>ugh the same point 

521. Let O and C be any fixed points on the circum- 
ference of a circle, and OA any chord ; then if AC be 
joined and produced to B^ so that OB is equal to OA^ 
the locus of ^ is an equal circle. 

522. From any point P in the diagonal BD of a 
parallelogram ABCD, straight Imes PE, PF, PG, PH 
are drawn perpendicidar to the sides ABy BC^ CD^ DA : 
shew that JKPis parallel to GH, 

523. Through any fixed point of a chord of a circle 
other chords are drawn ; shew that the straight lines from 
the middle point of the first chord to the middle points of 
the others will meet them all at the same angle. 

524. ABC is a straight line, divided at any pomt B 
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into two parts; ADB and CDB are similar scmients of 
circles, haying tiie common chord BD ; CD and AD are 
produced to meet the circumferences at F and E respec- 
tively, and AFy CE, BF^ BE are joined: shew that ABF 
and CBE are isosceles triangles, equiangular to one an* 
other. 

525. If the centres of two circles which touch each 
other externally be fixed, the common tangent of those 
circles ynXL touch another circle of which the straight line 
joining the fixed centres is the diameter. 

526. ^ is a given |>oint: it is reqpred to draw from 
A two straight lines which shall contam a given angle and 
intercept on a given straight line a part of given length. 

527. A straight line and two circles are g^ven: find 
the point in the straight line from which t& tangents 
drawn to the circles are of equal length. 

528. In a cirde two diords of given length are drawn 
so as not to intersect, and one of them is fixed in position ; 
the opposite extremities of the chords are joined by 
straight lines intersecting within the circle : shew that the 
locus of the point of intersection will be a portion of the 
circumference of a drcle, passing through the extremities 
of theTfixed chord. 

529. A and B are the centres of two drcles which 
touch internally at C7, and also touch a third circle, whose 
centre is 2>, extenudly and internally respectively at 
E and F\ shew that the angle ADB is double of the 
angle ECF. 

530. G is the centre of a circle, and CP is a perpen- 
dicular on a chord APB: shew that the sum of CP and 
AP is greatest when CP is equal to AP, 

531. AB, BCy CD are tnree adjacent sides of any 
polygon inscribed in a circle; the arcs AB, BC, CD are 
bisected at L,M,N] and LM cuts BA, BC respectively 
at P and Q : shew that BPQ is an isosceles triangle ; and 
that the angles ABC^ BCD are together double of the 
angle LMN. 

532. In the circumference of a given circle determine 
a point so situated that if chords be drawn to it from 
the extremities of a given chord of the circle their differ- 
ence shall be equal to a given straight line less than the 
given chord. 

533* Construct a triangle, having given the sum of the 
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ddes, the dflTerence of the segments of the base made by 
the perpendicular from tiie vertex, and the difference of 
the base angles. 

634. On a straight line AB as base, and on the 
same side of it are described two segments of circles ; 
P is any point in the circumference of one of the segr- 
ments, and the straight line BP cuts the circumference of 
the other segment at Q: shew that the angle PAQ is 
equal to the angle between the tangents at A, 

535. AKL is a fixed straight line cutting a given 
circle at K and L ; APQ, ARS are two other straight 
lines making equal angles with AKL, and cutting the 
circle at P, Q and Ry S: shew that whatever be the posi- 
tion of APQ and ARS, the straight line joining the mid- 
dle points of PQ and RS always remains parallei to itself. 

636. If about a Quadrilateral another quadrilateral 
can be described such that every two of its acgacent sides 
are equally inclined to that side of the former quadrilateral 
which meets them botib. then a circle may be described 
about the former quadrilateral. 

537. Two drcles touch one another internally at the 
point ^ : it IS required to draw from A a straight line 
such tiiat ^e part of it between the circles may be equal 
to a given stnught.lin^ which is not ^^reater than the 
^fference between the diameters of the circles. 

• 538# ABGD is a parallelogram ; AE is at right angles 
to ABy and CE is at right angles to CB: shew that ED, if 
produced, will cut AG at right angles. 

539. From each angular point of a triande a peipen- 
dicular is let fall on the opposite side: shew that the rect- 
angles contained by the segments into which each perpen- 
dicular is divided by the point of intersection of the three 
are equal to each other. 

540. The two angles at the base of a tnande are 
bisected by two straight lines on which perpendicu&irs are 
drawn from the vertex: shew that the straight line which 
passes through the feet of these perpendiculars wUl be 
parallel to the base and will bisect the sides. > 

541. In a eiven circle inscribe a rectangle equal to a 
g^ven rectilineal figure. 

542. In an acute^tngled triangle ABC perpendiculars 
4D, BE are let fall on BC, CA respectively; cirdes 



EXERCISES IN EVOLtiK 381 

* 

described oh AC^ BG as diameters meet BE, AD respeo- 
tiyely at JP, G and if, K: shew that F, G, H, K lie on the 
circumference of a circle. 

543. Two diameters in a circle are at right angles; 
from tiieir extremities four parallel straight lines are 
drawn ; shew that they divide the drcmnference into four 
equal parts. 

544. E is the middle point of a semicircular KroAEB, 
and CDE is any chord cutting the diameter at i>, and the 
drde at C: shew that the square on CE is twice the quad- 
rilateral AEBC. 

545. AB ISA fixed chord of a circle, AC is 2k moy^ 
able chord of the same circle ; a parallelogram is described 
of which AB and AC axe adjacent sides: find tiie locus of 
the middle points of the diagonals of the parallelogram. 

546. AB is a fixed chord of a circle, ACissl moveable 
chord of the same circle ; a parallelogram is described of 
which AB and ^C are adjacent sides: determine the 
greatest possible length of the diagonal drawn through A, 

547. If two equal circles be placed at such a distance 
apart tJiat the tangent drawn to either of them from the 
centre of the other is equal to a diameter, shew that they 
wUl have a common tangent equal to the i*adius. 

548. Find a point in a given circle from which if two 
tangents be drawn to an equal circle, given in position, tho 
chord joining the points of contact is equal to the chord 
of the first circle formed by joining the points of inter- 
section of tho two tangents produced; and determine the 
limit to the possibility of the problem. 

549. ^i? is a diameter of a circle, and AE is any 
chord; C is any point in AB, and through C a straight 
line is drawn at right angles to AB, meeting AF, pro- 
duced if necessary at G, and meeting the circumference at 
D: shew that the rectengle FA, AG, and the rectangle 
BA, AC, and the square on ^Z> are all equaL 

550. Construct a triangle, having given the base, tho 
vertical angle, and the length of the straight line drawn 
from the vertex to the base bisecting the vertical angle. 

551. A, B, C are three given points in the circumfer- 
ence of a given circle : find a point P such that if AP, 
BP, CP meet the circumference at 2>, E, F respectively, 
the arcs DE, EFm&j be equal to given arcs. 
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552. Find the point in the circumference of a giyeii 
circle, the sum of whose distances from two given straight 
Imes at right angles to each other, which do not cut the 
circle, is the gp^atest or least possible. 

653. On the sides of a triangle segments of a circle are 
described intemally, each containing an angle equal to the 
excess of two right angles above the opposite angle of tfie 
triangle : diew 9iat the radii of the circles are e(]^uaL that 
the circles all pass through one point, and that their chords 
of intersection are respectively perpendicular to the oppo- 
site sides of the triangle. 






IV. ltol6. 

654. From the angles of a triangle ABO perpendi- 
culars are drawn to the opposite sides meeting them at 
Dy Ej .F respectively: shew that DE and DF are equally 
inclined to AD, 

655. The points of contact of the inscribed circle 
of a triangle are joined; and from the angular points of 
the triangle so formed perpendiculars are drawn to the 
opposite sides : shew that the triangle of which the feet of 
tnese perpendiculars are the angu^r points has its sides 
parallel to the sides of the original triangla 

556. Construct a triangle having given an angle and 
the radii of the inscribed and circumscribed circles. 

557. Triangles are constructed on the same base with 
equal vertical angles ; shew that the locus of the centres of 
the escribed circles, each of which touches one of the sides 
externally and the other side and base produced, is an 
arc of a circle, the centre of. which is on the circumference 
of the circle circumscribing the triangles. 

. 558. ^ From the angular points A, B, (7 of a triangle 
perpendiculars are drawn on the opposite sides, and ter- 
minated at the ]x>ints 2>, E, F on the circumference of the 
circumscribing circle : if Z be the point of intersection of 
tlie perpendiculars, shew that Lv^ LE^ LF are bisected 
^y the sides of the triangle. 
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5(^9. ABODE is a regular pentagon ; join A C and !B2> 
intersecting at : shew that ^10 is equal to DO, and that 
the rectangle AO, CO is equal to the square on BO 

560. A straight line FQ of giyen length moves so that 
its ends are always on two fixed straight lines OP, OQ ; 
straight lines from P and Q at right angles to OF and OQ 
respectively intersect at R ; perpendiculars from P and Q 
on OQ and OP respectively mtersect at S: shew that the 
loci of R and S are circles having their common centre 
at a . -;' 

561. Right-angled triangles are described on the same 
hypotenuse : shew that the locus of the centres of the in- 
scribed circles is a quarter of the drcumference of a circle 
of which the common hyiK>tenuse is a chord. 

562. On a given straight line AB any triangle AOB is 
described; the sides AC, BO are bisected and straight 
lines drawn at right angles to them through the points of 
bisection to intersect at a point D ; find the locus of D. 

663. Construct a triangle, having given its base, one of 
the andes at the base, and the distance between the centre 
of the mscribed circle and the centre of the circle touching 
the base and the sides produced. 

564. Describe a drcle which shall touch a given straight 
line at a given point, and bisect the drcunSferenoe of a 
given circle. 

565. Describe a circle which shall pass through a given 
point and bisect iJie circumferences of two given circles. 

566. Within a given circle inscribe three equal circles, 
touching one another and the given circle. 

567. If the radius of a circle be cut as in II. 11, the 
greater segment will be the side of a regular decagon in- 
scribed in the circle. 

668. If the radius of a circle be cut as in II. 11, the 
square on its greater segment, together with the square on 
the radius^ is equal to the square on the side of a regular 
pentagon mscribed in the circle. 

569. From the vertex of a triande draw a straight 
line to the base so that the square on the straight line may 
be equal to the rectangle contained by the segments of the 
base. 

570. Four straight lines are drawn in a plane forming 
four triangles; shew that the circumscribmg cirdes of 
these triangles all pass through a common point. 
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571. The perpendiculars from the angles A and ^ of i^ 
triangle on the opposite sides meet at D ; the circles de- 
scribed round ADC and DBC cut AB or AB produced at 
the points E and F : shew that AE is equal to BF, 

572. The four circles each of which passes thi*ough the 
centres of three of the four circles touching the sides of a 
triangle are equal to one another. 

573. Four circles are described so that each may 
touch internally three of the sides of a quadrilateral : shew 
that a circle may be described so as to pass through the 
centres of the four circles. 

574. A circle is described round the triangle ABC, 
and from any point P of its circumference perpendiculars 
are drawn to j&C7, GA. AB, which meet the circle agmn at 
D, Ey F: shew that the triangles ^£(7and2>^^ are equal 
in all respects, and that the straight lines AI>y BE, OF are 
parallel. 

575. With any point in the circumference of a given 
circle as centre, describe another circle, cutting the former 
at A and B ; from B draw in the described circle a chord 
BD equal to its radius, and join AD, cutting the given 
drcle at Q : shew that QD is equal to tiie radius of the 
given circle. 

576» A point is taken without a square, such that 
straight lines being drawn to the angular points of the 
square, the ando contained bv the two extreme straight 
lines is divided into ^eeWua]\ parts by the other two 
straight lines : shew that the loc^ of the point is the cir- 
cumference of the circle circumscribing the square. 

577. ^ Circles are inscribed in the two triangles formed 
by drawing a ^rpendicular from an angle of a triangle on 
the opposite side ; and analogous circles are described in 
relation to the two other like perpendiculars : shew that 
the sum of the diameters of the six circles tc^ether with 
the sum of the sides of the original triangle is equal to 
twice the sum of the three perpendiculars. 

578. Three concentric circles are drawn in the same 
plane : draw a straight line, such that one of its segments 
between the inner and outer drcumference maybe bisected 
at one of the points at which the straight lino meets the 
middle circumference. 




EXERdSBS IN SUOLID. 895 



VI. ItoD. 



579^^^? IS a diameter, and P an^ ^int in the circum* 
ferenoe of a circle; AP and BP are joined and produced 
if neoessar^r ; from any point C in AB a straignt line is 
drawn at right angles to AB meeting AP at V and BP 
at Ey and the circumference of the circle at Fx shew that 
CD is a third proportional to CE and CF, 

580. Ay By C/ are three points in a straight line, and 2> 
a point at which AB and ^(^ subtend equal angles : shew 
that the locus of /> is the circumterence of a circle. 

681. If a straight line be drawn from one comer of a 
square cutting off one-fourth from the diagonal it will cut 
off one-third from a side. Also if straight lines be drawn 
similarly from the other comers so as to form a square, this 
square will be two-fifths of the original square. 

582. The sides AB.AG of a given triangle ABO are 

Produced to any points £>, E, so that DE is parallel to BO, 
he straight line DE is divided at F so that DF la to FE 
as BD is to OE: shew that the locus of /'is a stra^ht 
line. 

583. Ay By O are three points in order in a straight 
line : find a point P in the straight line so that PB may be 
a mean proportional between PA and PO, 

584. Ay B are two fixed points on the circumference 
of a given circle, and P is a moveable point on the circum- 
ference; on PB is taken a point D such that PD is to 
PA in a constant ratio, and on PA is taken a point E 
such that PE is to PB in the same ratio : shew that DE 
always touches a fixed circle. 

585. ABO is an isosceles triangle, the angle at A being 
four times either .of the others : shew that if BO be tri- 
sected at D and Ey the triangle ADE is equilateral 

586. Perpendiculars are let fall from two opposite 
angles of a rectangle on a diagonal : shew that they will 
divide the diagonal into equal parts, if the square on one 
side of the rectangle be double that on the other. 

587. A straight line AB is divided into any two parts 
at O, and on the whole straight line and on the two parts 
of it equilateral triangles ADBy ACE. EOF are de- 
scribed, the two latter hmg on the same side of the straight 
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line, and the former on the opposite side ; (7, H^ ^are the 
centres of the circles inscribed in these triangles : shew 
that the angles AQH^ BGKsxe respectiyely equal to the 
angles ADC, BDC, and that GHSa equal to GK, 

588. On the two sides of a right-angled triangle squares 
are described : shew that the straight lines joining the 
acute angles of the triangle and the opposite angles of the 
squares cut off equal segments from the sides, and that 
each of these equ^ segments is a mean proportional be- 
tween the remaining segments. 

589. Two straight lines and a point between them are 
given in position : draw two straight lines from the giyen 
point to terminate in the given straight lines, so that they 
shall contain a given angle and have a given ratio. 

590. With a point A in the drcumference of a circle 
ABC as centre, a circle PBC is described cutting tiie 
former circle at the points B and C ; any chord AD of the 
former meets the common chord BCjSit E, and the circum- 
ference of the other circle at O: shew that the angles 
EFO and DPO are equal for all positions of P. 

591. ABC, ABF are triangles on the same base in the 
ratio of two to one ; AF and BF produced meet the sides 
at D and E ; in FB a part FG is cut off equal to FE, and 
BG is bisected at 0: shew that ^0 is to BEmDFib to 
DA. 

592. A is the centre of a circle, and another circle 
passes throu£;h A and cuts the former at B and C; AD is 
a chord of the latter circle meeting BC at E, and from D 
are drawn DF and DG tangents to the former circle : shew 
that Gy E, File on one straight line. 

593. In AB, AC, two sides of a triangle, are taken 
points D, E; AB, AC are produced to i^, G^ such that BF 
IS equal to AD, and CG equal to AE; BG, CFare joined 
meeting at ff: shew that the triangle FHG is equal to the 
triangles BHC, ADE together. 

594. In any triangle ABC if BD be taken equal to 
one-fourth of BC, and CE one-fourth of AC, the straight 
line drawn from C through the intersection of BE 9,nd 
AD will divide AB into two parts, which are in the ratio of 
nine to ona 

595. Any rectilineal figure is inscribed in a drcle: 
shew that by bisecting the arcs and drawing ta^Konts to 

he points of bisection parallel to the sides of me recti- 
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lineal fi^re, we can form a rectilineal figure ciroumBcribing; 
the circle equiangular to the former. 

596. Find a mean proportional between two similar 
right-angled triangles which haye one of the sides contain- 
ing the right angle common. 

697. In the sides AG, BC of a triangle ABC points 
2> and E are taken, such that CD and CE are respectively 
the third parts of AG and BG\ BD and AE are drawn 
intersecting at O : shew that EG and DG are respectively 
the foiutli parts of AE and BD, 

598. GA^ CB are diameters of two circles which touch 
each other externally at (7; a chord AD oi. the former 
circle, when produced, touches the latter at E, while a 
chord BF of uie latter, when produced, touches the former 
at Q\ shew that the rectangle contained by ^Z> and BF 
is four times that contained by DE and FG, 

599. Two circles intersect at A, and BAG is draWn 
meeting them at B and G\ with By G bs centres are de- 
scribed two circles each of which intersects one of the 
former at right angles: shew that these circles and the 
circle whose diameter is BC meet at a point 

600. ABCDEF is a regular hexagon : shew that BF 
divides AD in the ratio of one to three. 

601. ABC, DEF are triangles, having the angle A equal 
to the angle D; and AB is equal to DF: shew that the 
areas of the triangles are as ^40^ te DE. 

602. IfMfNhe the points at which the inscribed and 
an escribed circle touch the side AG of a triande ABC; 
shew that if BM be produced to cut the escribed curcle 
again at P, then NP is a diameter. 

603. The angle ^ of a triangle ABC is a right angle, 
and D is the foot of the perpendicular from A on SC; 
DM, DN are perpendiculars on AB, AG\ shew that the 
Angles BMC, JBNG are equal. 

604. If from the point of bisection of any dven arc of 
a circle two straight lines be drawn, cutting we chord of 
tiie arc and the circumference, the four points of intersec- 
tion shall also lie in the circuniference ofa circle. 

605. The side AB of a triangle ABC is touched by the 
inscribed circle at />. and b^ the escribed circle at E; 
shew that the rectangle contained by the radii is equal to 
the rectangle AD, DB and to the rectangle AE^ EB. 



898 EXERCISES IN EUCLID. 

606. Shew that the locus of the middle pcnnts of 
straight lines parallel to the base of a triangle and termi- 
nated by its sides is a straight line. 

607. A parallelogram is inscribed in a triangle, having 
one side on the base of the triangle, and the adjacent sides 
parallel to a fixed direction : shew that the locus of the 
mtersection of the diagonals of the parallelogram is a 
straight line bisecting the base of the tnangle. 

608. On a given straight line AB as hypotenuse a 
right-angled triangle is described; and from A Sad B 
straight lines are drawn to bisect the opposite sides : shew 
that the locus of their intersection is a circla 

609. From a given point outside two given circles 
which do not meet, draw a straight line such that the por- 
tions of it intercepted b^ each circle shall be respectively 
proportional to their radii. 

610. In a given triangle inscribe a rhombus which 
shall have one of its angular points coincident with a point 
in the base, and a side on that base. 

611. ABC is a triangle having a right angle at C ; 
ABDE is the sauare described on the hypotenuse ;F,G,H 
are the points of intersection of the diagonals of the squares 
<m the hypotenuse and sides : shew that the angles jDCE^ 
6^JPir are together equal to a right imgle. 



MISCELLANEOUS. 

612. is a fixed point from which any straight line is 
drawn meetiug a fixed straight Ibe at F; in OP a point 
Q is taken such that the rectangle OP, OQ is constant: 
wew that the locus of Q is the drcumference of a circle. 

613. is a fixed point on the circumference of a cirde^ 
from which any strai^t line is drawn meeting the circum- 
ference at P; in OP a point Q is taken such that the 
rectangle OP, OQ is constant : siiew that the locus of Q is 
a straight line. 

614. The opposite sides of a quadrilateral inscribed in 
a circle when produced meet at P and Q : shew that the 
square on PQ is equal to the sum of the squares on the 
tangents from P ana Q to the cirde. 



